Proof:
Since the number of orthogonal directions in R™ cannot exceed n. I

Let us define §; = x; 11 — ;. It is clear that £ = span{do, d1,...,0;_1} (Exercise 10).

Lemma 4.26 For any k,¢ >0, k # ¢, (Ady,d¢) = 0.

Proof:
Left for exercise. I

The vectors {d;} are called conjugate with respect to matrix A.
Now, let us be more precise with the conjugate gradient method. We will define the next
iterations as follows:

k-1

i1 =z — W V() + Z Ajdj
=0

Using the previous properties, we arrive that (see Exercise 11)

hi ||V f ()3
(Vf(x) = Vf(xp-1),08-1)

Ai=0, (Gj=01,....k—2), M\_=

Thus
where IV f ()3
V f(xr)||5Pr—1
Dy f( k) <Vf(37k) — Vf(a:k_1),1?k—1>

Finally, we can present the Conjugate Gradient Method

Conjugate Gradient Method
Step 0:  Let &g € R", compute f(xo), V f(xo) and set py := V f(xo), k :=0
Step 1:  Find xyy1 := x — hgp,, by “approximate line search” on the scalar hy,
Step 2:  Compute f(xg+1) and V f(xg41)
Step 3:  Compute the coefficient Bgy1
Step 4:  Set pry1 := VFf(®r+1) — Bk+1Pk, kK :=k + 1 and go to Step 1

The most popular choices for the coefficient 5, are:

1. Hestenes-Stiefel (1952): Bri1 = <V.12(V93}+(;2k2{_(€c}1(gk)vi(>ﬂ3k)>

2. Fletcher-Reeves (1964): Bri1 IV @2 -

_DPihis . _ (Vf@),Vf(@ei)-V f(xr))
3. Polak-Ribiére (1969): [Biy1 = V@Ol .

4. Polak-Ribiére plus: Pri1 = max {0, <Vf(w’““)”’g{cg’“;‘lg)fvf(mk» }
k)12

;- . _ IV (@)l
5. Dai-Yuan (1999): P41 = Vi@ -V f@py

Among them, Hestenes-Stiefel and Polak-Ribiere are empirically preferred.
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4.4.4 Quasi-Newton Methods

The basic idea of quasi-Newton methods is to approximate the Hessian matrix (or its inverse) which
we need to compute in the Newton method. There are of course infinitely many ways to do so, but
we choose the ones which satisfy the secant equation:

Hj 1y, = sg

where y, = Vf(xpi1) — VF(xk), Sk = Tpr1 — Tk
The general scheme of the quasi-Newton method is as follows.

Quasi-Newton Method
Step 0:  Let &g € R", Hy := I, k := 0. Compute f(xz), V f(xo)
Step 1:  Set p;, := HyV f(xy)
Step 2:  Find xp4; := xr — hipy, by “approximate line search” on the scalar Ay
Step 3:  Compute f(xgy1) and V f(xgyq)
Step 4:  Compute Hyy from Hy, k:=k+ 1 and go to Step 1

The most popular updates for Hyq are:

1. BFGS (Broyden-Fletcher-Goldfarb-Shanno)

o skly)” oyl | sk(se)”
Hier= <I <sk,yk>> Hi (I <sk,yk>) T oo v

2. DFP (Davidon-Fletcher-Powell)

si(se)”  Hiyi(yn) Hy
(Yr» Sk) (Y, Hrys,)

Hyy = Hy +

3. Symmetric-Rank-One

(s — Hyyy)(sy — Hyyy) '

(81 — Hy,, yk>

Hyy = Hy +

In the same way for the conjugate gradient method, we can show that the quasi-Newton method
converges in finite number of iterations for a strictly convex quadratic function. Moreover, under
some strict convexity conditions at the neighborhood of the local minimum, it is possible to show
that its iterates converge super-linearly [Nocedal].

4.5 Exercises

1. Let f:R®” =2 R, g: R® = R™ continuously differentiable functions and h € R". Define the
following optimization problem.

minimize  f(x)
subject to  g(x) =h
xecR"

Write the Karush-Kuhn-Tucker (KKT) conditions corresponding to the above problem.

2. In view of Theorem 4.13, find a twice continuously differentiable function on R™ which satisfies
Vf(x*) =0, WV2f(x*) > O, but z* is not a local minimum of f(x).
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3. Let f: R"™ — R be a continuous differentiable and convex function. If * € R" is such that
V f(x*) = 0, then show that * is a global minimum for f(x).

