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13.A %) 	��	�ECDFB�6
7n��;��

• 22>8<('8=-*"9/67?2�
• �,<���8=-
�<� +�0�A
@.

– >5-#���B��35&1�937?-13.2 -
13.38=�).

• ?69�$�:n�<���*"#����
�!�<&�B�&4@.
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13.A1  ��

• ��%)���(�,/!!*%&�"��$�
t /����&"$�����/ x1(t); x2(t), …, 
xn(t) &#-�

• y = y(t) '�#-n �(	���
��
y(n)(t) = f(t, y, y′, …, y(n–1))

&��+.$�-&#-�

– !(&� y = x1, y′ = x2, …, y(n–1) = xn &� &�

x1′ = x2, x2′ = x3, …, xn–1′ = xn,
xn′ =  f(t, y, y′, …, y(n–1)) =  f(t, x1, x2, …, xn) 
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��6��#1 ��69�(=8��

• -4>0#" ����
@�A7#����
?��5�:-*35;12#.1  6���
�
�5	�+=<*334<$

–��#%��&37'>.#%��
�&3�-$

• ,/)12#����
�6���?��-<
!#1 69�(=8�'$
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• t #���	���
�	#x1, x2, …, xn��!�
x1’ = f(t, x1, x2, …, xn)
x2’ = f(t, x1, x2, …, xn)
⋮

xn’ = f(t, x1, x2, …, xn)
��!����������� "��!��!�

• ����� n��&$%'��	x(t)�#���!�
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x =

x1 t( )
!

x1n t( )

!
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, dx
dt

=

dx1 t( )
dt
!

dx1n t( )
dt
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, f t, x( ) =
f1 t, x( )
!

fn t, x( )
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13A.2��1 �����
�
• &52.	�-13�1 �����
�6��
.1"-�%&,#+$4�

• &&+/��6��-�4�
–��,/��f (t, x) #x -)!*���,!"&,
–�( f (t, x) = A(t)x + b(t)
• &&-�A(t)/n�.�����0' b(t)/n �.
�978:+���/t.��+ 4�
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dx t( )
dt

= f t, x( )



������

• ����������b(t) = 0����	�


(13A.1)
"����	�
�b(t) ≠ 0��!�

(13A.2)
"����	�
����

– (13A.2)��"x1, x2������"y = x1 – x2�� ��y
�(13A.1)������� �
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dx t( )
dt

= A t( ) x

dx t( )
dt

= A t( ) x + b t( )
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• -0+12%#�����A�����?#���
��4'(�836! +��5"�.<&

• 	���4-2%

• (13A.2)5-2%n�6�x1, x2, …, xn+�);=2
'<4.<4%���*;%/6@��


x = C1x1 + C2x2 + ⋯ + Cnxn
9(13A.2) 6�
–��6�$7	���>�0.:(5�� C1, C2, 
⋯, Cn >��.<,4& 8

x 0( ) = x0 =
x1 0( )
!

xn 0( )

!
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1����

• �C1, C2, ⋯, Cn,��,$0*-�

5n�,�����(/)#&�".���
– 	%&�C1, ⋯, Cn ��*�0243$0,
��
���-

– 1���)�5n�1(0+.)2)�
• ���-�9:876:5�04.��'!3�

9

C1x1 0( )+C2x2 0( )+!+Cnxn 0( ) = x0

x1 0( ) ! xn 0( ) ≠ 0



1)#�"<
�<FGDCBG
x1, x2, …, xn2+����� �xi’ = Axi<&8-

@93+n�<��%� X(t) = (x1, x2, …, xn)
<%�� |X(t)| = det(x1, x2, …, xn) = W(t) 
AFGDCBG9./,

• :0+��� �"<FGDCBG;�47+W’ 
(t) = trA · W(t) 2�!5@,

• '��, W(t)=��(�*��<&A�6,
• 1�8EF:?�$	�78EF+1�8EF8:.:?�47
EF;:?:.,

–����<>8W(t)2EF1�1A��83@, 10

(13A.3)



*+)('+�1���

• �$ t ����W(t) ≠ 0 �#"������#%�
�$x1, x2, …, xn!

