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9.1 2	��
�������

• 2	�����
y” + p(x) y’ + q(x) y = r(x) (9.1)

�����r(x) ≠ 0 �������2	��
�
����(���2	��
�����)���

���r(x)�
������



9.2 �����056�&

• 2�������

y” + p(x) y’ + q(x) y = 0 (9.2)
1���2 2,1���y1/y28�"- y = 
C10y1 + C20y2.�)76!

• (1�0$"- 2,1�	��C10/ C2082
,1x1����c1/c2.�&
# 

y = c1y1 + c2y2 (9.3)
/*-2��������(9.1)8�'!((.2 y1
/y21���8��/+61. 2,1����c1/c2
%�473�"!
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• �%�($�c1"c2$��)2�%+�
�
*���)�

• 4�%�	c1, c2, y1 ,y2�x%�	!�)�"$
���)"�y%1���	&

y’ = c1’y1 + c2’y2 + c1y1’ + c2y2’
"#)�

• ��!���%��*��$�'��c1’"c2’
$��)1�
�%1�"� �

c1’y1 + c2’y2 = 0 (9.4)
"�� ��*�()�
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• ������(9.3)�1��
��
y’ = c1y1’ + c2y2’ (9.5)

�	������(9.3)�2��
��
y” = c1y1” + c2y2” + c1’y1’ + c2’y2’ (9.6)

�����(9.3), (9.5), (9.6)��(9.1)�������
�

(c1y1” + c2y2” + c1’y1’ + c2’y2’) + (c1y1’ + c2y2’) p(x)
+ (c1y1 + c2y2) q(x) = r(x)

���

c1{y1” + p(x)y1’ + q(x) y1} + c2{y2” + p(x)y2’ + q(x) y2}
+ (c1’ y1’ + c2’ y2’) = r(x)

���
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• ��#�y1$y2(���-2����
	��
(9.2)'�#�-'#���1 – 2�($)&
01$%-�* "

c1’y1’ + c2’y2’ = r(x) (9.7)
$%,�c1’$c2’&��-��)��!�+.��
• �(9.4)$�(9.7)/����"c1’$c2’/��$�

$%-�
6

c1! = −
r x( ) y2
w

c2! =
r x( ) y1
w



• �!�!x���� �

• ����C1�C2������� ������

	������

(9.8)
�� �
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c1 = −
r x( ) y2
w

dx∫ +C1

c2 =
r x( ) y1
w

dx∫ +C2

y = c1y1 + c2 y2 = −
r x( ) y2
w

dx∫ +C1
#
$
%

&%

'
(
%

)%
y1 +

r x( ) y1
w

dx∫ +C2
#
$
%

&%

'
(
%

)%
y2

= −y1
r x( ) y2
w

dx∫ + y2
r x( ) y1
w

dx∫ +C1y1 +C2 y2



• �(9.2)$2�	����!�'#!��#�
��(9.8)$2 #����C1"C2(�&�

• �(9.8)#��#�1�"�2�$����
�#���!�'�

• %���3�"�4�$�
�'����
(9.2)#���!�'�
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��9.1  ���

9

(�) �����	�
�

y1 = x � y2 = exp(– x)�������$%#"!
% w �

������r(x) = x + 1�����

!!y + x
x +1

!y − 1
x +1

y = 0

�2��������8.3������

w =
x exp −x( )
1 −exp −x( )

= −xexp −x( )− exp −x( ) = − x +1( )exp −x( )

!!y + x
x +1

!y − 1
x +1

y = x +1
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−y1
r x( ) y2
w

dx∫ = −x
x +1( )exp −x( )

− x +1( )exp −x( )
dx =∫ x dx∫

= x x +C1( ) = x2 +C1x
y2

r x( ) y1
w

dx∫ = exp −x( )
x +1( ) x

− x +1( )exp −x( )
dx∫

= −exp −x( ) xexp xdx∫
= −exp −x( ) x −1( )exp x +C2{ }
= −x +1−C2 exp −x( )

