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• � �����
��'2��!���%�

"�&�	�����2���&����&�
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φ�ψ'�
������
u = φ(x + 2y) + ψ(3x – y)'��� #��	��
��'
"$�

∂u
∂x

= ʹϕ x + 2y( )+3 ʹψ 3x − y( )
∂2u
∂x2

= ʹ́ϕ x + 2y( )+9 ʹ́ψ 3x − y( )
∂2u
∂x∂y

= 2 ʹ́ϕ x + 2y( )−3 ʹ́ψ 3x − y( )
∂2u
∂y2

= 4 ʹ́ϕ x + 2y( )+ ʹ́ψ 3x − y( )



�� 15.0.1 ��

• a, b, c #�
��� =0 ��
��"�

• φ”(x + 2y)�ψ”(3x – y)��
a + 2b + 4c, 9a –
3b + c#��$%�����"�

• ��"�!�� �"	��
��
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a ∂
2u
∂x2

+b ∂
2u

∂x∂y
+ c ∂

2u
∂y2

a = − 2
3
c, b = −5

3
c

2 ∂
2u
∂x2

+5 ∂
2u

∂x∂y
−3∂

2u
∂y2

= 0
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• �
&���%�("�	#)&'�2�&
�
������%!) 

• $&���
–��
 (x2 + y2 = C)

• ,+,*���, C = 0

–��
 (y – x2 = C)
• �����, C = 0

–��
 (y2 – x2 = C)
• �����, C = 0
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∂2u
∂x2

+
∂2u
∂y2

= 0

∂u
∂y

−
∂2u
∂x2

= 0

∂2u
∂y2

−
∂2u
∂x2

= 0
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• 2!�
������3$��/��,6�
��"�$5-313.3�/��+-��7�
&.�)*0'/(6%
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• Laplace����

• Poisson����

• Helmholtz����
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Δu ≡ ∇2u ≡ ∂
2u
∂x2

+
∂2u
∂y2

+
∂2u
∂z2

= 0

Δu ≡ ∇2u ≡ ∂
2u
∂x2

+
∂2u
∂y2

+
∂2u
∂z2

= f x, y, z( )

Δu ≡ ∇2u ≡ ∂
2u
∂x2

+
∂2u
∂y2

+
∂2u
∂z2

= −k 2u
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• 2QD0V[YT#�L0\��5x = /∞CM]V[YT
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• 
��8�2+0&��x, ��t(�-,�
	���

(15.1)
8���%�1!)'-.+&A5
�'
–�"4��(1/A22+-45&�4� !8�
�3,7-6'

• 2/4����x, t42$������4!
u(x, t)8&x.*4#�fx(x)2&t.*4#�ft(t)
4�2�
+&u = fxft2,72
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∂2u
∂x2

=
1
A2

∂2u
∂t2

∂2u
∂x2

= ft
d2 f x
dx2

,  ∂
2u
∂t2

= f x
d2 ft
dt2
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• �+),
(15.1)(���*"�

$#*��)$��, fx ft (= u) !�*"

"#*�

• – B2&��
�"�'+* 12

ft
d2 f x
dx2

=
1
A2
f x
d2 ft
dt2

1
f x

d2 f x
dx2

=
1
A2
1
ft

d2 ft
dt2

= −B2
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• &.�"��.x, t*�5�)'2-/�&
.�"x, t-34,!	�(��	�)*,#
60,4,! 

–�.�*/�������.'2���	� = 
– B2+%' 

– $.����.2).������"
46' 
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d2 f x
dx2

= −B2 f x ,     
d2 ft
dt2

= − AB( )
2
ft
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• "41,�����
,���-�%4&
4��)*3�

fx = Cx1 cos Bx + Cx2 sin Bx (15.2)
ft = Ct1 cos ABx + Ct2 sin ABx (15.3)

• 
�#4'�����
!%4&42�,
'/����(15.2)-(15.3)-%4&42(,
����5�.�

– (15.2),2(,����Cx1, Cx2-�x+�$32(
,	���6�3�-����7 1�/3�
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(15.3)*2%*��	�Ct1 ,
Ct2)%�&-�t )�#02%*����(�0
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• "/)���	�B)%�&-�����1��
�� /�,0!���)1%'+�/(��
–	�B!�
�)Bm*.�)�,0��)+��
���
(15.1)*���+

