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1.1 ��

• ��.�����!,������-#
'���

–"(�.	�'���

–����&)����� '��%*��

• 	�(
�.�$%��Q��-#����
I)���(������&�,�+

– '��+-,�
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I = dQ
dt

Electric current

Electric charge

Conductor



1.2�

• 	�"��!��"��
V'��% ��
�"��I��&%�

• V I"�'�R ���
– 1/R'�	�G ���
– V/I���"���"	�#�(*)"���!�
� ���

–����W#
• W = VI = RI 2

–  ��$&%�
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V
I
= R = 1

G

Resistance

Conductivity

Ohm’s law
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• ���@�A7�%:��/*>�&�#
;�!;$�/�2���:<�.90
9>'

–41:$�@ ->18/��'
–4; �;
�@(�#C)8+,'
–	"��826<BEDEC8�=?>'
– BEDEC;��$�:$��V@�-5�;
$�@Q83>8

Q = CV
6

Capacitance

Insulator

Capacitor

Potential difference
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• ��4;9=�-�"*/.485<+"#�

– (3-��4�)+��6:<7>%�$13
2�

– 85<4�3�2�� I %��-��)2�
(.���4�&�')2����V%��)
2�

– (.0#,��.�	�-��)2��
4
 �� L!+"#�
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V = L dI
dt

Induction

Counter-electromotive force



2.1 *0-/,.$�� 1����

• ����
–��'��"!)
�&�$�

�#������
( ����$�
���$��	
%+1��(�

8

The sum of all the voltages around 
a loop is equal to zero.
v1 + v2 + v3 - v4 = 0

Kirchhoff’s law
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• ����
–�����	����
�����������
��
���#����
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3. RC��

3.1 �<DC=��
–�?+�%RC��2��0�
–����(-6398-�
	"1'�/>4;:57+
-�� ��"1'�*�
)%0�

–����,����2E
)#>
� t = 0+��'6
398S2�$&)!>
�t
+�#'��+10�
i(t)2�.0� 10

RC circuit

DC power supply



(1)����'	�

• �� t = 0��&��+�����(-��
i(t) ,��#.

• ��,t&"�#�� +%-t = 0 ��(E�
�
$�* dE/dt = 0!�)-

11

Ri(t)+ 1
C

i(t)dt∫ = E

R di
dt
+
i
C
= 0, di

dt
= −

1
CR
i,

1
i
di
dt
= −

1
CR
, di

i∫
= −

1
CR

dt∫

log i = − t
CR

+ k (k!!!), i = k 'e
−
t
CR (k ' = ±ek )k: �
�



• t = 0�#'&$%���
���0���(i(0) = 
E/R �

• ��� k’ = E/R
• �!��

• �� �����"
�
���� ��*��
��� �

12

i t( ) = ER exp −
t
CR

⎛

⎝
⎜

⎞

⎠
⎟

�* �)����	����
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• �������
	�����
�
��������
�����

–���
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Ri(t)+ 1
C

i(t)dt∫ =V0 cosω0t

v(t) =V0 cosω0t (t ≥ 0), 0 (t < 0)



• ���t����������

• ����	���(5.6)������

– �
�������
14

R di
dt
+
i
C
= −ω0V0 sinω0t,

di
dt
+
i
CR

= −
ω0V0
R
sinω0t

p(t) = 1
CR
, q(t) = −

ω0V0
R
sinω0t



• �������
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i(t) = e
−

1
CR
dt∫

−
ω0V0
R
sinω0t

#

$
%

&

'
(e

1
CR
dt∫
dt + c0∫

)
*
+

,+

-
.
+

/+

= e
−
t
CR −

ω0V0
R

#

$
%

&

'
( e

t
CR sinω0tdt∫ + c0

)
*
+

,+

-
.
+

/+

P = e
t
CR sinω0tdt∫

=CR ⋅e
t
CR sinω0t −CRω0 e

t
CR cosω0tdt∫

=CR ⋅e
t
CR sinω0t

−CRω0 CR ⋅e
t
CR cosω0t +CRω0 e

t
CR sinω0tdt∫

$

%

&
&

'

