


 

  

 

  

 

 (1)  

  

(2) 

-a.e.

1

0 ( , , )

( , , ) { ( , , ) | }

( , , )

ess.sup inf{ | },

ess. inf sup

p p

p

p

p
p

p f M X

f f d

f f

L X f M X f

f M X

f f

f

p

p
f d
pp
f d

{

{ |

9.1 F

F F

F

(

pp

L (p

fff

)

 
p
f
p

f

p

  

  

-a.e.

 

{ | }

ess.sup | |

( , , ) { ( , , ) | }

f

f

f f

f f

L X f M X fF F(LL

ess |

) {{

f



  

     

  

      

  

(1) 

(2) 

  (1) Hölder  (2) Minkows

1

1 , 1 1/ 1/ 1

( , , ) ( , , ) ( , , )

.

, ( , , )

.

1

p q

p q

p

p p p

p q p q

f L X g L X fg L X

fg d f g

f g L X

f g f g

p

9.1

F F F

F

( )

.

( , ,

p

))L ( , , ),L ( , )

l

.

f , )f , )

.

(

    

    

   
1

ki
 (1) Schwarz

 (1)  -a.e.

7.1 (12)

1

2

1 | |

| | | | | |

( , , ) | |

p

p q g g

fg d f g d g f d g f

fg L X fg d fg d

fg d g f

F dd

1

| |

| || |

7 1 (12)

d| |

| |( ) d

| | g| || |
1

| |

 

    

))) | |d| |d| |,,, ),

f

), ), )

   

1
.

1p q



  

     

  

    

  

(1) 

 (1) -a.e.

1

1 , 1 1/ 1/ 1

( , , ) ( , , ) ( , , )

.

0 0

{ 0} ( ) 0

|

p q

p q

p q p q

f L X g L X fg L X

fg d f g

p fg

A fg A x A}}}

9.1

F F F( )

.

( , ,

p

))

{{

L ( , , )L )

{

       

 

 

 

 

( )| 0 | ( )| 0 | | 0 | | 0

| | | |
,

| | | |

, 0, , 0, 1

log log log( )

.

( )

p q

A A

p q

p q

A A

f x g x f d g d

f g
f g

f d g d

r s

r s r s

r s r s

x A r f x

| | d| |q| | d| |q| |

| || ||
,

| |
,

|
,,

 

1 1

, ( ), 1/ , 1/

1 1
( ) ( ) ( ) ( )p q

s g x p q

f x g x f x g x
p q



  

     

 

  

(1) 

 (1) -a.e.

1

1 , 1 1/ 1/ 1

( , , ) ( , , ) ( , , )

.

0 0

| | | |
{ 0} ,

| | | |

p q

p q

p q

p q

A A

p q p q

f L X g L X fg L X

fg d f g

p fg

f g
A fg f g

f d g d| |
{ }

|
{ }

| |

dq| | d| |q| |

| || ||

|
g,,,

9.1

F F F( )

.

( , ,

p

))( , , ),L ( , )

  

 7.1 (12)

1 1

1 1

1 1

1 1
( ) ( ) ( ) ( ) ( )

| | | | | | | |1 1 1 1
1

| | | |
| | | |

| | | | | |

p q

p q

p qA A A
p qp q A A

A A

p qp q
p qA A

f x g x f x g x x A
p q

A

f g f g
d d d

p q p qf d g d
f d g d

fg d f d g d f g
p

(Q.E.D.)| | .
p q

fg d fg d f g



  

     

  

 

  

(1) 

(2) 

 (2) 

1

1 , 1 1/ 1/ 1

( , , ) ( , , ) ( , , )

.

, ( , , )

.

1 | | | | | |

p q

p q

p

p p p

p q p q

f L X g L X fg L X

fg d f g

f g L X

f g f g

p f g f g

9.1

F F F

F

.

f ,

1

 )f , )

| |

.

(

 

-a.e. -a.e.

-a.e.

 

,

| |

p

f f f g g g

f g f g

f g f g

.|

,,a e

g

(1) 1( , , ) ( , , )f

fg d

( , , ) ( , ,, , ) ( , ,( , , ) (( , , ), ,     
1( , , ) ( , , ) ( , , )) ( ) 1f L ( ) ( ) () () ( ) 1p( ))) , , ),( , , ) (( , , ) (( , , )L (p( ) ( , , )( , , )) ( , ,( , , )( , , )       )( )

.

( , ,

p

))L ( , , )L )

, 1 1/ 1/ 1, 1 1/ 1/, 1 1/ 1/1, 111 1/ 1/ 11/ 1/1/ 1/1/ 1/1/ 1/1/ 1/1/ 1/1/



  

     

  

  

  

(1) 

(2) 

 (2)  -a.e.  

1

1 , 1 1/ 1/ 1

( , , ) ( , , ) ( , , )

.

, ( , , )

.

1 0

p q

p q

p

p p p

p q p q

f L X g L X fg L X

fg d f g

f g L X

f g f g

p f g f

9.1

F F F

F

.

f , )f , )

.

(

f  

   

=0
-a.e.

( )*

 

. 9 1

1 1 1

/( 1)1 1

0

| | | | | | | | | | | | | |

/( 1) (1/ ) (1/ ) 1

(| | ) (| | ) | |

p

p p p p

p pp q p p

g

f g

f g d f g f g d f f g d g f g d

q p p p q

f g f g f g

11

0=0

1|

p
g

d1|pp|

      ( ) 2 (1)*
1

1 1 1 1

| |

| | | | | | | | | | .

p

p p p p pp q p q

f g q

f g d f d f g d g d f g d

(1) 1( , , ) ( , , )f

fg d

( , , ) ( , ,( , , ) ( , ,( , , ) (( , , )( , ,     
1( , , ) ( , , ) ( , , )) ( ) 1f L ( ) ( ) () () ( ) 1p( ))) , , ),( , , ) (( , , ) (( , , )L (p( ) ( , , )( , , )) ( , ,( , , )( , , )      ))( )

.

