Now, since f(x) is convex, f(xx) > f(y) + (Vf(yi), Tk — yi), and multiplying this inequality by
(1 — o) we have:

2 —
|V £ )3+ (o) (V F (), 0 () by ) 4 2L

2
Yir.—VL|lo-
2Yk41 Vi+1 29k41 v I

¢It;+1 > fyr)—

Recall that since V f is L-Lipschitz continuous, if we apply Lemma 3.6 to vy, and i1 = yi —
1V f(yi), we obtain

Fln) — 5 IVF@OIR > flan).

Therefore, if we impose
AEVk

Ve+1

(vk —yi) + @K — Y, =0
it justifies our choice for y;. And putting

az 1
241 2L

it justifies our choice for ay. Since 0%(17;701@1)%# > 0, we finally obtain ¢;_ | > f(xx11) as wished.

The above theorem suggests an algorithm to minimize f € SLIL(R")
Notice that in the following method, we don’t need the estimated sequence anymore.

Generic Scheme for the Nesterov’s Optimal Gradient Method
Step 0: Choose g € R", let v9 > 0 such that L > vy > u > 0.
Set vg := xg and k := 0.
Step 1: Compute oy, € (0, 1] from the equation Loz = (1 — ag)vx + agp.
Step 2: Set i1 = (1 — ap)y + app, gy = BB Te
Step 3: Compute f(y;) and V f(y;,)-
Step 4: Find x4 such that f(zx1) < f(yy) — 52| VF(ye)||3 using “line search”.

Step 5: Set vy 1 := (170"6)7’“1)“&7’“:1?{’“70”“Vf(y’“), k:=k+1 and go to Step 1.

Theorem 8.6 Consider f € Si’lL(R"), possible with g = 0 (which means that f € f}jl(Rn)). The
generic scheme of the Nesterov’s optimal gradient method generates a sequence {xj}7°, such that

f@) = @) < A [f(@o) + Llla* = wol3 — f(@")]

k
< mm{(l -J5) <M+km>2} [1(@o) + L~ ol — )]
k—1
where ;1 = 0 and A\, = H (1 — ).

i=—1

In other words, the sequence {f(xy) — f(x*)}32, converges R-sublinearly to zero if y = 0 and
R-linearly to zero if pu > 0.

In addition, if u > 0,

e —a* < A [f(mo) + lle” —aolld - f(a")]

< Zmin{(l—ﬂ)k,@ﬁil;{mp} @)+ Dl — 2ol - f(a")].

That is, {||z — x*||*}32, converges R-linearly to zero.
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Proof:
The first inequality is obvious from the definitions and Lemma 8.2.

We already know that oy > \/% (k=0,1,...) (see proof of Theorem 8.5), therefore,

k—1 k—1 k
)\k:H(l—ai):H(l—ai)g(l— Z) ,
1=—1 =0

which only has an effect if u > 0. For the case p = 0, we already proved in Theorem 8.5.
For p > 0, using the definition of strong convexity of f(x), we obtain the upper bound for
2y, — a*|[3. I

Corollary 8.7 Consider f € S;’lL(R”), possible with g = 0 (which means that f € flL’l(R”)). If
we take 79 = L, the generic scheme of the Nesterov’s optimal gradient method generates a sequence
{xr}32,, such that

k
o sta < pminf (1 1)l b -

In other words, the sequence {f(xy) — f(x*)}32, converges R-sublinearly to zero if y = 0 and
R-linearly to zero if pu > 0.
In the particular case of i > 0, we have the following inequality:

k
. 2L . 0 4 .
|wk—m||%summ{<1— L) ,(HQ)?}Hwo—mn%.

That means that the sequence {||zy — z*|3}72, converges R-linearly to zero.

Proof:
The two inequalities follow from the previous theorem, f(x¢) — f(x*) < (Vf(x*),xo — x*) +
L||zo — z*||3, and the fact that V f(z*) = 0. 1

Now, instead of doing a line search at Step 4 of the generic scheme for the Nesterov’s optimal
gradient method, let us consider the constant step size iteration 11 1= y;, — %V f(y;) (see proof
of Theorem 8.5). From the calculations given at Exercise 1, we arrive to the following simplified
scheme. Hereafter, we assume that L > p to exclude the trivial case L = p with finished in one
iteration.

