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13.1 �����1�����
• ����!x, 	���!y1, y2�� 
��

����1�����!�� �

– ����A11, A12, A21, A22����q1, q2�x��
�(��
�)�� �
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y1
! = A11y1 + A12 y2 + q1      13.1( )
y2
! = A21y1 + A22 y2 + q2      13.2( )



13.2 
����1�!����	�

• �(13.1)���
���x���� �

����� �!�(13.2)������

���!����
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y2 =
1
A12

y1! − A11y1 − q1( )
y2! =

1
A12

y1!! − A11y1! − q1!( )
1
A12

y1!! − A11y1! − q1!( ) = A21y1 + A22A12 y1
! − A11y1 − q1( )+ q2

y1!! − A11y1! − q1! = A12A21y1 + A22 y1! − A11y1 − q1( )+ A12q2



• ")6$

(13.3)
()2�y1*�"32����	�����
���143�

– !+�����(13.3)7� y17�/�#+
�
(13.1)-��"3(y2��143�

–$).*�(13.3)+���")6$���,
(#)

()%&�3�0$58�

'�2�Tr,:;<9�det,����
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y1!! − A11 + A22( ) y1! + A11A22 − A12A21( ) y1 = q1! − A22q1 + A12q2

y1!! −Tr A( ) y1! +det A( ) y1 = 0

A=
A11 A12
A21 A22
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�� 7?;?>9:<8=.��

• 
(#)/�2� 2��.7?;?>9:<8=.
��.
-�)�3"+-��( %4���

–�-�y1 = exp(λt).�6��#)(13.1)
-��$
3+�

– +,')�35!*�2�7?;?9:<8=.��
�1�". λ���A.���
.��$,5&
��A.���*�3"+6�#)�3�
• �*0�	#��$3�
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y1!! −Tr A( ) y1! +det A( ) y1 = 0

λ 2 −Tr A( )λ +det A( ) = 0



��13.1 �&�����1��	���*�
���&1 *���)��"���

• A11 = 2, A12 = – 1, A21 = 4, A22 = – 3 , q1 = q2 = 
exp(– x) #$)�(�!
����(13.3)'�
�&(�%$)�
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(�)

y1
! = 2y1 − y2 + exp −x( )    13.4( )
y2
! = 4y1 −3y2 + exp −x( )

y1!! − 2−3( ) y1! + 2 ⋅ −3( )− −1( ) ⋅4{ } y1
= exp −x( ){ }! − −3 exp −x( ){ }$

%
&
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%

&
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• �!
���"��9.1(2)���	��#�
�!���"��&���

• ��#��$&�(13.4) ����
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y1!! + y1! − 2y1 = exp −x( )

y1 = −
1
2
exp −x( )+C1 exp −2x( )+C2 exp x

y2 = 2y1 − y1" + exp −x( )
= 2 −

1
2
exp −x( )+C1 exp −2x( )+C2 exp x
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−
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2
exp −x( )− 2C1 exp −2x( )+C2 exp x
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+ exp −x( )
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• ����

• 
���
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y2 = −
1
2
exp −x( )+ 4C1 exp −2x( )+C2 exp x



13.3 ���������
• 
�	�(13.1), (13.2)�����������
��������

(13.5)
• ���

• ���
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!y = Ay +q

A=
A11 A12
A21 A22

!
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y2!
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(1) 2 &�����$)��

• ��A&�����$)0 &�B1, B2"�

)#���*�*%
�)��.,-/+

p1, p2#�)�

• �*(+�.,-/#�)��P = [p1 p2] +
�)�

–�$)���%��)��.,-/'1���

• ��!��P'����"����P–1�	

��)�
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Eigenvalue

Eigenvector
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• �����A�����P–1AP$
�"��
��!�������"�

• (13.5)����P–1$��

•  �PP–1 = I (����)��"��$	�"�
��#�

��"�
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P−1AP =
B1 0

0 B2
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P−1y( )! = P−1A PP−1( ) y + P−1q

P−1y( )" = P−1AP( ) P−1y( )+ P−1q

Diagonalization of 
matrix



• ��� ��%�

• � %�� '�

� ���
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• �&(���z��#&�y = Pz"$�(13.5)(�
������%�
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z = P−1y =
z1
z2
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0 B2
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z + r

z1! = B1z1 + r1
z2! = B2z2 + r2
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• *#���A(	��λ/�+. 	����(��

�����))
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y1! = 2y1 − y2 + exp −x( )
y2! = 4y1 −3y2 + exp −x( )

A= 2 −1
4 −3

"
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', q =

exp −x( )
exp −x( )
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2−λ −1
4 −3−λ

= 2−λ( ) −3−λ( )− −1( ) ⋅4

= λ 2 +λ − 2 = λ + 2( ) λ −1( ) = 0 ,-�B1 = –2, B2 = 1.

Secular equation



������!� "����
• B1 = –2������!� "�
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• B2 = 1�����

����
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• !�������P�

• �����P–1�

•  ��

• !����(13.6)�
z1’ = –2z1, (13.7)
z2’ = z2 + exp(–x) (13.8)
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P = p1 p2
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p11 p12
p21 p22
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P−1 =
1

1⋅1−1⋅4
1 −1
−4 1
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−1 1
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r = P−1q = 1
3

−1 1
4 −1
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exp −x( )
exp −x( )
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• 	����(13.7)-(13.8)�����

• �� ����C1, C2��
���� �

• ����

• ������13.1�����!� �
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z1 =C1 exp −2x( ),  z2 =C2 exp x −
1
2
exp −x( )

y = Pz = 1 1
4 1

!
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C1 exp −2x( )
C2 exp x −

1
2
exp −x( )

!
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=
−
1
2
exp −x( )+C1 exp −2x( )+C2 exp x

−
1
2
exp −x( )+ 4C1 exp −2x( )+C2 exp x
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(2)������%����2013�1
#��'���

• ��A)������&�$1#)�B%�
�#����2013�1#��'���*�
��A*���%�'��

• �)�* /�! ,�(

���P/�+-�
–	(13.6)(�
 -	*
– '." (13.9)

(13.10)
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P−1AP = B 0
1 B
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!z = B 0
1 B

!
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&z + r

z1! = Bz1 + r1
z2! = z1 + Bz2 + r2



Jordan�����%��

• ��%�
• !��	�
��(13.9)&���z1&�"���
�(13.10) ���%�

• ����	�
��(13.10)&���z2&�"%�
• ����y = Pz#$��(13.5)&�������
%�
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13.A %) 	��	�ECDFB�6
7n��;��

• 22>8<('8=-*"9/67?2�
• �,<���8=-
�<� +�0�
A@.

–>5-#���B��35&1�937?-13.2 -
13.38=�).

• ?69�$�:n�<���*"#����
�!�<&�B�&4@.
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13.A1  ��

• ��%)���(�,/!!*%&�"�
�$�t /����&"$�����/ x1(t); 
x2(t), …, xn(t) &#-�

• y = y(t) '�#-n �(	���
��
y(n)(t) = f(t, y, y′, …, y(n–1))

&��+.$�-&#-�

– !(&� y = x1, y′ = x2, …, y(n–1) = xn &� &�

x1′ = x2, x2′ = x3, …, xn–1′ = xn,
xn′ =  f(t, y, y′, …, y(n–1)) =  f(t, x1, x2, …, xn) 
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��6��#1 ��69�(=8��

• -4>0#" ����
@�A7#���
�?��5�:-*35;12#.1  6
����
�5	�+=<*334<$

–��#%��&37'>.#%��
�&3�-$

• ,/)12#����
�6���?��-
<!#1 69�(=8�'$

21



• t#���	���
�	#x1, x2, …, xn��
!�

x1’ = f(t, x1, x2, …, xn)
x2’ = f(t, x1, x2, …, xn)

⋮
xn’ = f(t, x1, x2, …, xn)
��!����������� "��!��!�

• ����� n��&$%'��	x(t)�#��
�!�

22

x =

x1 t( )
!

x1n t( )

!
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=

dx1 t( )
dt
!