(

)
)

=CR ⋅e
t
CR −ω0CRcosω0t + sinω0t( )− (ω0CR)2P
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1+ (ω0CR)
2{ }P

=CR ⋅e
t
CR −ω0CRcosω0t + sinω0t( )

∴P =CR ⋅e
t
CR −ω0CRcosω0t + sinω0t

1+ (ω0CR)
2

= −
CR

1+ (ω0CR)
2
⋅e

t
CR ω0CR

1+ (ω0CR)
2
cosω0t −

1

1+ (ω0CR)
2
sinω0t

#

$

%
%%

&

'

(
((

= −
CR

1+ (ω0CR)
2
⋅e

t
CR cosφ cosω0t − sinφ sinω0t( )

= −
CR

1+ (ω0CR)
2
⋅e

t
CR cos(ω0t +φ)



• ��� ����

• t = 0��
�������V0�	� ���
��������0��� i(0) = V0/R�	
��� 
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tanφ = 1
ω0CR

∴i(t) = c0e
−
t
CR +

ω0CV0
1+ (ω0CR)

2
cos(ω0t +φ)
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c0 =
V0
R
−

ω0CV0
1+ (ω0CR)

2
cosφ

=
V0
R
−

ω0CV0
1+ (ω0CR)

2
⋅

ω0CR

1+ (ω0CR)
2

=
V0
R
−
V0
R

(ω0CR)
2

1+ (ω0CR)
2
=
V0
R

1

1+ (ω0CR)
2

∴ i(t) =
V0
R

1

1+ (ω0CR)
2
e
−
t
CR +

ω0CV0
1+ (ω0CR)

2
cos(ω0t +φ)



(3)������

• ����� v(t) = V0
exp(jω0t)
	���
���������
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I =
Voe

jω0t

R+ 1
jω0C

=
jω0CVoe

jω0t

1+ jω0CR

=
jω0C(1− jω0CR)Vo
1+ (ω0CR)

2
e jω0t =

ω0C(ω0CR+ j)Vo
1+ (ω0CR)

2
e jω0t

=
ω0CVo
1+ (ω0CR)

2

ω0CR

1+ (ω0CR)
2
+ j 1

1+ (ω0CR)
2

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
e jω0t

=
ω0CVo
1+ (ω0CR)

2
e jφe jω0t

=
ω0CVo
1+ (ω0CR)

2
e j(ω0t+φ )

tanφ = 1
ω0CR

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟



• �������� i(t)�����

– ��
����(AC�	�����������
��

21

i(t) =
ω0CVo
1+ (ω0CR)

2
cos(ω0t +φ)
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(1)
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• 	�t�� ���(�
i'�����E 
��$�'��$���!�# �$�

��&�

• ��� ����(5.6)'�
��%"�
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Ri(t)+ L di
dt
= E di

dt
+
R
L
i = E
L

p(t) = R
L
, q(t) = E

L

i(t) = e
−
R
L
dt∫ E

L
e
R
L
dt∫
dt + c0∫

#

$

%
%

&

'

(
(

= e
−
R
L
t E
L
e
R
L
t
dt∫ + c0

#

$

%
%

&

'

(
(
= e

−
R
L
t E
R
e
R
L
t
+ c0

#

$

%
%

&

'

(
(
=
E
R
+ c0e

−
R
L
t



• ���t = 0�����#
" !������E�
��&i(0) = 0 ���
���&

• �����
����
(���

24

E
R
+ c0 = 0, c0 = −

E
R

∴i(t) = E
R
1− e

−
R
L
t#

$

%
%

&

'

(
(

�( �'���$	���%



(2) �������

• �#�����	��
���
"�� ���
����� ����

• ����

–��!�
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v(t) =V0 cosω0t (t ≥ 0), 0 (t < 0)

Ri(t)+ L di
dt
=V0 cosω0t,

di
dt
+
R
L
i =V0
L
cosω0t



• �(5.6)������
• �����

• ��� �
	�������
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p(t) = R
L
, q(t) =V0