∀t �������

• ����n� �&x1, x2, …, xn��$���
∀t = t0 ���$�� �	
�x(t0) = x0 &�

���x!�C1x1 + C2x2 + ⋯ + Cnxn ���%$�
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13A.3 �����3���3�6�

• 1 ��	��
�����3���:�
68��/$8Lagrange 3"�����#2-
%.�58!

• n�31 ����	
�����
x(t)’ = A(t)x(t) + b(t) (13A.4)

'�&79,0*8!��*8�����4

x(t)’ = A(t)x(t) (13A.5)
/ +31���1���:��0) x1, x2, …, 
xn0*8!((/ (13A.4)3���:
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Lagrange������

• xp = c1(t)x1(t) + ⋯ + cn(t)xn(t) = X(t) c(t)
(13A.6)

���
���	

X(t) = (x1(t), x2(t), …, xn(t)),
���


‒ (x1, x2, …, xn) �(13A.5)������	
����
����	(13A.6)������	

(13A.7)
���
 13

c =

c1 t( )
!
cn t( )

!
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dX
dt

= AX

xp! =
dX
dt
c + X dc

dt
= AXc + X !c



• ���xp’ �����(13A.4)���#�"�xp’ = 
Axp+ b��"���#��$�(13A.7)������
AXc + Xc’ = Axp+ b (13A.8)

• �"�(13A.6) �	�$�Xc = xp ��#�"

(13A.8)�"
Xc’ = b

• !�� c’ = X–1b (X�xi �1�
���"��)
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• ����" !#���c������

• �����
�	��������

• �(13A.4)��
��

������

���
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c = X t( )
−1
b t( )dt∫

xp = X t( ) ⋅ X t( )
−1
b t( )dt∫

x = X t( ) ⋅ X t( )
−1
b t( )dt∫ + X t( ) ⋅C

C =

C1
!
Cn

!
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13A.4 	������
����
�(���

• �'�����(���-*%+,�
• ��$)�	��'�-�,�

x(t)’ = Ax(t) (13A.9)
A)�t'���&��

• �(�%�#
x = exp(λt)q !"� 	�0./1

(�-�	�#(13A.9)'��
–  (��

x’ = λexp(λt) q = λx = Ax
16

q =
q1
!
qn

!
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• 2') Ax = λx
+,4 %,6&�λ#��A .
��,30�
exp(λt)q /<(.�7�"4 

• $57��(13A.9)-��%4+
Aexp(λt)q = λexp(λt)q %,6&Aq = λq
+,4.*�q/
��λ-%4
�:89;+,
4 

• %,6&���������������.

�	�����A .
��λ�
�:89;
q7�1�exp(λt)q7!4$+#��+,4 
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(1) λ1, λ2,… , λn������	����

• �����������	�������	�
�� q1, q2,… , qn�!���

• �
��
x1(t) = exp(λ1t) q1,
x2(t) = exp(λ2t) q2,

⋮
xn(t) = exp(λnt) qn

19



(2) λ��������
• λ = α + iβ (β ≠ 0)
• �	��������q�

q = q1 + iq2 (q1 , q2 ∈ Rn�����)
���������

exp(λt)q = exp(αt) (cos βt + i sin βt) (q1 + iq2)
= exp(αt) (q1cos βt – q2 sin βt)

+ i exp(αt) (q1sin βt + q2 cos βt)
��������
�����

xR = exp(αt) (cos βt ⋅q1 – sin βt⋅q2)
xI = exp(αt) (sin βt ⋅q1 + cos βt⋅q2)

20



(3)���λ(∈ R) )! -)$�,72/3>��
�2(��)��<:;=q1, q2)&7��

• ���)! 05$��3#"������
14���27��0&7%

• ,28.$>���2��<:;=)!��1
�+*�	,76'2��0&7%

x1 = exp(λt) q1, x2 = exp(λt) q2

4$>���2
� 9�(7%
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(4)��� λ(∈ R) ���"�����0,.
3�1 ��$���

• �&����A'	��"�$��
– Jordan&�
%("'�
��

• 1/-24��P+��!