(15.4)
– '(0�
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u = f xm ftm
m=1

∞

∑

= Cx1mcos Bmx + Cx2msin Bmx( )
m=1

∞

∑ Ct1m cosABmt  + Ct2m sin ABmt( )
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– ����cx1, cx2, ct1, ct2�����b�������
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u = f x ft db
0

∞

∫
= cx1 b( )cos bx + cx2 b( )sin bx{ }

0

∞

∫ ct1 b( )cosAbt  + Ct2 b( )sin Abt{ }db



��15.1
#30x = L* u = 0+,5	���6�&%3"-Bm6
�23�

(2) t = 0* u = f(x), +,5����6�&%
�6�23�
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(�) (1) x = 0* u = 0+,5	���6��%5
-/���.�� t-(!)���.
$

4�(��$ 5�

‒ 3')%1).m-(!) Cx1m = 0 

(1) ����
.���(15.4)-�x = 0

∂u
∂t
= g x( )

u 0,t( ) = Cx1m Ct1m cosABmt +Ct2m sin ABmt( )
m=1

∞

∑
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• ���x = L � u = 0��$�	��&���$� 

!#�sin BmL = 0��$����$���%��BmL
= mπ!#�

��$�

(2)  (1)�
��"

– ��$����Ct1m0 = Cx2mCt1m, Ct2m0 = Cx2mCt2m�

����
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u L,t( ) = Cx2m sinBmL Ct1m cosABmt +Ct2m sin ABmt( )
m=1

∞

∑

Bm =
mπ
L

u x,t( ) = sinmπ
L
x Ct1m0 cosA

mπ
L
t +Ct2m0 sin A

mπ
L
t

!

"
#

$

%
&

m=1

∞

∑
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• t = 0 ( u = f(x)8��!5+-�

(*�6.*3*��

• 	���Ct1m08
25"2+�sin��,��
8
��!5�

• !*7#��,��+ 8��' 0 ≤ x ≤ L
(��!5)�m ≠ n,�-!/'9:�m = n,�
,1�4� )*4�Ct1n0
��0$"�
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f x( ) = Ct1m0 sin
mπ
L
x

m=1

∞

∑

sin nπ
L
x

Ct1n0 =
2
L

f x( )sin nπL xdx0

L

∫
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i. m ≠ n��
��


i. m = n��
��
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sinmπ
L
xsin nπ

L
xdx

0

L

∫ =
1
2

cos m− n
L

π x
#

$
%

&

'
(− cos

m+ n
L

π x
#

$
%

&

'
(

)
*
+

,
-
.
dx

0

L

∫

=
1
2

L
m− n( )π

sin m− n
L

π x
!

"
#

$

%
&−

L
m+ n( )π

sin m+ n
L

π x
!

"
#

$

%
&

'

(
)
)

*

+
,
,
x=0

x=L

= 0

=
1
2
dx

0

L

∫ −
1
2

L
m+ n( )π

sin m+ n
L

π x
!

"
#

$

%
&

'

(
)
)

*

+
,
,
x=0

x=L

=
1
2
L
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• #��u �
��!

– �����& ��t = 0�  �$�!

–���'"�%���

–���	��� ��� (��� 0 ≤ x
≤ L�
��&��

��&�
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∂
∂t
u x,t( ) = Amπ

L
sinmπ

L
x −Ct1m0 sin A

mπ
L
t +Ct2m0 cosA

mπ
L
t

#

$
%

&

'
(

m=1

∞

∑
∂u
∂t
= g x( )

g x( ) = Amπ
L
Ct2m0 sin

mπ
L
x

m=1

∞

∑

sin nπ
L
x

Ct2n0 =
2
Amπ

g x( )sin nπL xdx0

L

∫
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u x,t( ) = 2L sinmπ
L
x

m=1

∞

∑

f x( )sinmπL xdx0

L

∫
"

#
$$

%

&
''cosA

mπ
L
t + L
Amπ

g x( )sinmπL xdx0

L

∫
"

#
$$

%

&
''sin A

mπ
L
t

(
)
*

+*

,
-
*

.*
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ux =
∂u
∂x

, ut =
∂u
∂t ∂ux

∂x
=
1
A2

∂ut
∂t

∂ut
∂x

=
∂ux
∂t

=
∂2u
∂x∂t
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#
$

%

&
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(15.5)

• ���������� , 
����

�(15.5) ��13.2�����	���
• 
�A�����
B1 = –1/A, B2 = 1/A,

• ������
����#!"$�
����
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∂
∂x
u = A ∂

∂t
u

A= 0 1
A2

1 0

!

