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Differential equation
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n�	���,���� x.�� y = y(x)+�'.�
�� y’, y”, …, y(n) .�-
3�*���

f(x, y, y’, y”, …, y(n)) = 0
6�y6
���+%4	����+ !�

2)57�

1����

2� �

n� �

!y = dy
dx

= !y x( )

!!y =
d2 y
dx2

= !!y x( )
     !

y n( ) = d
n y
dxn

= y n( ) x( )

• $.	����6��%4
�� y = y(x) 6�	���
�.��+ !�

• �6�14$+�0(/�"
�(%���6����6
�0&-�%$+6�	��
��6�#�+ !�
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�1 y’= – y (1.1)
�1����
��

order

�2 y” = – y (1.2)
�2����
��
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• 
��� y ������� y’, y”,…, y(n)��
���1�	
���������	
� �n
�����	
�����
• x��������������

�1 y’ + p(x) y = q(x)
�1�����	
��

Linear differential equation

�2 y” + p(x) y’ + q(x) y = r(x)
�2�����	
��
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• ����	���
� #$��������"�

������%�!� ��������&����

�1 y’ + p(x) y = 0
 
�������

Homogeneous
differential
equation

Non-homogeneous
differential equation

�2 y” + p(x) y’ + q(x) y = r(x) ≢ 0
 �
�������
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• ����	�����!�#�����	�
����

�����	��

�1 y’ + y2 = 0
�y�2
��#� �������	�
���"�

Non-linear differential equation

�2 y’ + x2y = ex

��y��������������	
�����"�(x����
�"�)
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• n��	���$�%�n�$��
��+
'��*+���!���

General solution

• ���$n�$����#���"
�+��� 
(*)�+���,&
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Particular solution
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�1 y’ = – y (1.1)
�����

y = C exp(– x)
��������
��C"���

�2 y” = – y (1.2)
�����

y = C1 cos x + C2 sin x
����2���
��C1, C2"���

�����C = 1"����	�!�� y = exp(– x) 
�
������ �

�����C1 = 1, C2 = 0"����	�!�� y =
cos x �
������ �
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• ����
*���*��	�)'*

-�(�1�0$,�.0(��1��
�&���
• ���&+���
�

� y’2 = 4y
*���+� y = (x – C)2 %�/2"#!C+�
�	�3�
��� y = 0,���*����
*�%�/���
��*C)'*-�(�1��!$,y = 0&+(.(
�� *y = 0*-�(�1���&���

Singular solution



• ���	 x "1�"� X !����(y, y’, y”, 
…, y(n – 1)) "�%��$��
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y X( ), !y X( ), !!y X( ),…, y n−1( ) X( )( ) = Y , !Y , !!Y ,…,Y n−1( )( )

%��
�� ���

–�"��%������%
#$��%�
�
�� ���

Initial condition

Initial value problem




���5

14

• n2���(�H�,-I6n�H���
�C1 – CnQ
RC8O7

�]�� t = 0 G;>OU\Z\V(�0
C)�)H3�DCG#P/K3#Q�:
B6+�S\YTX\WLHUS[DU\Z
\VH&	�.H3���Q!LO6F
E7

– (y(X), y’(X), y”(X), …, y(n – 1)(X))H�Q(Y, Y’, Y”, 
…, Y(n – 1))D�:PJ6�'0n�G�?�(�n
 DFN6MAB����<��G"�C=O.

–�1%��Q�9�5G4*G$�@O7
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y X1( ), y X 2( ), y X 3( ),…, y Xn( )( ) = Y1,Y2 ,Y3,…,Yn( )

• ��	� x #��#� X1, X2,…, Xn"
�'
(y, y’, y”, …, y(n)) #�(��'
�(�$n�)
(��
�!���
– !�%���#�(��'��

Boundary condition

(��'�

–�#
�(� ����(�&'��(���
��!���

Boundary value problem



��1.1 1�	�
��(1.1)$�x = 0!�
�y = y(0) = 1!�������
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(�) 1�	�
��(1.1)!���
y = C exp(– x)

 ����$���#��

C = 1
��#�"��

y = exp(– x)
��!�����!�
���#�



��1.2 2�
���	(1.2)-�x = 0&#� y
= y(0) = 1�)' x = (π/2)&#� y = 
y(π/2) = 0 &2 &����"��
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(�) 2�
���	(1.2)&���
y = C1 cos x + C2 sin x

