Definition 3.2 Let f : R" — R be a continuous function on R™. This function is also a (Fréchet)
differentiable function on R" if for any x,y € R™, we have

fly) = f(x) +(Vf(z),y —x) + o([ly — z[2),

where o(r) is some function of > 0 such that

o1
71"1_1)][%) ;o('r) =0, 0o(0) =0.
In particular, if a function f : R™ — R is differentiable on R™ and 0 # s € R"”, then,
f'(z;8) = (Vf(x),s), for x € R".

We say that the function is continuously differentiable if the function V f : R™ — R" is contin-
uous.

Hereafter, we define for a,b € R", the standard inner product (a,b) := Y " | a;b;, and the
associated norm |lal|2 := /(a, a) to it.

Definition 3.3 Let Q be a subset of R". We denote by Clz’p (Q) the class of functions with the
following properties:

e Any f € C]Z’p (Q) is k times continuously differentiable on Q;

e Its pth derivative is Lipschitz continuous on ) with the constant L > 0:
1FP (@) — FP ()2 < L|@ —yl2, Yo,y € Q.

In particular, fM(x) = Vf(z) and f®(x) = V2f(x). Observe that if f; € CE’f’(Q), fo €
CiP(Q), and a, B € R, then for Ly = |a|Ly + |B| Ly we have afi + Bf2 € CP(Q).

Lemma 3.4 Let f € C*(R"). Then f € Ci’l(R") if and only if |V?f(x)|2 < L, Ve cR™

Proof:
For x,y € R",

Vi) = Vi@ + /0 V(@ +r(y — )y — z)dr

= i@+ ([ Vi iy —a)ir) - o)

Since |V2f(z)|2 < L,

1
/0 Vif(x+ 1y —a))dr| |ly— s
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1
/0 IV2F (@ + r(y — @) 2drlly — |

Llly — z|2.

IVF(y) = V@)l <

IN

IN

On the other hand, for s € R, and a € R, o # 0,
IVf(x+as) = Vf(z)|z2 < |afL]s]-
Dividing both sides by |a| and taking the limit to zero,
IV2f(z)sl2 < Lls|l2, s €R™
Therefore, | V2f(z)|]2 < L. 1



Example 3.5
1. The linear function f(x) = o+ (a,x) € Cg’l(]R") since
Vf(x)=a, Vf(x)=0.
2. The quadratic function f(xz) = a + (a,z) + 1/2(Azx,x) with A = AT belongs to CQL’l(R”)

where

Vf(x)=a+ Az, Vf(x)=A, L=|Al2.
3. The function f(z) = 1+ 22 € CP'(R) since

/ z 17 1
f(x>:\/l+7x27 f(x)zmﬁl

Lemma 3.6 Let f € C}J’l(R”). Then for any x,y € R", we have

1)~ (@)~ (V@) y - @) <y~ =l

Proof:
For any «,y € R", we have

1
fw) = f@)+ /0 (Vi@ +r(y— ).y - z)dr

1
= f(w)+<Vf(w)7y—w>+/O (Vf@+7(y—=z) - Vf(z),y—x)dr.

Therefore,

) — f(@) — (Vi()y—=)| = /0 (Vi@ +r(y— )~ VF(z),y—z)dr

1

< /0 (VF(z +7(y — ) — VF(x),y — a)|dr
1

< /0 IVf(@ +r(y - z) - VF@)|ally - x]l2dr
1 L

< [ rLly-elfir = 1yl

Consider a function f € Ci’l(Rn). Let us fix g € R", and define two quadratic functions:

bil@) = flwo) +(VFwo)@ — o) 5 = — ol

bol@) = )+ (VHmo).x—a0) + = ol

Then the graph of the function f is located between the graphs of ¢1 and ¢o:

P1(x) < f(z) < po(x), x€R"™