#�
�*)�

• J(λ)'Jordan&�
"

22

PAP−1 =

J1 λ( ) 0 0

0 ! 0
0 0 Jm λ( )

"

#
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$
$
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''

J λ( ) =
λ 1 ! 0
0 λ 1 0
! 0 " 1
0 # 0 λ

!
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(13A.10)



	�&��0./1
• ����A�(13A.10)#�
�,+��% �
!(#)+����� A'r�&���"�+#
�+�

• ��&��0./1'��� �q1,
• ��l&	���0./1-ql#�+�
–	���0./1&���*

(A – λ) q1 = 0
(A – λ) q2 = q1

⋮
(A – λ) qr = qr –1

#$+� 23



xr =
t r−1

r −1( )!
eλtq1 +

t r−2

r − 2( )!
eλtq2 +!+ eλtqr

• ���
��+��(�q1, q2, …, qr$����

• %��x1 = exp(λt) q1 $1�#���

• �"�x2 = t exp(λt) q1 + exp(λt) q2 $2��#��
�

–!�!' x2’ = exp(λt) q1+ λtexp(λt) q1+ λexp(λt) q2

�� Ax2 = λtexp(λt) q1 + exp(λt) (q1 + λq2)
&�� x2’ = Ax2

• ���"�

•  �����!�#�x1, x2, …, xn�	'*)�
24
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• �
����$�����# %
• ��	���	���	$2��
����
$�����# %

• ����#�!%
• ��&��"�!%
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15.0 �����+��

• �����
– 3(��+
�+����)!&+����#/,

�+�+��

• ��
–	-10� �+����+��

• �
–�����2���*�'%��

• ���
–�����+��*�$"��+����2
	.� 26



15.0 ��
• ���	����
–���
#�&���
%��!1��#$�!�
*�	����

• ���
–��"$��	����

• ���
–��&���
% �!1��#$�!�*��
��	����

• ��
–���
#�&���
+�(�&'�)$*�
�
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15.0 �����#
�"�)�#��

• ����
����!����
–�#����%�$���� ���'�

• �����
����#���
–������#���!�
–�����#�#��*���	&('
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�� 15.0.1

• � �����
��'2��!���%�"
�&�	�����2���&����&�

29

φ�ψ'�
������
u = φ(x + 2y) + ψ(3x – y)'��� #��	���
�'"$�

∂u
∂x

= ʹϕ x + 2y( )+3 ʹψ 3x − y( )
∂2u
∂x2

= ʹ́ϕ x + 2y( )+9 ʹ́ψ 3x − y( )
∂2u
∂x∂y

= 2 ʹ́ϕ x + 2y( )−3 ʹ́ψ 3x − y( )
∂2u
∂y2

= 4 ʹ́ϕ x + 2y( )+ ʹ́ψ 3x − y( )



�� 15.0.1 ��

• a, b, c #�
��� =0 ���
�"�

• φ”(x + 2y)�ψ”(3x – y)��
a + 2b + 4c, 9a –
3b + c#��$%�����"�

• ��"�!�� �"	����

30

a ∂
2u
∂x2

+b ∂
2u

∂x∂y
+ c ∂

2u
∂y2

a = − 2
3
c, b = −5

3
c

2 ∂
2u
∂x2

+5 ∂
2u

∂x∂y
−3∂

2u
∂y2

= 0



15.1������&��
• �
&���%�("�	#)&'�2�&�
������%!) 