Constant Step Scheme for the Nesterov’s Optimal Gradient Method
Step 0: Choose g € R", ap € (0,1) such that %ﬁéo—“) >0, u < ao(lo‘fig;m <L,
set Yo := xg and k := 0.
Step 1: Compute V f(y;).
Step 2:  Set i1 =1y, — £V F(yp).
Step 3: Compute ay11 € (0,1) from the equation a%H =(1- ak+1)ai + Fogqr.
Step 4: Set Fj := ag(1—ar)

5 .
o0kt

Step 5: Set y;,1 = Tpt1 + Pr(Try1 — k), k:=k + 1 and go to Step 1.

Observe that the sequences {x}7, and {y;}72, generated by the “Generic Scheme” and the
“Constant Step Scheme” are exactly the same? if we choose xy 11 := y), — %V f(y;,) in the former
method. Therefore, the result of Theorem 8.6 is still valid for vo := ag(aoLl — p)/(1 — ap).

4strictly speaking, there is a one index difference between Yy, ’s on these two methods due to the order y,, is defined
in the loop.
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Also, if we further impose 79 = ag(aoL — p)/(1 — o) = L, we will have the rate of convergence
of Theorem 8.7.

Theorem 8.8 Consider f € Si’lL(R"), possible with g = 0 (which means that f € f}jl(R”)). The
constant step scheme of the Nesterov’s optimal gradient method generates a sequence {x}}7° , such

that .
flaw) — f(a) < Lmin{(l %) @} o - =13

k
. 2L . 0 4 .
ok — 273 < Mmln{(l—,/L> ,M}Hmo—fﬁ 13

This means that the method is “optimal” for the class of functions F lL’l(R”), and SilL(R”)

and

Proof:  Since the inequalities above are already shown in the previous Corollary 8.7, it remains
to show the “optimality” of the methods for each class of functions.
For the case p = 0, the “optimality” of the method is obvious from Theorem 6.1.

Let us analyze the case when p > 0. From Theorem 6.2, we know that we can find a function
fe SZO’LI(€2) such that

2k
flay) — f(z) > & ( L= 1) o — 2*[|5 > %exp <_4k> o — x*||3,

“ 2\ /L/u+1 VI/p—1
where the second inequality follows from ln(g—ﬁ) =-—In(l)>1-22 = 2 for g € (1,+00).

Therefore, the worst case bound to find xj such that f(xx) — f(x*) < & can not be better than
v L/p—1 1
s VIt (m +nk 2|z — ac*|2> .
4 € 2
On the other hand, from the inequality above

k
fmy) — f(x*) < Lo — 2*|f3 (1 - \/E> < Lljxo — z*||3 exp <_ J%) ;

where the second inequality follows from In(1 — a) < —a for a < 1. Therefore, we can guarantee

fler) — f(x*) <efor k> \/L/u(Inl+InL+2Inlze — *|2).
Now, let us analize the sequences {x}7°, generated by the method. Again from Theorem 6.2,
we can find a function f € S;O’Ll(€2) such that

2k
|z —z*||3 > <%:> |zo — |3 > exp <—\/L%]j1> o — 2*[3

Therefore, the worst case bound to find x; such that ||z — x*||3 < & can not be better than

\/W—1( 1 >

k> 1D7+21D||330—$*H2
4 €

On the other hand, from the inequality above

k
2L I 2L k
xk—w*||2<<1— ) < —exp| - .
fox — [ < 2 DS -

Therefore, we can guarantee ||z — *[|3 < e for k > /L/p (InL +In2L — Inp+ 21n ||z — x*(|2).
This shows that the constant step scheme for the Nesterov’s gradient method is an optimal
method in terms of complexity for the dominant term In(e~1). 1
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Remark 8.9 Many times, you will find in articles that a method has “optimal rate of convergence”.
In our case, if we apply the constant step scheme for the Nesterov’s optimal gradient method
to ming, g~ f(), the number of iterations of this method to obtain f(zy) — f(z*) < e is k =

k(L,xg,x*,e) = O (\/ w> and k = k(L, p, xg, x*,e) = O <\/%ln w) for f(x) €

F lL’l(R”) and SIL’}#(R”), respectively.

It is extremely important to note that this value is the maximum number of iterations in the
worse case scenario.