%2 &����-���+�
x = 0&#� sin x = 0"�+&"�C1 = 1
#$+�(� x = (π/2)&#� cos x = 0"
�+&"C2 = 0#$+�
)�!�y = cos x���*,����
�"&�
�#$+�
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–��6,=%��7%1#
�����4/)%
���4 ,�=?>59"=6'&

– 0+0%�
�8	-8�$4%1#
����
�7�0%����,��6.5,	'&

quadrature

• �����7�03%�8��%���*<
:���@�"��'>.57<23 @�
;>��@���5'(&

• 1.4%!�8��@��0<(&
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f u( ) dudx∫ dx = f u( )∫ du

Integration by substitution
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• 2�
�� f(x), g(x) 	���

20

!f x( )g x( )∫ dx = f x( )g x( )− f x( ) !g x( )∫ dx

Integration by parts
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(�)

���
���C��������


x
1+ x2∫ dx

x2 + 1 = u��
�	 �����
du
dx

= 2x

x
1+ x2
∫ dx = 1

2
1
u∫
du
dx
dx = 1

2
1
u∫ du = 1

2
loge u +C

=
1
2
loge x

2 +1( )+C
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• �� f������������ f ����
��	
�

–���
� f������ F ����
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dF
dx

= f

–��	�
F = f x( )dx∫ +C

Primitive function

��� derivative
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•  � (1/u)3�� �4!�;e0*8	� 
�!*1:,��	� loge |u|018"

23

Natural logarithm

Cf.
�	� common logarithm

–�
!���2��*8	� �4�.��	
�/#83/!�3e4��).log |u|0��*8"
• ln |u|0��*8(07#8"

–1$!	� �3��4�/#8+6!u2�	
�;-'.$&(02��"

• u%�3��7log |u|;��*95(1/u)
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(�)

���	�
�C������
�	

x log x∫ dx

x log x∫ dx = 1
2
x2

"

#
$

%

&
'
(

∫ log xdx = 1
2
x2 log x − 1

2
x2 log x( )(dx∫

=
1
2
x2 log x − 1

2
x2∫ 1
x
dx = 1

2
x2 log x − 1

2
x∫ dx

=
1
2
x2 log x − 1

4
x2 +C



1.6 ��*,"����*
�

25

Power series

lim
n→∞

An+1
An

=
1
ρ

lim
n→∞

Ann =
1
ρ

D’Alembert’s ratio test

Cauchy’s ratio test

– #/0�-.��)$'��*3&!�.

Anx
n

n=0

∞

∑

Radius of convergence

• ,"(�)�� !|x| < ρ*�	1#/
0��
)� 2(��%.)"�ρ0�
���)� �

Termwise differentiation and integration

–��
(+����������!��(�.�
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Maclaurin expansion

f x( ) = f 0( )+ !f 0( ) x + 12! !!f 0( ) x2 +!=
f n( ) 0( )
n!n=0

∞

∑ xn

• ����	� f(x) �����������

��xn�
���An�

�������

f n( ) 0( )
n!

Taylor expansion

• 	� f(x)�#!&(%'��)���x = 0��
��"($(��*����������
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(	)

���
An = (–1)n���

1
1+ x

f x( ) = 1
1+ x

= x +1( )
−1
���


!f x( ) = − x +1( )
−2

, !!f x( ) = 2 x +1( )
−3
,… ����

��� ����"$#$�
�f n( ) 0( ) = n! −1( )
n

1
1+ x

= −1( )
n
xn

n=0

∞

∑

f n( ) x( ) = n! −1( )
n
x +1( )

− n+1( )
��� �


1
ρ
= lim
n→∞

An+1
An

= lim
n→∞

−1 =1

���
�������|x| < 1���
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• 1
���� �x�����f(x)�y�
����g(y)����������1
��
	
�����������
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!y = dy
dx

!y = dy
dx

= f x( )g y( ) (2.1)

Variable separable
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��
• g(y) ≠ 0��
�(2.1)����g(y)����

30

1
g y( )

dy
dx

= f x( )

��������� x�	����
1
g y( )

dy
dx∫ dx = f x( )dx∫

• ���� 1
g y( )∫ dy = f x( )dx∫ +C (2.2)