• $&���
–�� (x2 + y2 = C)

• ,+,*���, C = 0

–�� (y – x2 = C)
• �����, C = 0

–�� (y2 – x2 = C)
• �����, C = 0

31

∂2u
∂x2

+
∂2u
∂y2

= 0

∂u
∂y

−
∂2u
∂x2

= 0

∂2u
∂y2

−
∂2u
∂x2

= 0



• �2��3$	 �2!�1�+&4(22�
�'�,
#��1��+.&6%

• 2!�������3$��/��,6�
��"�$5-313.3�/��+-��7�&
.�)*0'/(6%

32



�
���…

• Laplace��	�

• Poisson��	�

• Helmholtz��	�

33

Δu ≡ ∇2u ≡ ∂
2u
∂x2

+
∂2u
∂y2

+
∂2u
∂z2

= 0

Δu ≡ ∇2u ≡ ∂
2u
∂x2

+
∂2u
∂y2

+
∂2u
∂z2

= f x, y, z( )

Δu ≡ ∇2u ≡ ∂
2u
∂x2

+
∂2u
∂y2

+
∂2u
∂z2

= −k 2u

����������



15.1 %6

• 8OLE�!�R0�3LO<����0��
��EJBA)78B5
.BCN1

• &�CLF+D�Q;E��5�M"?1
–�>@0����R�<:,�E$HR �-
�B9@�I08OLE+D�Q;(#�)A(�:N
8BA0�')R�N8B5A6N1
• UZXS#�K0[��5x = /∞CL\UZXS��YWVW
T��R�GF0�E*�E�	5Q4>@7N=P21
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15.2���%�

• 
��8�2+0&��x, ��t(�-,�	
���

(15.1)
8���%�1!)'-.+&A5�'
–�"4��(1/A22+-45&�4� !8��3
,7-6'

• 2/4����x, t42$������4!
u(x, t)8&x.*4#�fx(x)2&t.*4#�ft(t)4
�2�+&u = fxft2,72

35

∂2u
∂x2

=
1
A2

∂2u
∂t2

∂2u
∂x2

= ft
d2 f x
dx2

,  ∂
2u
∂t2

= f x
d2 ft
dt2



	���

• "#*��+�+%$�� ���%����
��!&���$#� �*�"$���+���

• �+),(15.1)(���*"�

$#*��)$��, fx ft (= u) !�*"

"#*�

• – B2&��
�"�'+*

36

ft
d2 f x
dx2

=
1
A2
f x
d2 ft
dt2

1
f x

d2 f x
dx2

=
1
A2
1
ft

d2 ft
dt2

= −B2



��	�

• �.�*�
�/x.1.�����/t(#.
��

• &.�"��.x, t*�5�)'2-/�&.�
"x, t-34,!	�(��	�)*,#60,4
,! 

–�.�*/�������.'2���	� = –
B2+%' 

– $.����.2).������"46' 

37

d2 f x
dx2

= −B2 f x ,     
d2 ft
dt2

= − AB( )
2
ft




���+02�����+
�

• "41,�����,���-�%4&4�
�)*3�

fx = Cx1 cos Bx + Cx2 sin Bx (15.2)
ft = Ct1 cos ABx + Ct2 sin ABx (15.3)

• 
�#4'�����!%4&42�,'/�
���(15.2)-(15.3)-%4&42(,����
5�.�

– (15.2),2(,����Cx1, Cx2-�x+�$32(,
	���6�3�-����7 1�/3�

38



• ,$�����
(15.3)*2%*��	�Ct1 ,
Ct2 )%�&-�t )�#02%*����(�0�
+����) /�	#0�

• "/)���	�B)%�&-�����1���
� /�,0!���)1%'+�/(��
–	�B!��)Bm*.�)�,0��)+����
�
(15.1)*���+

(15.4)
– '(0�

39

u = f xm ftm
m=1

∞

∑

= Cx1mcos Bmx + Cx2msin Bmx( )
m=1

∞

∑ Ct1m cosABmt  + Ct2m sin ABmt( )