��9.1 ��



��9.1 �(!��

• '��
y = (x2 + C1x) + {– x + 1 – C2 exp(– x)}

= x2 – x + 1 + C1x – C2 exp(– x)
• ��)� ��C2#���	��)"��C2
"�"��#
�&'��x"�	#$�%�
�"���	����&��

• � *��y = x2 + 1 + C10 x + C20exp(– x)�&
'������C10 = C1 – 1, C20 = – C2��)�

11



��9.2 y” – (A1 + A2)y’ + A1A2y = exp(Bx)'
������A1, A2, B"����%��
A1 ≠ B, A2 ≠ B, A1 ≠ A2��%�

12

(�) ���%��	�y” – (A1 + A2)y’ + A1A2y
= 0!2�!�
�"�(7.9) ��&��%
�$�y1 = exp(A1x), y2 = exp(A2x)��%�#�
�+,*)(,"

w =
exp(A1x) exp(A2x)

A1 exp(A1x) A2 exp(A2x)

= A2 exp A1 + A2( ) x{ }− A1 exp A1 + A2( ) x{ }
= A2 − A1( )exp A1 + A2( ) x{ }



��9.2 �	�
�������r(x) = exp(Bx)
��
�
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−y1
r x( ) y2
w

dx∫ = −exp A1x( )
exp Bx( )exp A2x( )

A2 − A1( )exp A1 + A2( ) x{ }
dx∫

= −
exp A1x( )
A2 − A1

exp B− A1( ) x{ }dx∫

= −
exp A1x( )
A2 − A1

exp B− A1( ) x{ }
B− A1

+C10

"

#

$
$

%

&

'
'

= −
exp Bx( )

A2 − A1( ) B− A1( )
−
C10 exp A1x( )
A2 − A1



��9.2 
���	

������������
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y2
r x( ) y1
w

dx∫ = exp A2x( )
exp Bx( )exp A1x( )

A2 − A1( )exp A1 + A2( ) x{ }
dx∫

=
exp Bx( )

A2 − A1( ) B− A2( )
+
C20 exp A2x( )
A2 − A1

y = −
exp Bx( )

A2 − A1( ) B− A1( )
−
C10 exp A1x( )
A2 − A1

"
#
$

%$

&
'
$

($

+
exp Bx( )

A2 − A1( ) B− A2( )
+
C20 exp A2x( )
A2 − A1

"
#
$

%$

&
'
$

($
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y =
− B− A2( )+ B− A1( )
A2 − A1( ) B− A1( ) B− A2( )

exp Bx( )

−
C10 exp A1x( )
A2 − A1

+
C20 exp A2x( )
A2 − A1

=
1

B− A1( ) B− A2( )
exp Bx( )+C1 exp A1x( )+C2 exp A2x( )

C1 = −
C10
A2 − A1

,C2 =
C20
A2 − A1



��9.3 y” – (A1 + A2)y’ + A1A2y = exp(A1x)-
���!"�A1, A2*��%�,��
A1 ≠ A2%�,�

16

(�) �)�*���9.2(��$�����)

���)��)��A1��	��)�

)1#(�����%�,�
120/.2*���9.2&� �

w = A2 − A1( )exp A1 + A2( ) x{ }
&',�+!�r(x) = exp(A1x)%�,)%�



��9.3 ���
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−y1
r x( ) y2
w

dx∫ = −exp A1x( )
exp A1x( )exp A2x( )

A2 − A1( )exp A1 + A2( ) x{ }
dx∫

= −
exp A1x( )
A2 − A1

dx∫ = −
exp A1x( )
A2 − A1

x +C10( )

= −
xexp A1x( )
A2 − A1

−
C10 exp A1x( )
A2 − A1

,

y2
r x( ) y1
w

dx∫ = exp A2x( )
exp A1x( )exp A1x( )

A2 − A1( )exp A1 + A2( ) x{ }
dx∫
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=
exp A2x( )
A2 − A1

exp A1 − A2( ) x{ }dx∫

y = −
xexp A1x( )
A2 − A1

−
C10 exp A1x( )
A2 − A1

"
#
$

%$

&
'
$

($
+ −

exp A1x( )
A2 − A1( )

2
+
C20 exp A2x( )
A2 − A1

"