L
cosω0t

i(t) = e
−

R
L
d t∫ V0

L
cosω0t

#

$
%

&

'
(e

R
L
d t∫ dt +C0∫

)
*
+

,+

-
.
+

/+

= e
−
R
L
t V0
L

e
R
L
t
cosω0tdt∫ +C0

#

$
%%

&

'
((

P = e
R
L
t
cosω0tdt∫



27

P = e
R
L
t
cosω0tdt∫ =

L
R
e
R
L
t
cosω0t +

L
R
ω0 e

R
L
t
sinω0tdt∫

=
L
R
e
R
L
t
cosω0t +

ω0L
R

L
R
e
R
L
t

sinω0t −
ω0L
R

e
R
L
t

cosω0tdt∫
#

$
%

&

'
(

∴P = L
R

e
R
L
t cosω0t +

ω0L
R

sinω0t

1+ (
ω0L
R

)2

       = 1

1+ (
ω0L
R

)2

L
R

e
R
L
t

=
L
R
e
R
L
t
cosω0t +

ω0L
R
sinω0t

!

"
#

$

%
&− (

ω0L
R
)2P,

1+ (
ω0L
R
)2

(
)
*

+
,
-
P = L

R
e
R
L
t
cosω0t +

ω0L
R
sinω0t

!

"
#

$

%
&

���

1

1+ (
ω0L
R
)2
cosω0t +

ω0L
R

1+ (
ω0L
R
)2
sinω0t

!

"

#
#
#
#

$

%

&
&
&
&
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=
1

1+ (
ω0L
R
)2

L
R
e
R
L
t
cosφ cosω0t + sinφ sinω0t( )

=
1

1+ (
ω0L
R
)2

L
R
e
R
L
t
cos(ω0t −φ) (tanφ =

ω0L
R
)

∴i(t) = e
−
R
L
t V0
L

e
R
L
t
cosω0tdt∫ + c0

$

%
&&

'

(
))

= c0e
−
R
L
t
+
V0
L

1

1+ (
ω0L
R
)2

L
R
cos(ω0t −φ)

= c0e
−
R
L
t
+
V0
R

1

1+ (
ω0L
R
)2
cos(ω0t −φ)



• �������i(0) = 0	
�
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c0 = −
V0
R

1

1+ (
ω0L
R
)2
cosφ

= −
V0
R

1

1+ (
ω0L
R
)2
⋅

1

1+ (
ω0L
R
)2
= −
V0
R

1

1+ (
ω0L
R
)2

∴i(t) =
V0
R

−
1

1+ (
ω0L
R
)2
e
−
R
L
t
+

1

1+ (
ω0L
R
)2
cos(ω0t −φ)

$

%

&
&
&
&

'

(

)
)
)
)



(3) RL�
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• ���	��
����
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v(t) =V0e
jω0t

I =
Voe

jω0t

R+ jω0L
=
V0
R

1

1+ j
ω0L
R

!

"
#

$

%
&

e jω0t

=
V0
R

1− j
ω0L
R

!

"
#

$

%
&

1+ ω0L
R

!

"
#

$

%
&

2
e jω0t
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=
V0
R

1

1+ ω0L
R

!

"
#

$

%
&

2

1

1+ ω0L
R

!

"
#

$

%
&

2
− j

ω0L
R
1

1+ ω0L
R

!

"
#

$

%
&

2
−

!

"

#
#
#
#
#
#
#
##

$

%

&
&
&
&
&
&
&
&&

e jω0t

=
V0
R

1

1+ ω0L
R

!

"
#

$

%
&

2
e− jφe jω0t

=
V0
R

1

1+ ω0L
R

!

"
#

$

%
&

2
e j (ω0t−φ ) (tanφ =

ω0L
R
)



• ����� ���
i(t) ���

– RC�������"�	��!������
�����������

32

i(t) =V0
R

1

1+
ω0L
R

!

"
#

$

%
&

2
cos(ω0t −φ)
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6. 2#����6 6�!