����
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• 
(2.2)-	�.y&!-�
���.x&!
-�
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Separation of variables

– "-��6�
��*��

• 
(2.2)-��-��6��/������
2354�
–+��	�*��6$5%5��#5/�$5%
5�3���
Cy*Cx�(( 4��	�-��
�
Cy6��0��#5/1'-���
C ( = 
Cx – Cy) ,1*24"*�)�4�



����)-��
 g(y) = 0

• g(y) = 0)��*�1�
�
�	(2.1)�

%'/)$� )���* y = C (��) %'/�

32

dy
dx

= 0

• 	(2.1)*1�
�
�	$�/)$� )�
��(2.2)*1")����C1�,�
– (Cx – Cy)'&%��'�.�(��0!%2"�/
.�(��#�+�����*1"�
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(�)
2� �$%"�A-
�(�0�

dy
dx

= Ay (2.3)

)*0�!,��2x(��#0)
1
y
d y∫ = Adx∫ +C0 #*1& log y = Ax +C0

!!+�C0-��
�(�0�	�#0)

y = exp Ax +C0( ) = expC0 exp Ax( )

*��C = � exp C0)��$�.$�y = 0-�(2.4)(C = 0
)"$)�,���(�0�

#*1& y =C exp Ax( ) (2.4)

��.)/0)�
����(2.3),���-y = C exp(Ax) 
(�0�$%"�C-��
�(�0�

y ≠ 0)"'��2y(�0)
1
y
dy
dx

= A
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(�)

2� �
dy
dx

= xy (2.5)

)*0�!,��2x(��#0)
1
y
d y∫ = xdx∫ +C0 #*1& log y = 1

2
x2 +C0

!!+�C0-��
�(�0�	�#0)

y = exp 1
2
x2 +C0

!

"
#

$

%
&= expC0 exp

1
2
x2

!

"
#

$

%
&

*��C = � exp C0)��$�.$�y = 0-�(2.6)(C = 0
)"$)�,���(�0�

#*1&y =C exp
1
2
x2

!

"
#

$

%
& (2.6)

��.)/0)�
����(2.3),���-

(�0�$%"�C-��
�(�0�

y ≠ 0)"'��2y(�0)
1
y
dy
dx

= x

y =C exp 1
2
x2

!

"
#

$

%
&



��2.3

35

(
)

+
��
dy
dx

= y y +1( )

#$)��&��+x"���)#
1

y y +1( )
d y∫ = x +C0 #$)���%�C0'�	�
"�)�

��&����
'
1

y y +1( )
=
1
y
−
1
y +1

�$*� log|y|–log|y + 1|= x + C0,

y ≠ 0, –1#�!��+y(y + 1)"�)#
1

y y +1( )
dy
dx

=1

#���
�
"�)&"
1
y
d y∫ −

1
y +1

d y∫ = x +C0

∴log y
y +1

= x +C0

( ! y
y +1

= exp x +C0( ) = expC0 exp x

� ! ���C = � exp C0#����
y
y +1

=C exp x



��2.3 !"�
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y = C exp x
1−C exp x

– �(�'��#�C = 0%��% y = 0%&.�
– ) �C = � ∞%��%

$�.($�y = – 1 %&.�
– �/+���(�
�' y = 0, –1*�)/#�.�

y = exp x
1
C
− exp x

= −1

y
y +1

=C exp x• &��y = …(�')$�&�%*�
(,�'�y(��	0�)&�
��(
�$��%�#,��
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dy
dx

= f Ax + By +C( )
dy
dx

= f Ax + By +C( ) (2.7)

���
�������������	��
�
����������

du
dx

= A+ B dy
dx

u = Ax + By + C
������ x������
����
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dy
dx

= f Ax + By +C( )

1
A+ Bf u( )

du
dx

=1

�����������	�
�����

��

����(2.7)������
����

du
dx

= A+ Bf u( )
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(�)

*���
dy
dx

= x + y +1

 !'��("	(2.8)*���' 
du
dx

−1= u �!)�

u =  x + y + 1 �����*x�
��' du
dx

=1+ dy
dx

du
dx

=1+u  !'�

��"�C0$������'��(%&

|u + 1| = exp(x + C0) = exp C0 exp x,  ∴ u + 1 = C exp x
���C = � exp C0 ����

(2.8)

u ≠ 1# ����*u + 1��'  !'��#
��*x�
��' 

1
u+1

du
dx

=1

1
u+1

du∫ = dx∫ +C0 �!)� log|u + 1| = x + C0  !'�
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u = x + y + 1 -���,&

x + y +1( )+1= x + y + 2 =C exp x

u = – 1 )��(�'��$ C = 0 &� &�(���
%�,�

∴  y =C exp x − x − 2

�
. u)��%��'�� *(!�+�
	�
�)�'��, x&y%���,�&�
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• ���

�

	�

dy
dx

= f Ax + By +C
Dx + Ey + F

!

