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Answers of prev. exercises

1. Prove Eq. (2).

Recall that

Tr[AB] = Tr[BA], and

P? = P for a projection matrix P.

Tr[BpR] = Tr[REp] = Tr[Rp].

2. Same.
Reason: After the measurement and obtaining the outcome i, the state

vector is
Rle)

IRl@
Its corresponding density matrix is
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Its corresponding density matrix is

RlpXelE" _ _ReR
IB|@)[? IB|@)I?
On the other hand,
IRIoII? = (pIB*Blp)
= (®|Blp)

Tr[BlpXel]
by an argument similar to Unit 6

Tr[Bp].

Therefore, the state vector and the density matrix represent the same
physical state.

4. Explain why Eq. (3) is not linear.

See http://en.wikipedia.org/wiki/No_cloning_theorem
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5. Verify Eq. (??) is a density matrix.
6. Verify the claim at the bottom of p.??.
9/25 0

0 16/25
compute the partial trace of your answer, and see if the original density
matrix is restored.

7. Compute a purification of the density matrix ( ) Then
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Quantum Fourier transform

I will explain the quantum factoring algorithm that computes the pairs
(p;» e;) from a given composit number p;’ --- pyyt, where p;’s are pairwise
distinct prime numbers and e; is a positive integer. An important
ingredient of the quantum factoring is the quantum Fourier transform, on
which I will concentrate in this unit.

Discrete Fourier transform (in Conventional Computing)

transforms (X, ..., Xx_1) € CN to (3, ..., yn—1) € CN, where

N-1

Vi = 1 Z xj exp(27ijk/N). D
Jj=0
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Quantum Fourier transform (QFT):
Let {|0), ..., [N — 1)} be an orthonormal basis of CN. QFT transforms

N-1

1
iy > — 27ijk/N)|k). 2
1j) 7N :;o exp(27i jk/N)|k) 2)

This means that QFT transforms
X0|0) + x1|1) + -+ + Xxn_1|[N — 1)

into
Yol0) + y1[1) + - + yny_1IN — 1),
where yy is the same as DFT (Eq. (1)).
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How the efficiency of QFT is claimed

I will show that QFT can be realized by a combination of unitary operators
acting on one or two qubits. Recall that we cannot assume that any unitary
operator can be realized in quantum computation, otherwise we become
unable to discuss the computational complexity of quantum algorithms.
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Quantum Fourier transform 2

Hereafter we assume N = 2". Define j, j; ... ju.jejes1 - jm to be
J2" N 2" e o2+ o /A /2T

where j; is either 0 or 1. Fix 0 < j < 2". We introduce a useful
representation of QFT.

D ®1j2) ® -+ ® |jn) = ) (3)
2n—1

e > exp(2mijk/2m)|k) (4)
k=0

1 o _
= 5m 2 X eXp(27ﬂJZk€2 f’) kaks k) (5)

k1=0,1 kn=0,1 £=1

= 2:1/2 IR ®exp(27rijk€2—€)|k€> (6)

k1=0,1 kn=0,1 ¢=1
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zn/z Z Y ®eXP(27”JkeZ &)lky) %)
0,1

kp=0,1 ¢=1
= 7m ®( exp(27i jk€2‘€)|k€>) 8)
k,=0,1

= Zm @ (10) + exp(27ij2~9)|1)) 9)

= 2n/2(|0> + exp(27i0.j,,)|1)) ® (|0) + exp(27i0. j,—1jn)[1) ®
=+ ® (|0) + exp(27i0.j1 2 -+ jn)I1)) (10)

The last equality may needs further explanation.

exp(27ij2~¢) = exp(27i(jijz - jn)279) (11)
exp27i(jijz -+ jn—e-Jn-e+1 """ Jn)) (12)
exp(27i(j1jz *** jn—e)) - €Xp27i(0.jp_g11 -+ jn)X13)
= 1-exp(27i(0.jp—¢41 " Jjn)) (14)
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Quantum Fourier transform 3

In summary, QFT transforms
1) @ 1j2) ® -+ ® ljn)
into
272(10) + exp(27i0.j,)| 1) ® -+ @ (0) + exp(27i0.jy jo -+ ju)I1).  (15)

This equivalent representation of the QFT allows us to find an efficient
implementation of the QFT. Define the unitary operator R; by

|0) > [0), |1) > exp(27i/2K)(1),
and the controlled-R; by
|00) — |00), [01) > |01), |10) > |10), |11) > exp(27i/25)|11).