• 2#����6��&� 2'<
• 2#�����6�� 47206���
�&�9=<)3?� *1$<

• 2#����6 &./@0/(�,

�+<.:6��&� 2'<

• 206	� 61���6��%;81��
�6��&� 2'<

• "5�>-6��&� 2'<
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6.1 2���	�"&
• 
���y, �%1����y’, �%2���
�y”$�� 1�	�$#� �(��	
�

y” + p(x) y’ + q(x) y = r(x) (6.1)

• )2���	�"���p(x), q(x), r(x)&�
(���!��!�'��%���!%�)
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• 5.2�01�������� )0���0
��0�x = X-0y, y’0�4��/�
'
2. &314��'2����(6.1)0�
$*+1,+%�(	�'2!

• &34�0���."#!

• ���!
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(&U%�4��)&G���
*�1H-	I:Q�L

• ��I����S!CB���*�I$ .
>8��H�MQ=�=J��&HJ5�

6D:Q9
– ��&T#%&HJ8��&H��D:Q=�=8
J�O=G@E>�;9

– ��DJ�7&G�/HNP8'0>D?QID8
�P
6EGQ@EJG;9

• �2,I+�S3<Q>8CE<K
– http://www.ocw.titech.ac.jp/index.php?module=Gene

ral&action=DownLoad&file=201516438-466-0-
1.pdf&type=cal&JWC=201516438

– Ipp. 17 – 24 GFS�"ARC;

http://www.ocw.titech.ac.jp/index.php?module=General&action=DownLoad&file=201516438-466-0-1.pdf&type=cal&JWC=201516438
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• �2'��)%(
–���)��
–��,
���
– Lipschitz��

• +*1�.)��,
�)���1��&0
$)!��)+0$)1���%( #�
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	�!���…

• �(6.1)!������!r(x) = 0��&��
y” + p(x)y’ + q(x)y = 0 (6.2)

• '�2����
��($�#2����
��) �
���"��#7 – 8�����

• $���(6.1)!���r(x) ≠ 0��&%"'2�
����
��($�#2�����
��) ���
�"��#9�����

39



6.2 �#���
• 2�#��y1, y2�2����
	��(6.2)#�
 �*%��*'#1
��C1y1 + C2y2&� �)

�!+����� C1, C2$�� �)�

– y1, y2�2����
	��(6.2)#� �)# 
y1” + p(x) y1’ + q(x) y1 = 0 (6.3)
y2” + p(x) y2’ + q(x) y2 = 0 (6.4)

��(���(6.3)�C1+�(6.4)�C2+���)!

(C1y1 + C2y2)”+p(x)(C1y1 + C2y2)’+q(x)(C1y1 + C2y2)=0
!"(��*$C1y1 + C2y2�� �)�!+����)�

40

Linear
combination



6.3 �%1��"1��

• 2 %�
y1, y2����#����#)��
C1

= C2 = 0%������$C1y1 + C2y2 = 0�	'
� ��y1" y2&1��!�("���

• ���y1" y2����(���#)�C1 = C2 = 0
��%�
C1, C2!���$C1y1 + C2y2 = 0�	
'� ��y1" y2&1��!�("���

41

Linear independence

Linear dependence



45326���(453215)

• x0��("/2%*��y1, y2)%�&�

• 0�y1( y2*453215(,$+45326
���)(���
– y1, y2 2��	����(6.2)*�'�/��
y1, y2 1���'�/
�����+x)-.#
w(y1, y2) ≠ 0'�/!(0��)�"�

42

w y1, y2( ) =
y1 y2
y1! y2!

= y1y2! − y2 y1!

Wronskian

Necessary and sufficient
condition



()'&%)�1�	�

• ��w(y1, y2) ≠ 0���y1, y2�1�	���#
��$
��

C1y1 + C2y2 = 0 (6.5)
��$x����#��

C1y1’ + C2y2’ = 0 (6.6)
��#��(6.5)��(6.6)$C1, C2�������1�
���� ����

���#�w(y1, y2) ≠ 0!"� 43

y1 y2
y1! y2!

"

#

$
$

%

&

'
'
C1
C2

"

#

$
$

%

&

'
'
= 0

0

"

#
$$

%

&
''



�������1��� ���

���
���	�(6.5)���C1, C2����
�������	y1, y2�1������
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C1
C2

!