"
#

$

%
&

41
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���
• 1
���� � ��� �

�����1
��	����
�����

!y = dy
dx

dy
dx

= f y
x

!

"
#

$

%
& (3.1)

Homogeneous equation

y
x

f y
x

!

"
#

$

%
&

42



3.2 �������

��"���!����
�(3.1)�

y
x
= u ��$� y = ux ����

��#&�u�x���, u = u(x) ��"� ��
dy
dx

= u+ x du
dx

u+ x du
dx

= f u( ),
du
dx

=
f u( )−u
x

��$�

�����u%�	����"���
��
�"� 43



3.2 ����� 
(� )

)*2�"3+2.2 �,����	,��4��
$3.u��0132�%3+x4�!2")(

�
��(3.1),���y��0132�

)#'���4x(��$2)1
f u( )−u

du
dx

=
1
x

�(3.1)-1�
�
��(�2,(�%,���
(3.2)-1&,���� C 4�/�

1
f u( )−u

du∫ =
1
x
dx∫ +C (3.2)

44



��3.1 (3.3) '���

(�)

dy
dx

=
y
x
+1

y
x
= u

�%�

���� '	(3.3)!��
dy
dx

= u+ x du
dx

u+ x du
dx

= u+1

du∫ =
1
x
dx∫ +C

du
dx

=
1
x

� &�

��'x����%�

� &� u = log|x| + C � %�C#��
����%�

$���
�
�	(3.3)"���y#
y = xu = x log|x| + Cx

� %� 45
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3.2 ����

(�) �������	�����

dy
dx

=
y2 − x2

2xy
dy
dx

=
1
2
y
x
−
x
y

"

#
$

%

&
'

y
x
= u ���� ������

dy
dx

= u+ x du
dx

u+ x du
dx

=
1
2
u− 1
u

"

#
$

%

&
' ���� 2x du

dx
= −
u2 +1
u

����
2u
u2 +1

du
dx

= −
1
x

�������x�
����
46



��3.2 ��

2u
u2 +1

du∫ = −
1
x
dx∫ +C0

log u2 +1( ) = −log x +C0

��

#$+�	�&����

&��u2 + 1'
%�"�+�(����'
����*%���+#

log u2 +1( ) = −log x + log exp C0( ){ }= log
exp C0( )
x

) ! u2 +1= C
x

#$+���%�C (= � exp C0)

'�
��"�+�
47



��3.2 �.*��

y
x

!

"
#

$

%
&

2

+1= C
x

0�� &��!/(
y
x
= u

�%����,

y2 = −x2 +Cx

()/�

48

��1 u,��'�
*��#-+$�.�

"�	,�*� , x(y'��!/�(�



3.3 �����
dy
dx

= f Ax + By +C
Dx + Ey + F

!

"
#

$

%
&

dy
dx

= f Ax + By
Dx + Ey

!

"
#

$

%
& (3.4)

�����

����	������"�!�!
x�� �

����������������� �
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d"
d# = %&

' + )"#
* + + "#

, 

�



x0 = x − X

y0 = y −Y

3.3 ���

����������AE – DB ≠ 0�! ��
�
��Ax + By + C���
 Dx + Ey + F ����0�
�" x = X, y = Y #���

��
�	#����

(3.4)
dy
dx

= f Ax + By +C
Dx + Ey + F

!

"
#

$

%
&

dy0
dx0

= f
Ax0 + By0
Dx0 + Ey0

!

"
##

$

%
&&

���(3.4)�������"�
50



3.35346,��

,
,����	(�AE – DB = 0,��+
-���,/ *X, Y-��%*��

dy
dx

= f Ax + By +C
Dx + Ey + F

!

