Smoothing Spline and Kernel Method

Ref.: Fasshauer and Ye, Reproducing kernels of Sobolev spaces via a green kernel approach with differential
operators and boundary operators, 2013

Spline regression: smooth curve connecting observed points.

A Regression Spline
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data : (z1,%1),...,(Tn,yn) € (0,1) x R.

model : yz:f(xz)‘|—5za iZl,...,n

data fitting: En:(yz — f(il?z‘))2

1=1

1
smoothness: / (f"(x))*dx
0

- Smoothing Spline Regression N

AN

Estimator: m}n Z(yi—f(xi))Q—k)\/O (f"(x))de — f(x).

. J

A— 00 = f(x)=ax+D
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Regularization and RKHS

Our Aim: construct the RKHS (H, (-, )) such that

(9,9) = / (¢"(x))%dz, g€

Then, representor theorem works to compute the estimator.

Suppose the kernel function of H is k(x,x"). Then,

H = {g(x) = Zﬁik(xi,x) | B; € R, x; € (0, 1)} & completion,

boundary cond.: g € H = ¢(0) = g’(()) =g(1) = g’(l) -0 ---

Model of f(z): f(x) =a+ bx + g(x), a,b € R, g € H.

(*)
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1
inner product of H: (g1, g2) ::/ g7 (x) gy (x)dz.
0

9, 9) = /(9”)2dw =0 = ¢"=0 = g(@)=a+bx
boundary condition: g(x) = 0.
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Reproducing property, (g, k,) = g(z), should hold: for g € H,

1
k= [ enttoni= st
0
L 1117
:/ g(z)k, (z)dx
0

1111

:>/O g(x)k, (x)dx = g(z) is required.

0
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Dirac’s delta function:

( (

0, x+#0,
, / 9(2)0(x)dz =
oo, x =0. A

\ \

g(0), 0€A,
0, 0¢ A.

0(x) =

Find k(x, z) = k.(x) such that

d4
@kz(x) = (x — 2),

k.(0) =k.(0) =k.(1)=Kk.(1) =0 (condition for k(z,-) € H)

d4
cf. Green function of the differential operator e
x
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Use integral by part. Define |a], = max{a,0}.

k.(x) =k(z,x)

_ ([z—2]4)° . .
— . + |cubic poly. of x| <— such that (x) is satisfied
([x —24)° 2% 4 2 v 2

Note that k(z,2) = k(z,x) holds.

Intuitively,

Hi, = {9 :(0,1) = R| g(0) = g¢'(0) = g(1) = ¢'(1) = 0, g" € Ly(0, 1)},

(91, 92) :/o g1 (x) gy (x)d.
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1

Plot: k.(z), 2=0,0.2,04,..
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Estimate by the model f(x) =a+ bx + g(z), g € Hs.
note: (a + bx)” = 0.

~ representor theorem for smoothing spline N

i Z 24 ) /0 (F"(2))2d,

s.t. f(x)=a+bxr+g(x), a,b e R, g € Hy

AN

— opt. sol. :  f(x) = a—l—bx—l—Zﬁjk(xj,x

- J

A larger model is available — see Assignment-1.
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Optimization problem:

n

n 2
Cfl’ll)lgz £ (yz —a — br; — ;@'k(ﬂ?g‘, CUZ)) + A ;ﬁiﬁjk(ﬂ% ;).

Note that for f(z) = a+ bx + g(z), g(x) = >_, Bik(xj,x) € H,

[ @y = [ @@=t = 3 k(s 23

1
The derivative and integral to calculate / (f"(x))*dx are no need.
0

d-dimensional expansion: Matérn kernel.
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Proof. [representor theorem for smoothing spline]

Define M = span{k(x1,-),...,k(z,, )}. Decompose g € H into
g=91+92, g1 €M, go€ M.

n n

> Wi~ f@))? =) (yi—a—bx; — (ks,, 9))°

1=1 1=1

— Z(yz — a4 — bﬂ?z _ <k':Uza gl>)2'
1=1

/O 1(f”(w))2dx = /O 1(9”(93))26156

=(9,9) = (91,91) + (92, 92) = (91, 91)-
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Supplementary: completeness of ;.

Hk:{f:((),l) Af1, fa st f(x) = [y filt)de, fr(x) = [y fa(t) }
fa € Ly(0,1), f(l) = f1(1) = 0.
with the inner product (f, g) fo fo(x)g2(x)dz. In the below, fi and fy are

respectively denoted by f’ and f”.

One can prove that (Hy, (,)) is inner product space. Suppose that {f,} C Hx
is a Cauchy sequence.

Then, there exists g € L(0,1) s.t. ||f — g||]2 — 0. Then, Cauchy-Schwarz
inequality leads to ||f —g|l1 — O (note that the domain (0, 1) is bounded).
Define g1(z) = [ g(t)dt and go(z) = [ g1(t)dt, then go(0) = 0 and
g1(0) =0 hold. Below, we prove go(l) = ¢g1(1) = 0.
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Since || f/ = glls — 0 holds, we have |g1(1)| = [ f7,(1) — g1 (1)] < [y [£/(t) -
g(t)|dt — 0. Hence, g1(1) = 0 holds.

Furthermore, we have |go(1)| = |fn(1) — go(1)] < f01|f7g(t) — q1(t)|dt =

Jo | o (fu(s) = g(s))ds|dt < [y [o1f2(s) — g(s)ldsdt < [ [o 1 fu(s) —
g(s)|dsdt = ||f)) — g||1 — 0. Hence, we have go(1) = 0.
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