"

#
#

$

%

&
&
=

1
y1y2' − y2 y1'

y2' −y2
−y1' y1

!

"

#
##

$

%

&
&&
0
0

!

"
##

$

%
&&

=
1

w y1, y2( )
y2' −y2
−y1' y1

!

"

#
##

$

%

&
&&
0
0

!

"
##

$

%
&&=

0
0

!

"
##

$

%
&&



<=;:9=.1��� 
��

• �0�y1, y2&1���-#7��w(y1, y2) ≠ 0-#7
(.8�+1��-#7!(���0) w(y1, y2) = 01
.'�y1, y2&1�	�-#7(.-�+% 

• ��!A-#7/53B-#7"1��2!B-/$/53A
-/$"-#7 �1��.+1��1��2
*��

)7 

• w(y1, y2) = 046�#7�x = X -�1��1���

�2 ./7�8, 

45

C1
C2

!

"

#
#

$

%

&
&
≠ 0

0

!

"
##

$

%
&&

Contraposition



>?<;:?/1��� 	�
2+,'

• C1y1(X) + C2y2(X) = 0
• C1y1' (X) + C2y2' (X) = 0
• ��2C1, C29�#- y1/ y221��� z(x) = 

C1y1(x) + C2y2(x) 9�%8/ 6.2�.��(*6$1 

z3����(6.2)2�."7 x = X1&#-
z(X) = C1y1(X) + C2y2(X) = 0,
z'(X) = C1y1' (X) + C2y2' (X) = 0

• 9��)8!�� ��2x1�(-=>/08�

���n(x)52�������(6.2)2�."7 

x = X1&#-n(X) = 0&64n’(X) = 0/08! 46



564326)1��� 	�
+&'!

• "/,z(x))�#����1��$.+(��+�
�
�-z(x) = n(x), $*0%
C1y1(x) + C2y2(x) = 0

• )*.� (�.+(�y1) y2,1��
�(�.�

• ����(6.2)+2&+�y1) y2 1���(�.
��y1, y21����(6.2)+���)���

47

C1
C2

!

"

#
#

$

%

&
&
≠ 0

0

!

"
##

$

%
&&

Fundamental solutions



�	6.1 2���� y1 = x � y2 = x2�1��
���������

48

(�) w (x, x2) = x·(x2)’ – x2·x’ = x·2x – x·1 
= 2x2 – x2 = x2 ≠ 0
�����
��������



�	6.2 2���� y1 = x � y2 = 2x �1��
���������

49

(�) w (x, 2x) = x·(2x)’ – 2x·x’ = x·2 – 2x·1 
= 2x – 2x = 0
�����
��������



Wronskian/�


• ''1+/��0 n�������	.2�

+&4

– '5%78$�$+ 1���$�$6��+&4
– ($2 w0"4�+78-3 �����+���.
78,-4�6�)*#4!

– http://www.ocw.titech.ac.jp/index.php?module=General
&action=DownLoad&file=201516438-466-0-
1.pdf&type=cal&JWC=201516438
/pp. 27 – 29 6��! 50

w y1, y2 ,…, yn( ) =

y1 y2 ! yn
y1! y2! ! yn!

" " # "

y1
n−1( ) y2

n−1( ) ! yn
n−1( )

http://www.ocw.titech.ac.jp/index.php?module=General&action=DownLoad&file=201516438-466-0-1.pdf&type=cal&JWC=201516438


6.4 �
����$���

• ���
����$���%��	�(��

����$���#����
����$�

�*���&$ �(�!*�2������*�
#���

• 2����
����(6.1)$���*y, ��
*ys!�(��)'$�%�(6.1)*���($ �
y” + p(x) y’ + q(x) y = r(x),
ys” + p(x) ys’ + q(x) ys = r(x)