• �����B��	�������
�b���
����������

– ����cx1, cx2, ct1, ct2�����b�������

40

u = f x ft db
0

∞

∫
= cx1 b( )cos bx + cx2 b( )sin bx{ }

0

∞

∫ ct1 b( )cosAbt  + Ct2 b( )sin Abt{ }db



��15.1
#30x = L* u = 0+,5	���6�&%3"-Bm6�2
3�

(2) t = 0* u = f(x), +,5����6�&%�
6�23�

41

(�) (1) x = 0* u = 0+,5	���6��%5-
/���.�� t -(!)���.
$4�
(��$ 5�

‒ 3')%1).m-(!) Cx1m = 0 

(1) ����
.���(15.4)-�x = 0

∂u
∂t
= g x( )

u 0,t( ) = Cx1m Ct1m cosABmt +Ct2m sin ABmt( )
m=1

∞

∑



�15.1���
• ���x = L � u = 0��$�	��&���$� 

!#�sin BmL = 0��$����$���%��BmL = 
mπ!#�

��$�

(2)  (1)�
��"

– ��$����Ct1m0 = Cx2mCt1m, Ct2m0 = Cx2mCt2m��

���

42

u L,t( ) = Cx2m sinBmL Ct1m cosABmt +Ct2m sin ABmt( )
m=1

∞

∑

Bm =
mπ
L

u x,t( ) = sinmπ
L
x Ct1m0 cosA

mπ
L
t +Ct2m0 sin A

mπ
L
t

!

"
#

$

%
&

m=1

∞

∑



��15.1  3+%&�
• t = 0 ( u = f(x)8��!5+-�

(*�6.*3*��

• 	���Ct1m0825"2+�sin��,��
8�
�!5�

• !*7#��,��+ 8��' 0 ≤ x ≤ L(�
�!5)�m ≠ n,�-!/'9:�m = n,�,1�4�
)*4�Ct1n0��0$"�

43

f x( ) = Ct1m0 sin
mπ
L
x

m=1

∞

∑

sin nπ
L
x

Ct1n0 =
2
L

f x( )sin nπL xdx0

L

∫



�	 sin��������

• m ≠ n����
�

• m = n����
�

44

sinmπ
L
xsin nπ

L
xdx

0

L

∫ =
1
2

cos m− n
L

π x
#

$
%

&

'
(− cos

m+ n
L

π x
#

$
%

&

'
(

)
*
+

,
-
.
dx

0

L

∫

=
1
2

L
m− n( )π

sin m− n
L

π x
!

"
#

$

%
&−

L
m+ n( )π

sin m+ n
L

π x
!

"
#

$

%
&

'

(
)
)

*

+
,
,
x=0

x=L

= 0

=
1
2
dx

0

L

∫ −
1
2

L
m+ n( )π

sin m+ n
L

π x
!

"
#

$

%
&

'

(
)
)

*

+
,
,
x=0

x=L

=
1
2
L



��15.1 �%����
• #��u ���!

– �����& ��t = 0�  �$�!

–���'"�%���
–���	��� ��� (��� 0 ≤ x ≤ 

L�
��&��

��&�
45

∂
∂t
u x,t( ) = Amπ

L
sinmπ

L
x −Ct1m0 sin A

mπ
L
t +Ct2m0 cosA

mπ
L
t

#

$
%

&

'
(

m=1

∞

∑
∂u
∂t
= g x( )

g x( ) = Amπ
L
Ct2m0 sin

mπ
L
x

m=1

∞

∑

sin nπ
L
x

Ct2n0 =
2
Amπ

g x( )sin nπL xdx0

L

∫



• �����������
���

• ��	

46

u x,t( ) = 2L sinmπ
L
x

m=1

∞

∑

f x( )sinmπL xdx0

L

∫
"