The controlled-R; applies Ry to the first qubit iff the second qubit is 1.
Observe that the effect by R, is symmetric on the first and the second
qubits.
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Quantum Fourier transform 3

L1z} - lin) &
27"2(10) + exp(27i0.j,)[1)) -+ (|0) + exp(27i0.jy o -+ jn)|1)-

We shall show that n operations can produce |0) + exp(27i0.j; j, -+ j,)|1)
in the first qubit. Recall that H|0) = (|0) + |1))/+/2 and
H|1) = (10) = [1)/V2.
1-1. Apply H to the first qubit, which changes the first qubit to

1

V2
while keeping other qubits unchanged.

1-2. Apply the controlled-R, to the first and the second qubit, which
changes the first qubit to

(10) + (=1)1[1)) = —=(]0) + exp(27i0.j))| 1),
NG

%qo) + exp(27i0.jy jo)|1);

while keeping other qubits unchanged.
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1-3. Apply the controlled-R; to the first and the third qubit, which
changes the first qubit to

%qm + exp(2i0. ji j2j3)|1)),

while keeping other qubits unchanged.

1-n. Apply the controlled-R,, to the first and the n-th qubit, which changes
the first qubit to

1
V2

while keeping other qubits unchanged.

(|0) + exp(27i0. jy j2 - ju)I1)),
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Quantum Fourier transform 4

L1z} - lin) &
(10) + exp(27i0.j,)[1)) -+ (|0) + exp(27i0.j1 o -+ ju)|1))-
We shall show that n — 1 operations can produce
|0) + exp(27i0.j, -+ j,)|1) in the second qubit. After finishing the
operations in the previous page, the quantum state is
i
V2
2-1. Apply H to the second qubit, which changes the second qubit to
i
V2
while keeping other qubits unchanged.
2-2. Apply the controlled-R, to the second and the third qubit, which
changes the second qubit to
1

a avn =
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(10) + exp(27i0. j j; - ju)|1) ® |j2J3 - Jin)-

(10) + (=1)"2|1)) = %(I@ +exp(27i0.j,)[1)),




2-3. Apply the controlled-Rj; to the second and the forth qubit, which
changes the second qubit to

1
V2

while keeping other qubits unchanged.

(10) + exp(27i0. 3 j3 ja)| 1)),

2-(n — 1). Apply the controlled-R,,_; to the second and the n-th qubit,
which changes the first qubit to

%qo) + exp(27i0. o 3 - jn)|L):

while keeping other qubits unchanged.
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Quantum Fourier transform 5

Ljl2) - lin) &
(10} + exp(27i0.j,)[1)) --- (|0) + exp(27i0.jy jz -+ jn)|1))-
We shall show that single operation can produce |0) + exp(27i0.j,)|1) in

the n-th qubit. After finishing the operations in the previous pages on the
first to the (n — 1)-th qubits, the quantum state is

Sz (0) + exp(27i0.jy 2 - jn)|1)) (10) + exp(27i0. 2 3 - ju)I1)) -+

(|O> + eXP(27Ti0-jn—1jn)|1>) ® |.]n>
n-1. Apply H to the n-th qubit, which changes the n-th qubit to

1
V2

while keeping other qubits unchanged.

(10) + (=1)/n) = %qw + exp(27i0.j,)| 1),
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Now the quantum state of the whole n qubits is

2 (0) + exp(27i0.jy 2 - jn)|1)) (10) + exp(27i0. 2 3 - ju)I1)) -+
(10) + exp(27i0. j,—1jx)|1)) (|0) + exp(27i0.jn)[1)),

which is the result of QFT in the reverse order of qubits.
Observe that the number of operations is n(n + 1)/2.
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Universal quantum operations

Any classical computation can be realized by the AND, OR, NOT gates,
and the computational complexity can be measured as the number of
necessary gates.

QFT uses the n kinds of unitary operations instead of a fixed set of
operations. This makes the couting of computational steps unfair.

It is known that any controlled-U operation can be approximated by about
[log(1/€)]? operations in some fixed set of operations, where ¢ is the
accuracy of approximation { with a given unitary matrix V5 defined by

II|1¢%X||V1I<0>— Vil

Therefore, the degree of computational complexity of QFT on n qubits is
roughly proportional to n(n + 1)/2.
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Exercise

Let N =8andn = 3.

1. Compute the QFT in Eq. (2) with j = 3.

2. Compute the QFT in Eq. (15) with j; =0, j, =1, j; = 1.

3. Compute the QFT by using H, the controlled-R, and the controlled-R;
with j; =0, j, =1, j; = 1. (Optional: computation is too complicated).
4. Compare the above results.
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