4. Determine the Cauchy step-size hy € R for the following strictly convex quadratic function
flx) = %a:TQa: + qTx + v, where Q is a n x n real positive definite matrix.

5. Give a geometric interpretation of the following step-size strategies:

Let 0 < ¢y <o <1,

e Wolfe condition

f(@p = hV (@) < flxr) — ethl|V f(@0)ll3,
(Vf(@e — RV f(zr)), V() < e[V F(@0)13.

e Strong Wolfe condition

f(xr — WV f () < fr) — ||V (23,
(V f(zp — hV f(x1), V f(2)] < o[V f()]]3.

6. Consider a sequence {3}, which converges to zero.

The sequence is said to converge Q-linearly if there exists a scalar p € (0, 1) such that

Br+1

Bk

for all k sufficiently large. Q-superlinear convergence occurs when we have

<p

— 9

. Brt1
1 =
k;nc}o ﬁk 0,

while the convergence is Q-quadratic if there is a constant C' such that

| Brt1]
B

for all k sufficiently large. Q-superquadratic convergence is indicated by

<C

lim ’8’“;1 =0.
k—ro00 /Bk

(a) Show that the following implications are valid: Q-superquadratic = Q-quadratic = Q-
superlinear = Q-linear.

(b) Give examples of sequences which do not imply the opposite directions in the three cases
above.

A zero converging sequence {fi}7°, is said to converge R-linearly if it is dominated by a
Q-linearly converging sequence. That is, if there is a Q-linearly converging sequence {1 }72,
such that 0 < |Bg| < k.

(c) Give a sequence which is R-linearly converging but not Q-linearly converging.

7. Let f(x) = %wTQw such that @ is symmetric, and indefinite. Apply the steepest descent
method with constant step. Show that if the starting point @y belongs to the space spanned
by the negative eigenvectors, the sequence generated by the steepest descent method diverges.

8. Prove Lemma 4.26.
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9. Inlight of Theorem 4.21, show that under Assumption 4.20, if we want to obtain ||x; —x*||2 <
g, we need an order of In(Ine~1) iterations for the Newton method.

10. In the Section 4.4.3, show that L, = {d¢,d1,...,0k_1}.
11. In the same section, arrive at the expression (9) for a strictly convex quadratic function.
12. Show that the secant equation is valid for BFGS, DFP and symmetric-rank-one formulae.

13. Given u,v € R" and a non-singular matrix M € R™ " _if 1+vT M ~!u # 0, then the following
formula is valid:

M uvT M1

M+u )y t=pm - —
( ) 1+ vTM tu

(Sherman-Morrison formula)

Apply this formula to compute the inverses By of Hyy1 for BFGS, DFP and symmetric-
rank-one formulae.

14. Apply the quasi-Newton method with BFGS, DFP, and Symmetric-Rank-One updates for the
strictly convex function f(z) = a + (a,z) + 5 (Az, ) with A = O.

5 Convex Functions and Extended Real-Valued Functions

5.1 Convex Functions

Definition 5.1 Let Q be a subset of R". We denote by F¥(Q) the class of functions with the
following properties:

e Any f e F k(Q) is k times continuously differentiable on Q);

e fis convex on @, i.e., given Va,y € Q and Va € [0, 1],
flaz+ (1 —a)y) < af(x)+ (1 —a)f(y).

Theorem 5.2 f ¢ F(R") if and only if its epigraph E := {(z,y) € R"™ | f(x) <y} is a convex.

Proof:
Let (x1,y1), (x2,y2) € E. Then for any 0 < o < 1, we have

flaxy + (1= a)xe) < af (z1) + (1 — @) f(w2) < ayr + (1 — a)ys
and therefore (am1 + (1 — a)as, a1 + (1 — a)ys) € E.
Let (1, f(a1)), (s, f(x2)) € E. By the convexity of E, for any 0 < a < 1,
flamy + (1 — a)xs) < af(er) + (1 —a)f(x2)
and therefore, f € F(R™). .

Theorem 5.3 If f € F(R"), then its A-level set Ly := {& € R" | f(x) < A} is convex for each
A € R. But the converse is not true.

Proof:

For any A € R, let @,y € Ly. Then for Va € (0,1), since f € F(R"), flax + (1 — a)y) <
af(x)+ (1 —a)f(y) < ar+ (1 —a)X = A. Therefore, ax + (1 — o)y € L.

For the converse, Ly = {z € R | f(z) = 23 < A} is convex for all A € R, but f ¢ F(R). 1
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