"
#

$

%
&

dy
dx

= f Ax + By +C( )',��-�2.3,��
,
)�!1.�#$)"��(�0�

��7��,��2�
&/�
51



��3.3 (3.5) $���

(�)

dy
dx

=
x − y −1
x + y −3

�� ��x – y – 1���x + y – 3 ����

0��" !�x = 2, y = 1��"����

 ���
$�����(3.5)!
x0 = x − 2
y0 = y −1

dy0
dx0

=
x0 − y0
x0 + y0

��"��� �����$

�#�#x0��"�
dy0
dx0

=

1− y0
x0

1+ y0
x0

��
	��"�

52



��3.3 ���

�
�x0�	����

u+ x0
du
dx0

=
1−u
1+u

,

y0
x0
= u ���
 ������

dy0
dx0

= u+ x0
du
dx0

x0
du
dx0

=
1−u
1+u

−u = 1− 2u−u
2

1+u

���

����������

����

u+1
u2 + 2u−1

du
dx0

= −
1
x0

53



��3.3 �# ���

u+1
u2 + 2u−1

du∫ = −
1
x0
dx0∫ +C0

��$����C0"�
����$��� ���

�� u2 + 2u – 1!	��2u + 2���!2���$
�� 

��

1
2
log u2 + 2u−1 = −log x0 +C0 ��

log u2 + 2u−1 = −2log x0 + 2C0 = log
1
x0
2
+ log exp 2C0( ){ }

= log
exp 2C0( )
x0
2
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�
3.3 ������

∴u2 + 2u−1=
C00
x0
2 �������C00 = � exp (2C0)����

y0
x0

!

"
##

$

%
&&

2

+ 2
y0
x0

!

"
##

$

%
&&−1=

C00
x0
2

 �����u =
y0
x0

∴  y0
2 + 2x0 y0 − x0

2 =C00 ����

x0 = x − 2, y0 = y −1 ��	�� �����

y −1( )
2
+ 2 x − 2( ) y −1( )− x − 2( )

2
=C00 ��

−x2 + 2xy + y2 + 2x −6y +1=C00
∴  −x2 + 2xy + y2 + 2x −6y =C ����

���C = C00 – 1 ��
�� 55



�!�$3.1 (9):4'5%��

• 01.%��;��98+�"&>(�.�
�:��6,9'*G

dy
dx

= −
2x + y
x + 2y

>2@B%���

2x + y( )dx + x + 2y( )dy = 0

����;��%�;��;�
A :�)=

–��<ECDF���-;14�%
����:>
935'?&�#.	�/?7

Exact differential equation 56



3.1(9)��� �

d(x2 + xy + y2) = 0 (*)
#$�!�*�


��� d(…) = 0#'�d(  )&������
$���$+����#���#�

	�!��(*)�)
�%�
x2 + xy + y2 = C

,���#�!�(*�#�"�*�

Differential form
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�2
�2��

• (yz)’ = y’z + yz’
• d(yz) = zdy + ydz
– Etc.

dy = dy
dx
dx, d y2( ) = 2ydy

• �����
#8�42��1"0(6.�
!$�':=�1�!��$���2���
7�����0/-�%,&9�

–��0
����=	53�)2� �$�<
#+,&9*;!�
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��3.3�� (3.5) +���	
��"�� ���

(�)

dy
dx

=
x − y −1
x + y −3

��� 

�)"

−x + y +1( )dx + x + y −3( )dy = 0
�*%��	��!�)�'� �$'�#��!�)

d −
1
2
x2 + xy + 1

2
y2 + x −3y

"

#
$

%

&
'= 0

�*�(�(�# −
1
2
x2 + xy + 1

2
y2 + x −3y =C1

��2�� 2C1 = C"�*&
−x2 + 2xy + y2 + 2x −6y =C 59
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• �����2#�2��(� /)6
• ���2�
9%�
2"'(� /)6
• ���2��9%��2"'(� /)6
• �� 9�� 2"'(� /)6
• ����9	���2��(� /)6
• 
��$
2��(� /)6
• 
��$
2 )�8� /)6
• 1#�����2�� 131-2����
(�476+08� ,.'6

• dy/dx = f (Ax + By + C)2
( *6
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• ������	���
�
• �����
�	���
�
• ��	���dy

dx
= f Ax + By +C

Dx + Ey + F

!

"
#

$

%
&