#
$$

%

&
''cosA

mπ
L
t + L
Amπ

g x( )sinmπL xdx0

L

∫
"

#
$$

%

&
''sin A

mπ
L
t

(
)
*

+*

,
-
*

.*



15.3 ��0��%����
�
215.3*��(�.1

• 	����(15.1)0�13.3�&��!#��0
��%���

• '���

–	����(15.1)*��/-0��%
'� /.�+#��/-*�

0�#"�

– 2$)�	����*���),�(��0��%
47

ux =
∂u
∂x

, ut =
∂u
∂t ∂ux

∂x
=
1
A2

∂ut
∂t

∂ut
∂x

=
∂ux
∂t

=
∂2u
∂x∂t

"

#
$

%

&
'



(15.5)

• ���������� , 
����

�(15.5) ��13.2�����	���
• �A�����
B1 = –1/A, B2 = 1/A,

• ������
����#!"$�
����
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∂
∂x
u = A ∂

∂t
u

A= 0 1
A2

1 0

!

"

#
#
#

$

%

&
&
&
u =

ux
ut

!

"

#
#

$

%

&
&

p1 =
1
−A

"

#
$

%

&
',  p2 =

1
A

"

#
$

%

&
'



• �������������P�

���


• �	

• ����	

• ���
����	
49

P = p1, p2!" #$=
1 1
−A A

!

"
&

#

$
'

v = P−1u = 1
2A

A −1
A 1

"

#
$

%

&
'
ux
ut

"

#

$
$

%

&

'
'
=
1
2A

Aux −ut
Aux +ut

"

#

$
$

%

&

'
'
=

v1
v2

"

#

$
$

%

&

'
'

d
dx
v =

B1 0

0 B2

!

"

#
#

$

%

&
&
d
dt
v =

−
1
A

0

0 1
A

!

"

#
#
#
#

$

%

&
&
&
&

d
dt
v



• ��
��2� 1���������"$#�
• �$" �����%	����!��$�$
x – At %����#��w1��x + At %����
#��w2%���,

Aux – ut = w1(x – At),  Aux + ut = w2(x + At) 
���#��$"%��#��

50

∂
∂x

Aux −ut( ) = − 1A
∂
∂t
Aux −ut( )

∂
∂x

Aux +ut( ) = 1A
∂
∂t
Aux +ut( )
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• �����w1, w2����� ����wp1, 
wp2�����

• ������ x – At� x + At ���2����
�����	���

• ��
 !#%"&$�
���

ux =
∂u
∂x

= −
1
A
w1 x − At( )+ 1Aw2 x + At( )

ut =
∂u
∂t
= w1 x − At( )+w2 x + At( )

u = − 1
A
wp1 x − At( )+ 1Awp2 x + At( )
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• 
�
�/34#���-.5<!0����
�0	�#

• ���-)+#68:7;90�'��*5

• ���2#���,1#��/1��)&5
'#���/��'")%(-'�%$
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• �� x – At @ t 3��/>4%
)<%

– -?;=%#�wp18%!�A3��.2'>4�"
3+>&

• !�A3%wp14'(��7#��* x �@�,;(5%
����@�.2'>4�"3+>&

• 	�6%�� x + At 7#�wp28%!� – A3��.2
'>%07;(5����@�.2'>4�"3+>&

• 15.2�3���$�6;=�91���
(15.4):%��#�7�
�@�'>4
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dx
dt
− A= 0

dx
dt
= A



• ��2
��� x – At ��x + At �	����
�������
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u =
Cx1mCt1m +Cx2mCt2m

