


 

 

     

 

 

   

-a.e. 

 -

-a.e.
 

1 2

1 2

, , , ( , , )

[0 ( )]

lim .

( 1,2, ) 0

lim

n

nn

n

n n n

f f f M X

f f f f n

f d f d

f f n

X

f f f d

n

8.1 F

   

   

 

   

 

 

 

,

,

,

,

{ }

lim

sup{ | }

{ }

lim

n k

n k n k

k n k

k

kk

n k k k

f d

n f

f f k

g f n k

g

g g

n k f g f f k

n

,,
{{

li
kkk

  

(Q.E.D.)lim lim .
k kk k

g f

f d g d f d



  

  

  

   

(1)  -a.e. 

(2)  -a.e. 

1 2

1

1

, , , ( , , )

( , , ) ( 1,2, )

lim inf lim inf .

( , , ) ( 1,2, )

lim sup lim sup

n

n nn n

n

n n
n n

f f f M X

h L X h f n

f d f d

h L X h f n

f d f d

8.2 Fatou F

F

F

  

   

 

     

 (1) 7.1 (10) 
-a.e. 

 

8.1

.

0

inf{ | }

{ }

lim inf l

n

n n n

n k

n

n k

nn

f h

f h f f

g f k n

g

n k n g f

f d

|
k
{f{ |

   (2) (1) (Q.E.D.)

im lim lim inf .

{ }

n n nn n n

n

g d g d f d

f



  

 

    

   
 

[ -a.e. 

 -a.e.  8.2 Fatou

1 2
1

, , , ( , , )

( , , )

| | ( 1,2, ) ( )]

lim .

( 1,2, )

lim inf li

n n

nn

n

nn

f f f M X

h L X

f h n f f n

f d f d

h f h n

f d

((

n
)))))

8.3 Lebesgue F

F

  (Q.E.D.)

m inf lim lim sup

lim sup lim inf

lim .

lim inf

n n nn n n

n nnn

n n

nn

f d f d f d

f d f d

f f

d

d d

f



 

      

    

  

  

 

 

1

1 1

( , , )

( ) 0 0.

0 0 ( ) .

( , , ) | | ( , , )

(| | )

(| | )

| | | | ( 1,2, ) {| |}

A

A

n

n n

f L X

A f d

A A f d

f L X f L X n

f f n
f

n f n

f f n f

(|

(|

) {) {  ) {

8.4 F

F

F F

 

  

    

 

8.3 Lebesgue

(Q.E.

| | lim | |

| | lim | |

0

| | | | .
2

( ) /2

| | (| | | |) | | ( ) .
2

n n

nn

n

n nA A A A

f f

f d f d

n

f d f d

A n

f d f d f f d f d n A D.)