!"(��)'2�$��$�*!(!
51



6.4 ���

(y – ys)” + p(x) (y – ys)’ + q(x) (y – ys) = 0

!"'��$�%2����	���(6.2) �'$ �
y – ys%�$� �&�2����	���$���
C1y1 + C2y2 !����()yh!��!�

y = yh + ys = C1y1 + C2y2 +ys
!"&�2�����	���$���%����'2
����	���$���yh!2�����	���
$�
�ys$�#"'�

52



6.4 $3/)*"
• �/�2��	
���0���7yh, 2��	�

���0���7ys-%4-�&531&5'5��
0�7��%4�

yh” + p(x) yh’ + q(x) yh = 0,
ys” + p(x) ys’ + q(x) ys = r(x)

#532�0��0�7�4-
(yh + ys)” + p(x) (yh + ys)’ + q(x) (yh + ys) = r(x)

%.6(�yh + ys12��	�
���0�,�4#
-!6 4�

• .��1��	�
���y’ + p(x) y = q(x)/)�+
2��/�%#-!,"4� 53



6.5 �'�&�+�'�

• 2�����	���y” + p(x)y’ + q(x)y = r1(x)
'�
�,y1$��y” + p(x)y’ + q(x)y = r2(x)'�

�,y2$�)�

• �'$��y” + p(x)y’ + q(x)y = r1(x) + r2(x)'�

�'1"�y1 + y2$%!#�)�

• �*,�'�&�+�'�$���
• y1 $ y2(�* *��'�,���)�

y1” + p(x) y1’ + q(x) y1 = r1(x),
y2” + p(x) y2’ + q(x) y2 = r2(x)
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6.5 ���

• �*(2�%�%��%�,�)"
(y1 + y2)” + p(x) (y1 + y2)’ + q(x) (y1 + y2) = r1 (x) + r2 (x)
"#)��#+��y1 + y2&

y” + p(x) y’ + q(x)y = r1 (x) + r2 (x)
%���"#� �)�

• #��1�����
���y’ + p(x) y = q(x)$�� 
'�	$��"�!�)�
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7.��2��	�����

• ��2��	�����&�����#�)
• ��2��	�����&�
�����
 )

• �
�����$)2!&�+�!��%!�
"���+�'(*)

• �
����2��+�!��%!�"���
+�'(*)

56

��



7.1 ��
2�������!%
• 2������� y” + p(x) y’ + q’(x) y = 0
#�� ��
p(x)!q(x)��(�(�
P!
Q#"� �'���

y” + Py’ + Qy = 0 (7.1)
)��
2�������!���

• &���(7.1)!���
)	�λ#��'2
���

λ2 + Pλ + Q = 0 (7.2)
)�����(7.1)$�����!��� 57



7.2 ��������#2���%	
���

• �����(7.2)�2���A1�A2%	����
"

λ2 + Pλ + Q = (λ – A1) (λ – A2)
= λ2 – (A1 + A2)λ + A1A2 = 0

��#��
%��#��2��������

��� P = – (A1 + A2), Q = A1A2��"$#�
!��������(7.1) 

y” – (A1 + A2) y’ + A1A2y = 0
��#�������� 
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(y’ – A2y)’ = A1(y’ – A2y) (7.4)
(y’ – A1y)’ = A2(y’ – A1y) (7.5)

%2�*$	���),+�
• �(7.4)&�y’ – A2y = u "��"�1�����

u’ = A1 u (7.6)
"#+��%�& !�+%!��%�

��&��2.1!���(�$
u = C10 exp(A1x) "#+�u = y’ – A2y!�+%!

y’ – A2y = C10exp(A1x) (7.7)
��),+��(7.5)'�
$� 

59

du
dx

= A1u



y’ – A1y = C20exp(A2x) (7.8)

�
')(�	(7.7)$���'	(7.8)$��*
��� y’*����A1 – A2 (≠ 0)!�("

(7.9)

"#(�	(7.3)%2�����	!�($!��
$���(7.9)%2�$���C1"C2*�&�

60

y = C10

A1 − A2

exp A1x( )− C20

A1 − A2

exp A2x( )

   =C1 exp A1x( )+C2 exp A2x( )