2
cos Bm x − At( ){ }

m=1

∞

∑

+
Cx1mCt1m −Cx2mCt2m

2
cos Bm x + At( ){ }

m=1

∞

∑

+
Cx2mCt1m −Cx1mCt2m

2
sin Bm x − At( ){ }

m=1

∞

∑

+
Cx2mCt1m +Cx1mCt2m

2
sin Bm x + At( ){ }

m=1

∞

∑



15�3��:��39!��������

• ��2#9-3����x, y2�	*7 �u = 
u(x, y) 2
*72!3������4#

/�&87$(+,)#|A|+|B|+|C| ≠ 0)
– A, B, …, G4x/y24�	)7'#u24�	)1
%$

• B2 – 4AC > 0 —���
• B2 – 4AC = 0 —���
• B2 – 4AC < 0 —��� 55

A∂
2u
∂x2

+ B ∂2u
∂x∂y

+C ∂
2u
∂y2

+D ∂u
∂x

+ E ∂u
∂y

+ Fu =G

����256#
p.3133�"308
&2��'.(7
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• �! �3��	���3���;�67#

• �
u = exp(Ax + By)0'%."�&8:,���2��+
90

(A2 + 3AB – 10B2) exp(Ax + By) = 0,
–
-"(A – 2B)(A + 5B) = 0(8, A = 2B5,4A = –

5B)�;�&9��0�&8:9#
– A = 2B3�24 exp[B(y + 2x)] )�

– A = –5B3�24 exp[B(y – 5x)] )�
56

∂2u
∂x2

+3 ∂
2u

∂x∂y
−10 ∂

2u
∂y2

= 0 1'"*3���4
���/$9



()!

• '*�B4����+$*exp[B(y + 2x)]+
exp[B(y – 5x)]/�
– #1-&31.�	��0�

• B-��,�4��*.�	��0�
– "31.
���1�φ+ψ4����+$*���
/

u = φ(y + 2x) + ψ(y – 5x) 
– ���+��#32�

• ���".�� �$�"+4�%�

57



���

• ξ = y + 2x, η = y – 5x�������
� ��
	���$���"�

��"����#!$��!#�������"�
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∂u
∂x

=
∂u
∂ξ

∂ξ
∂x

+
∂u
∂η

∂η
∂x

= 2 ∂u
∂ξ

−5 ∂u
∂η

∂2u
∂x2

= 4 ∂
2u
∂ξ 2

− 20 ∂2u
∂ξ∂η

+ 25 ∂
2u

∂η2

∂2u
∂x∂y

= 2 ∂
2u
∂ξ 2

−3 ∂2u
∂ξ∂η

−5 ∂
2u

∂η2

∂2u
∂η2

=
∂2u
∂ξ 2

+ 2 ∂2u
∂ξ∂η

+
∂2u
∂η2



"#�

• �(������	+.-�
• �./ξ$���-%

–  !�Ψ)������+'η$���-%

– %&-�
– ��'� %�,�� �

• u = φ(ξ) + ψ(η) = φ(y + 2x) + ψ(y – 5x) %��/
���.*��
�����%)+��
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∂2u
∂ξ∂η

= 0

∂u
∂η

=Ψ η( )

u = Ψ η( )dη∫ +ϕ ξ( ) =ψ η( )+ϕ ξ( )

Ψ η( )dη∫ =ψ η( )
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• ���:�
9;'u = exp(Ax + By)A��2'
�A7BA�=5�!#A��3@(
–�!#6+@17:$�;'1:��A)��*7�
-@176'��25",(

• 8.'x, y:���
94,5(Ax + By)/%#7
8@70;'�!#;u = φ(Ax + By) + x•φ(Ax + 
By) 78@((��9>?$�	 )
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�"�I	�

• ���(�M4!���(�IN9G	�
– t = 0H;>O����u(x, 0)R�:C4AI�0&
u(x, t)R�LON9G�3

–�315.3IN9H4
%<xI�%G�H7O	�
• x = 0, πD�HW\4GF
• �315.2, 15.3IN9H4)0��JX^[T*�/

–
%< 1.�H7O	�
•  1.�DW\4GF
• X^[T��47O8JUSV�R$8C,@PO
• 5X^[T��]ZYZV��6R+9E4#-D=OD7Q9

• ��'HJ4���2H�B?KE->O
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• ��1����T(x, y, z, t)
–����λ, ��c, �ρ .(4