dx1n t( )
dt
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, f t, x( ) =
f1 t, x( )
!

fn t, x( )
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13A.2��1 �����
�
• &52.	�-13�1 �����
�6�
�.1"-�%&,#+$4�

• &&+/��6��-�4�
–��,/��f (t, x) #x-)!*���,!"&,
–�( f (t, x) = A(t)x + b(t)
• &&-�A(t)/n�.�����0' b(t)/n �
.�978:+���/t.��+ 4�
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dx t( )
dt

= f t, x( )



������

• ����������b(t) = 0����	�


(13A.1)
"����	�
�b(t) ≠ 0��!�

(13A.2)
"����	�
����

– (13A.2)��"x1, x2������"y = x1 – x2�� ��
y�(13A.1)������� �
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dx t( )
dt

= A t( ) x

dx t( )
dt

= A t( ) x + b t( )
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• -0+12%#�����A�����?#��
���4'(�836! +��5"�.<&

• 	���4-2%

• (13A.2)5-2%n�6�x1, x2, …, xn+�);=
2'<4.<4%���*;%/6@��


x = C1x1 + C2x2 + ⋯ + Cnxn
9(13A.2) 6�
–��6�$7	���>�0.:(5�� C1,
C2, ⋯, Cn>��.<,4& 25

x 0( ) = x0 =
x1 0( )
!

xn 0( )
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1����

• �C1, C2, ⋯, Cn,��,$0*-�

5n�,�����(/)#&�".���
– 	%&�C1, ⋯, Cn ��*�0243$0,

�����-

– 1���)�5n�1(0+.)2)�

• ���-�9:876:5�04.��'!
3�
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C1x1 0( )+C2x2 0( )+!+Cnxn 0( ) = x0

x1 0( ) ! xn 0( ) ≠ 0



1)#�"<
�<FGDCBG
x1, x2, …, xn2+����� �xi’ = Axi<&8

-@93+n�<��%� X(t) = (x1, x2, …, xn)
<%�� |X(t)| = det(x1, x2, …, xn) = W(t) 
AFGDCBG9./,

• :0+��� �"<FGDCBG;�47+
W’ (t) = trA · W(t) 2�!5@,

• '��, W(t)=��(�*��<&A�6,
• 1�8EF:?�$	�78EF+1�8EF8:.:?�
47EF;:?:.,

–����<>8W(t)2EF1�1A��83@,27

(13A.3)



*+)('+�1���

• �$ t����W(t) ≠ 0 �#"������#
%��$x1, x2, …, xn!

∀t �������

• ����n� �&x1, x2, …, xn��$���
∀t = t0���$�� �	
�x(t0) = x0&

����x!�C1x1 + C2x2 + ⋯ + Cnxn ���

%$�
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13A.3 �����3���3�6�

• 1 ��	��
�����3���:�
68��/$8Lagrange 3"�����#2
-%.�58!

• n�31 ����	
�����

x(t)’ = A(t)x(t) + b(t) (13A.4)
'�&79,0*8!��*8�����4

x(t)’ = A(t)x(t) (13A.5)
/ +31���1���:��0) x1, x2, …, 
xn0*8!((/ (13A.4)3���:
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Lagrange������

• xp = c1(t)x1(t) + ⋯ + cn(t)xn(t) = X(t) c(t)
(13A.6)

���
���	

X(t) = (x1(t), x2(t), …, xn(t)),
���


‒ (x1, x2, …, xn) �(13A.5)������	
����
����	(13A.6)������	

(13A.7)
���
 30

c =

c1 t( )
!
cn t( )

!