• !������	(7.2)#2�#����"��
!��� A1 = A + Bi  A2 = A – Bi #���

���(7.9)$�#%�"�#�"�
��
���&�

y = C1exp{(A + Bi)x} + C2exp{(A – Bi)x}

= exp(Ax){C1exp(Bix) + C2exp(– Bix)}

= exp(Ax){C1Bcos(Bx) + C2Bsin(Bx)}  (7.10)
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XVWY-4�(7.10)J7AF

• 11$MGK&�K����#�GL9�*
Z�HN9��K7�T�EF;R:

• NDSU97$K32G9.'�T!;FN�
?�8LI;:
–�8=(7.1)K�IP9�0HAF.'��J
��=
+(1�")

• =9�(0%L9G>RC@��K�G�?
K=6�
–/5A=,;A90QOB;:
– EulerK��LNDSU�<R:����N.'
�HAF9�()�T��HBR:(7.10)	 62



6457���(7.1)–(7.9)-��,'�(

• 6457-���!*�)�$1�.#2+��
–��-� ��#/%��

• ������
(7.1)-�)#( y = exp(λx)3
�	#(��%1�

λ2exp(λx) + λPexp(λx) + Qexp(λx) = 0
)+1��
,exp(–λx) 3�"1)��&,�
��


λ2 + Pλ + Q = 0 (7.2)
 �021�
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• &+4'�����(7.2)-�A#�03/�
exp(Ax).��(7.1)-���-�(�
– 2���) 2"1���)+$3/��+22
(-�A1, A2 (A1 ≠ A2)#(7.2)"1
132�

– %-���exp(A1x)*exp(A2x).1���+��
�) 2�(��9.2��)

• �(7.1).��	��+-)�1���+��
�-�	��#��',���5�!2%*

* 2�&+4'�(7.1)-���.
y = C1 exp(A1x) + C2 exp(A2x)       (7.9)

*+2�
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• �57+�����<�0'#8:-(A=+
��;
��!������<�"#C�

>B29081B,

– 2<&%=+3)��<*)<!�������
�;?�81B,

–�����<�CA1, A2, …, An94B9+exp(A1x), 
exp(A2x), …, exp(Anx)=1���:��#C�/B,

• '#<	�;6-7=+7.3 8�$3@.,
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��7.1 �
�

66

(
)

!!y + !y − 2y = 0

y = C1 exp(–2x) + C2 exp x
���

������λ2 + λ – 2 = 0 ���
��
�λ2 + λ – 2 = (λ + 2)(λ – 1) = 0 ��
A1 = –2, A2 = 1��2�����
���

����	
�



��7.2 /��� !��B
*���%�.�0'��B2&��$�
.)*���)	)���) +)

67

(�)

!!y + B2 y = 0

y = C1 cos(Bx) + C2 sin(Bx)
&'.�

����*λ2 + B2 = 0 &'.�
�)�* λ =� Bi &'-���(�
'2
#)���%�.�

,"$���*



��7.3 %���

68

(�)

!!y + !y + y = 0

��$�

�	
��! λ2 + λ + 1 = 0 ��$�� �
!

��#�������2� ����$�
"�����!��(7.10)�
%���

λ = −
1
2
±
3
2
i

A= − 1
2

, B = 3
2

y = exp −
1
2
x

"

#
$

%

&
' C1 cos

3
2
x

"

#
$
$

%

&
'
'+C2 sin

3
2
x

"

#
$
$

%

&
'
'

(
)
*

+*

,
-
*

.*



7.3 ������2��)	���

• �����(7.2)�2��A)	���"$�
�(7.2)$

•  !'���)���' �2����#� 
��#�� P = – 2A, Q = A2��&('�
%�������(7.1)$

(7.11)
 !'��#�����$

(y’ – Ay)’ = A(y’ – Ay)
"�
�&('� 69

λ 2 + Pλ +Q = λ − A( )
2
= λ 2 − 2Aλ + A2 = 0

!!y − 2A !y + A2 y = 0



• *4����
4���5 
(7.6)1�+7
#3�(1 u = C1 exp(Ax)129!,2:/ 

y’ – Ay = C1 exp(Ax) (7.12)

129!*4
51��������
0"
940 �����378��4�3�)9!