"

#
#
#

$

%

&
&
&
u =

ux
ut

!

"

#
#

$

%

&
&

p1 =
1
−A

"

#
$

%

&
',  p2 =

1
A

"

#
$

%

&
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P = p1, p2!" #$=
1 1
−A A

!

"
&

#

$
'

v = P−1u = 1
2A

A −1
A 1

"

#
$

%

&
'
ux
ut

"

#

$
$

%

&

'
'
=
1
2A

Aux −ut
Aux +ut

"

#

$
$

%

&

'
'
=

v1
v2

"

#

$
$

%

&

'
'

d
dx
v =

B1 0

0 B2

!

"

#
#

$

%

&
&
d
dt
v =

−
1
A

0

0 1
A

!

"

#
#
#
#

$

%

&
&
&
&

d
dt
v
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• �$" �����%	����!��$�
$ x – At%����#��w1��x + At%�
���#��w2%���,

Aux – ut = w1(x – At),  Aux + ut = w2(x + At) 
���#��$"%�
�#��
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∂
∂x

Aux −ut( ) = − 1A
∂
∂t
Aux −ut( )

∂
∂x

Aux +ut( ) = 1A
∂
∂t
Aux +ut( )
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• �����
w1, w2����� ����wp1, 
wp2�����

• ������ x – At� x + At ���2���
������	���


• ��
 !#%"&$�
���


ux =
∂u
∂x

= −
1
A
w1 x − At( )+ 1Aw2 x + At( )

ut =
∂u
∂t
= w1 x − At( )+w2 x + At( )

u = − 1
A
wp1 x − At( )+ 1Awp2 x + At( )



• �� x – At@ t3��/>4%
)<%

– -?;=%#�wp18%!�A3��.2'>4�
"3+>&

• !�A3%wp14'(��7#��* x �@�,;(
5%����@�.2'>4�"3+>&

• 	�6%�� x + At7#�wp28%!� – A3��.
2'>%07;(5����@�.2'>4�"3+
>&

• 15.2�3���$�6;=�91���
(15.4):%��#�7�
�
@�'>4
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dx
dt
− A= 0

dx
dt
= A



• ��2
��� x – At ��x + At
�	���
��������
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u =
Cx1mCt1m +Cx2mCt2m

2
cos Bm x − At( ){ }

m=1

∞

∑

+
Cx1mCt1m −Cx2mCt2m

2
cos Bm x + At( ){ }

m=1

∞

∑

+
Cx2mCt1m −Cx1mCt2m

2
sin Bm x − At( ){ }

m=1

∞

∑

+
Cx2mCt1m +Cx1mCt2m

2
sin Bm x + At( ){ }

m=1

∞

∑
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• ��, 1)-����x, y,�	&/��u
= u(x, y) ,
&/2�-������. 

*�#0/!('(% |A|+|B|+|C| ≠ 0)
– A, B, …, G.x*y,.�	%
/$ u,.�	%
+"!

• B2 – 4AC > 0 —���

• B2 – 4AC = 0 —���

• B2 – 4AC < 0 —��� 30

A∂
2u
∂x2

+ B ∂2u
∂x∂y

+C ∂
2u
∂y2

+D ∂u
∂x

+ E ∂u
∂y

+ Fu =G
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• �� �,��	���,���4�/0 

• �
u = exp(Ax + By)*#!)��"13'���+��
&2*

(A2 + 3AB – 10B2) exp(Ax + By) = 0,
–
(�(A – 2B)(A + 5B) = 0$1, A = 2B .'-A = –

5B%�4�"2��*�"132 

– A = 2B,�+- exp[B(y + 2x)] %�

– A = –5B,�+- exp[B(y – 5x)] %�
31

∂2u
∂x2

+3 ∂
2u

∂x∂y
−10 ∂

2u
∂y2

= 0
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• 
'*�B4����+$*exp[B(y + 2x)]+
exp[B(y – 5x)]/�
– #1-&31.�	��0�

• B-��,�4��*.�	��0�
– "31.
���1�φ+ψ4����+$*��
�/

u = φ(y + 2x) + ψ(y – 5x) 
– ���+��#32�

• ���".�� �$�"+4�%�

32
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• ξ = y + 2x, η = y – 5x�������
� ��
	���$���"�

��"����#!$��!#��
�����"�
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∂u
∂x

=
∂u
∂ξ

∂ξ
∂x

+
∂u
∂η

∂η
∂x

= 2 ∂u
∂ξ

−5 ∂u
∂η

∂2u
∂x2

= 4 ∂
2u
∂ξ 2

− 20 ∂2u
∂ξ∂η

+ 25 ∂
2u

∂η2

∂2u
∂x∂y

= 2 ∂
2u
∂ξ 2

−3 ∂2u
∂ξ∂η

−5 ∂
2u

∂η2

∂2u
∂η2

=
∂2u
∂ξ 2

+ 2 ∂2u
∂ξ∂η

+
∂2u
∂η2
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• �(������	+.-�
• �./ξ$���-%

– !�Ψ)������+'η$���-%

– %&-�
– ��'� %�,�� �

• u = φ(ξ) + ψ(η) = φ(y + 2x) + ψ(y – 5x) %��/
���.*��
�����%)
+��
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∂2u
∂ξ∂η

= 0

∂u
∂η

=Ψ η( )

u = Ψ η( )dη∫ +ϕ ξ( ) =ψ η( )+ϕ ξ( )

Ψ η( )dη∫ =ψ η( )
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• � $!��"���
��#������
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• 
��������&('��#���!%
�	�
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• ����8�	79%u = exp(Ax + By)?��
0%��A5B?�;3��!?�
1>&
–��!4)>/58"�9%/8��?'��(5
�+>/54%��03 *&

• 6,%x, y8�
�	72*3(Ax + By)-#
!56>5.9%��!9u = φ(Ax + By) + 
x•φ(Ax + By) 56>&(��7<="���)
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• ���(�
)�����

%�",+!&-�# 

• Ampère(��.(Maxwell'
*+��/

37

rotH = j + ∂D
∂t

H���j���D���	,
�(�0�)����-�#

D = εE ε���, E��



• Faraday��������

38

rotE = −∂B
∂t

B���	,

B = µH

μ��


����������ε�μ��
���



• ���� (A)

• (F)
• (A)	������
�

• (F)	rot��
�

39

rotH = j +ε ∂E
∂t

rotE = −µ ∂H
∂t

∂
∂t
rotH =

∂j
∂t
+ε

∂2E
∂t2

rot rotE( ) = grad divE( )−∇2E = −µ ∂
∂t
rotH( )

(A1)

(F1)



• (F1)(Gauss)�� (ρ��
�)
-��"%(A1)-(F1)(��#,&

• 	��(���+��+' ��2�!*�
�3-�!,&�ρ = 0, j = 0. 
$%�

&���0./1(�#,�����-�,� 40

divE = 1
ε
ρ

1
ε
gradρ −∇2E = −µ ∂j

∂t
−εµ

∂2E
∂t2

εµ
∂2E
∂t2

=∇2E



• 5-$+3+0)8$#��3����4

• /�(8:9��019+0*;)9%
– �����3��A��2781&
– �����3��

• ++/#�?=>@0,.$��37'1� 2
!,.
�
"3�<��,.�	,.69%
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c = 1
εµ

E = E x, y, z,t( ) = E0 x, y, z( )exp − jωt( )



• ���

• ����

• ����#!"$���������	��
�Helmholtz�
� ����������

42

−
ω 2

c2
E0 x, y, z( )exp − jωt( ) = exp − jωt( )∇2E0 x, y, z( )

∇2E0 + k
2E0 x, y, z( ) = 0

(k = ω/c, 
�)
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• �����	)��#��'$,
• ��
!
�
!��
)2������	)
�"#��'$,

• �����	-�����'�%,
• �����	-��-�"&�%,
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