"
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dX
dt

= AX

xp! =
dX
dt
c + X dc

dt
= AXc + X !c



• ���xp’ �����(13A.4)���#�"�xp’ 
= Axp+ b��"���#��$�(13A.7)���
���

AXc + Xc’ = Axp+ b (13A.8)
• �"�(13A.6) �	�$�Xc = xp ��#�"

(13A.8)�"
Xc’ = b

• !�� c’ = X–1b (X�xi �1�
���"��)
31



• ����" !#���c������

• �����
�	��������

• �(13A.4)��
��

������

���
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c = X t( )
−1
b t( )dt∫

xp = X t( ) ⋅ X t( )
−1
b t( )dt∫

x = X t( ) ⋅ X t( )
−1
b t( )dt∫ + X t( ) ⋅C

C =

C1
!
Cn

!
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13A.4 	������
����
�(���

• �'�����(���-*%+,�
• ��$)�	��'�-�,�

x(t)’ = Ax(t) (13A.9)
A)�t'���&��

• �(�%�#
x = exp(λt)q !"� 	�0./1

(�-�	�#(13A.9)'��
–  (��

x’ = λexp(λt) q = λx = Ax
33

q =
q1
!
qn

!
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• 2') Ax = λx
+,4 %,6&�λ#��A .
��,30�
exp(λt)q /<(.�7�"4 

• $57��(13A.9)-��%4+

Aexp(λt)q = λexp(λt)q %,6&Aq = λq
+,4.*�q/
��λ-%4
�:89;
+,4 

• %,6&���������������.

�	�����A .
��λ�
�:89
;q7�1�exp(λt)q7!4$+#��+,
4 
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(1) λ1, λ2,… , λn������	����

• �����������	�������
	��� q1, q2,… , qn�!���

• �
��
x1(t) = exp(λ1t) q1,
x2(t) = exp(λ2t) q2,

⋮
xn(t) = exp(λnt) qn

36



(2) λ��������
• λ = α + iβ (β ≠ 0)
• �	��������q�

q = q1 + iq2 (q1 , q2 ∈ Rn�����)
���������

exp(λt)q = exp(αt) (cos βt + i sin βt) (q1 + iq2)
= exp(αt) (q1cos βt – q2 sin βt)

+ i exp(αt) (q1sin βt + q2 cos βt)
��������
�����

xR = exp(αt) (cos βt ⋅q1 – sin βt⋅q2)
xI = exp(αt) (sin βt ⋅q1 + cos βt⋅q2)
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(3)���λ(∈ R) )! -)$�,72/3>�
��2(��)��<:;=q1, q2)&7��

• ���)! 05$��3#"�����
�14���27��0&7%

• ,28.$>���2��<:;=)!��
1�+*�	,76'2��0&7%

x1 = exp(λt) q1, x2 = exp(λt) q2

4$>���2
� 9�(7%
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(4)��� λ(∈ R) ���"�����0,.
3�1 ��$���

• �&����A'	��"�$��
– Jordan&�
%("'�
��

• 1/-24��P+��!

#�
�*)�

• J(λ)'Jordan&�
"
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PAP−1 =

J1 λ( ) 0 0

0 ! 0
0 0 Jm λ( )

"
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$
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$
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'
'
'
''

J λ( ) =
λ 1 ! 0
0 λ 1 0
! 0 " 1
0 # 0 λ

!
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(13A.10)



	�&��0./1
• ����A�(13A.10)#�
�,+��% 
�!(#)+����� A'r�&���"
�+#�+�

• ��&��0./1'��� �q1,
• ��l&	���0./1-ql#�+�
–	���0./1&���*

(A – λ) q1 = 0
(A – λ) q2 = q1

⋮
(A – λ) qr = qr –1

#$+� 40



xr =
t r−1

r −1( )!
eλtq1 +

t r−2

r − 2( )!
eλtq2 +!+ eλtqr

• ���
��+��(�q1, q2, …, qr$����
• %��x1 = exp(λt) q1 $1�#���
• �"�x2 = t exp(λt) q1 + exp(λt) q2 $2��#�
��

–!�!' x2’ = exp(λt) q1 + λtexp(λt) q1+ λexp(λt) q2

�� Ax2 = λtexp(λt) q1 + exp(λt) (q1 + λq2)
&�� x2’ = Ax2

• ���"�

•  �����!�#�x1, x2, …, xn�	'*)�
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+),4��*���"

•  �������.��!�*1'
.��%-��(�#-

• ��*
��.��$&��(�#-
• 	��3	�1/02.��$&��(
�#-
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