– 	,9����
5y’ – Ay = 0 ,2:/y’ = 
Ay0"940 6-5��4���& y = C10

exp(Ax)1�69!.*0 C10;x4���� c 
1�'�$ y = c exp(Ax)1%(!
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• �.0�����(7.12)%���-#

• �.0���.( c = C1x + C2 0	-�

• �.*,���#�!
y = (C1x + C2) exp(Ax) (7.13)

�	+.��

• �(7.11)'2�
����"�-&"��&
���(7.13)'2 &����C1#C20�)�
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dc
dx
exp Ax( )+ cAexp Ax( )

!
"
#

$
%
&
− A cexp Ax( ){ }=C1 exp Ax( )

∴
dc
dx
exp Ax( ) =C1 exp Ax( ) dc

dx
=C1�$/�



��7.4 �	�

72

(	)

!!y − 2 "y + y = 0

���

������ λ2 – 2λ + 1 = 0 ���
��	� λ2 – 2λ + 1 = (λ – 1)2 = 0 ���A = 1
�2
	���

�����	��

y = C1x +C2( )exp x



?=>@���(7.11)–(7.13)6��50%1

• ��6��6���3,1"��	��2
6��(�+;1%:#

– **82�1).9&5"Lagrange59/1��+
;.��	��7"�����6�$4�!5

'%1 4
�<��-:#
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��"#�

• ��A)��%,��0)����exp(Ax)%
�-�&*�%�-%�.��

• �1)�����x exp(Ax)&'-�&("��
�10�ppt)p. 39)
(�1")�A1, A2(�

�$A2 → A1)	�&�$,� -�&�%

�-�

–+!��(7.3)/A1 ≠ A2)��%��&��exp(A1x)
&exp(A2x)�1���'���&'-�&*�
%�-%�.��
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��#$�
• &�0*� )�	)����+��)
�#%�/��'2"�

+��#)�����%A2 → A1&�/&�
��)��(-.

• &'.�xexp(Ax) (A1 = A2 = A)���%�/
&&+(�exp(Ax) &����,���
�)
�#%�/&��%�/!1�� 75

1
A2 − A1

exp A2x( )− 1
A2 − A1

exp A1x( ) =
exp A2x( )− exp A1x( )

A2 − A1

lim
A2→A1

exp A2x( )− exp A1x( )
A2 − A1

=
d
dA

exp Ax( ){ }
A=A1

= xexp A1x( )



��

• ��42#	����������4�
��3"+:�
5$n#4��37��0
):%

• +2<-$�����5n����129$,
4�=A1*/$,;(k!�0&:286$

• 51���2���>4� ?12./':%
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exp Ax( ), xexp Ax( ), x2 exp Ax( ),…, xk−1 exp Ax( )



Joseph-Louis Lagrange

• ),0-$Lagrange/18
����'319���1
-� %C<>A8#	5
/(6*��D
–=?B7A:@;9:-2�
�5�!�

–����$
���$��
��$���$"�.�
�$etc.

–Wikipedia,+-��,�
�&4
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https://fr.wikipedia.org/wiki/Josep
h-
Louis_Lagrange#/media/File:%D0
%9B%D0%B0%D0%B3%D1%80%D
0%B0%D0%BD%D0%B6.jpg
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• RCNRL	+D,�)�4)6J1
• RCNRL	+D,�)�B32?N,�)4���
$�D�()B"�8N�)4/���$�D
��)B"�9J7A4!)@5J1

• 2.'��$�D��4!)@5J
• 2.���$�D�()BE2>D���4�
GKJ7AM!)8?2J

• 2.'��$�D)4<=O>=6�:�
9J
<HD��4!)@5J

• 2>D��)D1�&�D��3IF1� %D�
�4!)@5J

• -C�L;D!4!)@5J
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• ���2��
����	+��"��'#/
• ���2��
����	+����	"�$/
• ����	"�)/2%+�1%��*%!&���
1�-.0/

• ����	"2��1%��*%!&���1�-.
0/