To obtain the total complexity of the method, you need to multiply the above number by the
number of floating-point operations per iteration. This value also vary according to the method.

8.1 Discussion on Particular Cases

8.1.1 Nesterov’s Optimal Gradient Method for Smooth (Differentiable) Strongly Con-
vex Functions

In this case, we have p > 0 and choosing 79 := agp(apLl — p1)/(1 — ag) = p, we can have further

simplifications:
VI
a”_¢ P = VL + /i

Nesterov’s Optimal Gradient Method for Smooth Strongly Convex Function
Step 0: Choose xy € R", set y, := xg and k := 0.

Step 1: Compute V f(y;).

Step 2: Set Ty, =y — + V).

Step 3: Set yp.1 = Tp1 + ? ?(mkﬂ — ), k:=k+1 and go to Step 1.

8.1.2 Optimal Gradient Method for Smooth (Differentiable) Convex Functions

In the case p = 0, there are much simpler variation of the method?.

Nesterov’s Original Optimal Gradient Method for Smooth Convex Function
Step 0: Choose xg € R", set y, := xg, to := 1, and k := 0.
Step 1: Compute V f(y;).
Step 2:  Set i1 =1y, — £V F(yp).
1+ 4/1+48

2
Step 4: Set yy i = Tp41 +

Step 3:  ty41:= .
tp— 1
Ukt 1
Moreover, there is a simpler variant of this method.

(Tg+1 — xk), k:==k+ 1 and go to Step 1.

Variant of Nesterov’s Optimal Gradient Method for Smooth Convex Function
Step 0: Choose g € R", set y, := xp and k := 1.

Step 1: Compute V f(y,_1)-

Step 2:  Set @y =y, 1 — 1 VF(Yp_1)-

Step 3: Set y; := xj, +

—1
k+2(mk —xk_1), k:=k+ 1 and go to Step 1.

%Y. Nesterov, “A method for solving the convex programming problem with convergence rate O(1/k?),” Doki.
Akad. Nauk SSSR 269 (1983), pp. 543-547. It also has a scheme to estimate L in the case this constant in unknown.
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All of above methods generate sequence {x}7° , such that

AL|zo — x*||3

flxr) — f(z¥) < (kj+1)2

for f € flL’l(R").

Recently, it was shown that an extension of this method guarantee a o(k~2) convergence for
f(zr) — f(z*) by Attouch and Peypouquet®.

Kim-Fessler’s Optimal Gradient Method for Smooth Convex Function

Step 0: Choose xg € R", set y, := xg, to:= 1, and k := 0.
Step 1: Compute V f(y;).
Step 2: Set i1 := 1y — %Vf(yk).

2
VG e o N9

. o 2 >
Step 3:  ty41:= e E N1
2 ) -t
tr — 1 t
Step 4: Set Y, = Tp41 + ];k ) (Tp41 — k) + ﬁ(mkﬂ —y;), k:=k+ 1 and go to Step 1.
+

It can be shown that the Kim-Fessler’'s method generate sequence {mk}ffzo such that

k|2
flan) - flah) < 252

for f € flL’l(R”)7.

8.2 Exercises

1. We want to justify the Constant Step Scheme of the Optimal Gradient Method. This is a
particular case of the General Scheme for the Optimal Gradient Method for the following

choice:
Teyr = Laj = (1—ap)y + arp
v, = O VEVE + Ve+1Tk
g Vi + ot
1
Tpr1 = Yp— va(yk)
(= o) wvr + arpyy, — oV f(yy)
Vg1 = .
Vk+1
(a) Show that vi41 = @ + i(a:k_i'_l —x).
17
(b) Show that y,.; = Tri1 + Br(Tre1 — ) for By = Ww
)

(c) Show that 3, = c&l=an)

2
ap 0ok

(d) Explain why o, | = (1 — app1)oq + Fogyr.

5Hedy Attouch and Juan Peypouquet, “The rate of convergence of Nesterovs accelerated forward-backward method

is actually faster than 1/k% SIAM Journal on Optimization 26 (2016), pp. 1824-1834.
"Donghwan Kim and Jeffrey A. Fessler, “Optimized first-order methods for smooth convex minimization,” Math-

ematical Programming 159 (2016), pp. 81-107.
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