• �1���1���0�$
– x�	11��
!-" λ&��/3

• � 0+#,"6+1�5�%,24
64

∂T
∂t

=
1
cρ

∇ λ∇T( )

∂T
∂t

= a ∂
2T
∂x2

)*' :�����.')a = λ
cρ
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• 	T��� ����(���������+
– T(0, t) = T(π, t) = 0 (t > 0),
– T(x, 0) = f(x) (0 ≤ x ≤ π)

• ����f(x)�%)&#($"'��

• !������� �

65

f x( ) = bn sinnx
n=1

∞

∑ bn =
2
π

f x( )sinnxdx
0

π

∫

T x,t( ) = bn exp −an
2t( )sinnx

n=1

∞

∑

∂T
∂t

= a ∂
2T
∂x2



• ��'x = 0, π.1(%(–π/2), (π/2)17%5,:
=?B@>����� .�)98

• ��2�#��2
	5%����A��
*-��A��2�3	;+.����

– ?B@>��2���!�
– 026&1!�.5?B@>� ��
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f x( ) = am cosmx
m=0

∞

∑

f x( ) = am cosmx
m=0

∞

∑ + bn sinnx
n=1

∞

∑ � ��<�48
2'%�"2�$/
18

am =
2
π

f x( )cosmxdx
−π /2

π /2

∫



��	��= ����

• �
T-�%1�.�:�����-�$)>
– (t > 0),
– (–∞ ≤ x ≤ ∞)

• .�/�647�

– 30( )��+,1�

– 8;95��3�!+���*#1*�2!
• &.�-�����"��< 67

lim
x→±∞

T x,t( ) = 0
T x,0( ) = f x( )

∂T
∂t

=
∂2T
∂x2

(a = 1+$')

Gt x( ) = 1

4π t
exp −

x2

4t

⎛

⎝
⎜

⎞

⎠
⎟

u x,t( ) = Gt x − y( ) f y( )d y
−∞

∞

∫



���JLaplace�$�A��
• Dirichlet�"��0
–�#-�u(�3B/�?>)@:2;1
–(�-� i.e.
– =6;���$�4�3FH;2G=7G
–'�6;2G�"�

• (8=3B
���x2 + y2 = 1))<

– uA�4/�=6;�3FH8��@1
–'�%,A�*<AuA��I DE1?>
–�'JNeumann�"��0

• uA�<?5!&�	+4�3FH;2G��

• ���.@�9)CA4�� 68

Δu =∇2u = 0



Dirichlet�	��

• �����f(ϑ)�����
���

• ����

69

∂2u
∂x2

+
∂2u
∂y2

= 0 x2 + y2 <1( )

u cosθ ,sinθ( ) = f θ( ) −π ≤θ < π( )

f θ( ) = cn exp inθ( )
n=−∞

∞

∑ cn =
1
2π

f θ( )exp −inθ( )dθ
−π

π

∫

u rcosθ ,rsinθ( ) = cnr
n exp inθ( )

n=−∞

∞

∑



Dirichlet�����
�Poisson����	�

• ���Poisson�

• ����

70

Pr θ( ) = r n exp inθ( )
n=−∞

∞

∑ =
1− r2

1− 2rcosθ + r2

u rcosθ ,rsinθ( ) = 1
2π

Pr θ −φ( ) f φ( )dφ
−π

π

∫
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• ������	
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∂2u
∂x2

+
∂2u
∂y2

= 0 −∞ < x <∞, y > 0( )

u x,0( ) = f x( ),  lim
y→∞
u x, y( ) = 0 −∞ < x <∞( )

u x, y( ) = y
π

f ξ( )
x −ξ( )

2
+ y2

dξ
−∞

∞

∫
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