( , ,

p

))L ( , , )L )

     

 

7.1 (1) (Q.E.D.)

1 , ( , , ) ( , , )

| | (| | | |) (2max{| |,| |}) 2 max{| | ,| | } 2 (| | | | )

p p

p p p p p p p p p

p f g L X f g L X

f g f g f g f g f g

9.1 F F



  

     

  

  

  

(1) 

(2) 

 (2)  -a.e.  

1

1 , 1 1/ 1/ 1

( , , ) ( , , ) ( , , )

.

, ( , , )

.

1 0

p q

p q

p

p p p

p q p q

f L X g L X fg L X

fg d f g

f g L X

f g f g

p f g f

9.1

F F F

F

( )

.

( , ,

p

))L ( , , )L )

.

f , )f , )

.

(

f  

   

=0
-a.e.

( )*

 

 9.1

1 1 1

/( 1)1 1

0

| | | | | | | | | | | | | |

/( 1) (1/ ) (1/ ) 1

(| | ) (| | ) | |

p

p p p p

p pp q p p

g

f g

f g d f g f g d f f g d g f g d

q p p p q

f g f g f g

11

0=0

1|

p
g

d1|pp|

      ( ) 2 (1)*
1

1 1 1 1

| |

| | | | | | | | | | .

p

p p p p pp q p q

f g q

f g d f d f g d g d f g d



  

     

  

    

  

(1) 

(2) 

 (2) ( ) 2 (1)*

1

1 , 1 1/ 1/ 1

( , , ) ( , , ) ( , , )

.

, ( , , )

.

| | |

p q

p q

p

p p p

p

p q p q

f L X g L X fg L X

fg d f g

f g L X

f g f g

f g d f

9.1

F F F

F

.

f , )f , )

.

(

 

 

-a.e.  

1 1 1 1

1/

1/

1 1

1 1 1

| | | | | | | .

0 | | 0

| |

| | | | | |

| | | | | | | |

p p p pp q p q

q
p

q
p

p
p p pp p

p

p p p pq p p
p

d f g d g d f g d

f g f g d

f g d

f g f g d f g d f g d

f g d f g d ff d g dg

pp
||||

p
f g |||

(Q.E.D.)

.
p p
f g .
p

(1) 1( , , ) ( , , )f

fg d

( , , ) ( , ,( , , ) ( , ,( , , ) (( , , ), ,    
1( , , ) ( , , ) ( , , )) ( ) 1f L ( ) ( ) () () ( ) 1p( ))) , , ),( , , ) (( , , ) (( , , )L (p( ) ( , , )( , , )) ( , ,( , , )( , , )      )( )

.

( , ,

p

))L ( , , )L )

1
p

q
p 1
p
p



     

  

 

  

  

  

 

 

 Cauchy

1

1

1 1 1

1

( , ) { }

0 ( )

0 ( , )

n

n
n

k

n
n

ji i

n n n
n n n j

k

nn

V v

v

v V

v v k

V

V i j

v v v i j

v k

9.2

n

k

nn

 



     

  

 

     

  

 

  Cauchy

1

1

1

( , ) { }

0 ( )

{ } { }

1
( 1,2, )

2

i

i i

i

n

n
n

k

n
n

n n

n n i

n

V v

v

v V

v v k

V

v v

v v i

v v

9.2

V

n

k

v

0

9.2

  

           Cauchy
(Q.E.D.)

1

1 1 1

1 1

1

1

1

0 ( )

{ } { } { }

i

k i i

i

n
i

k

n n n n
i

n n n n n

v V

v v v v v v k

v v v v v v v



  

 

   

   

  

 2

-a.e.

 

 Banach
 Hi2

2

1 ( , , )

( , , ) /

[ ] [ ] ( , , )

( ( , , ) / , )

( ( , , ) / , )

p

p

p
pp

p
p

p L X

f g f g

L X

f f f f L X

L X

L X

pp

9.2 F

F

F

F

F

p

p

22
 

2
 lbert

,f g fg d



  

 

   

   

 

 2

-a.e.

 

 Banach

  9.2

1 ( , , )

( , , ) /

[ ] [ ] ( , , )

( ( , , ) / , )

{ }

p

p

p
pp

p
p

n

p L X

f g f g

L X

f f f f L X

L X

f L

pp )

)

,

9.2 F

F

F

F

p
, , )

)
p

  

   

    

 

-a.e.
 

1

1

1 1

1 1 1

( , , )

( , , )

1

| | lim | | lim | |

p
n pn

p
nn

p p pp pk k

n n nk k
n n n

X f

f L X

p

f d f d f d

F

F

n p
f
n

    

 

 -a.e.  -a.e.

 

1

1

1

1

1 1

1 1

1

1

lim | | lim

| |

| |

( , , )

| |

p

k k

n n pk k
n np

p p

n
n

n nn n

p p

n n
n n

p
nn

f f

f f

f d f d

f

d

L X

f

F

11n 111

n

1



  

 

   

   

 

 2

-a.e.

 

 Banach

 

1

1 ( , , )

( , , ) /

[ ] [ ] ( , , )

( ( , , ) / , )

|

p

p

p
pp

p
p

n n
n

p L X

f g f g

L X

f f f f L X

L X

p

f f

pp )

  )

,

9.2 F

F

F

F

p

p
, , )

)
p

-a.e.

(Q.E.D.)
1 1

|
n

n n

f
n
f
n
f