#
$

%$

&

'
$

($

=
exp A2x( )
A2 − A1

exp A1 − A2( ) x{ }
A1 − A2

+C20

"

#

$
$

%

&

'
'
= −

exp A1x( )
A2 − A1( )

2
+
C20 exp A2x( )
A2 − A1

=
1

A1 − A2
xexp A1x( )+C1 exp A1x( )+C2 exp A2x( )



��9.3 &40+,#
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./6�/ � C1 = −
C10
A2 − A1

−
1

A2 − A1( )
2
,C2 =

C20
A2 − A1

. �)�

• ���1�;�"�
�1���0��'6"�
(1�	�2��9.21

.2�/5� 13�0�	�	

0x7!$)�0/*-�6%.0�'6�
– 11����ppt1649:8��

1
B− A1( ) B− A2( )

exp Bx( )
1

A1 − A2
xexp A1x( )
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• �����!��%")

• ���!��	(������(�'�
$)���(��
!��%")

• ���!����(������&�
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10.1 �����>B

• ���%�-���"�A �'J�CH@
2;G0

• :A,��J-��.A,��@�8<��70
:IJ-���"�@��7<,�A��J
�*7<��9H��J0�����K2H3
B���L>341

• �&@0���%����"�@53<-�
�.A,��6��A�=!9.�E0�
�,�A�
0�����=�CH�/A�
605.2$E9.2$=)�7;���	�FGD(
#A�+6�?31 21



10.2 ���1(#�)���!�
• �+10.1 y’ + y = x (10.1)

=��%F�?D-(��G�+5.2, 11.2)

(%) • ���!�(10.1)=�$%>,�+5.29A = –1:47
�	9.C,

y = (x – 1) + C exp(– x)
:;D-)���!�=��%< �6D"1* x –
1>,)��*:
51�'�9.D-
�$<,)��*1m�=*�=�,2=�	,
)���!�=��%@m�=*�:;D-
• �&9,y=����A���3E7@=1�/BED
=80B,.D����
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10.2 %&�

• �	�
��(10.1),���71��� ys = 
Ax + B)��'�25!)7��5�
– !!(�A)B-��(�5�
– 2%,��A)B+�#51�
��72%� 6
.�$647��"'A)B7�25!)�(�5�

– ys�3/ys’ = A7�(10.1)0��"'
ys’ + ys = A + (Ax + B)

Ax + (Ax + B) = x
– )*5�x,�1���7�#5)�A)B+�#
52%,1�
��

23



10.2 ���

A = 1,  A + B = 0
• ��"%$��%"'��������A = 1, B

= –1��$�
• ��&��������(10.1) 
	�!

ys = Ax + B = x – 1
��#��� ���"%��

24



• ��10.2 y’ – Ay = exp(Bx) (10.2)
5���>�9<!-.* A, B6�1"<( 
A ≠ B1"<!(��?��5.3)

(�)

25

���6 ��5.31,14�9-:$4

(10.3)
23<!������5���4�
,<�1�
6 ���� exp(Bx) 2�+	>�/��

1";)2(='<!

���>��ys = D exp(Bx)2&#0 ���

>��,<)2>�%<!D6�1"<!ys&:7
ys’ = BD exp(Bx) >�(10.2)8��*0

y = 1
B− A

exp Bx( )+C exp Ax( )



BD exp(Bx) – AD exp(Bx) = exp(Bx) ��

(B – A)D exp(Bx) = exp(Bx)
��!�

• ���� exp(Bx)���$���!��
(B – A)D = 1� D = 1/(B – A)��!�

• ��#����
	�� (10.2) ����

�� ���������"!�

26

ys =
1

B− A
exp Bx( )



• �#10.3 y’ – Ay = exp(Ax) (10.4)
7���<�9;%01,$A8��3&;(�
�=�#5.4)%

(�)

27

+7�8$�#10.26)'2 A = B 4,0��3&
;%���8$�#5.43�,0:(6

(10.5)
45;%�2"8	�.;����
 y’ – Ay = 0 
7���3&;*$/7�� �7��Ax*$
���
(10.4)7!��"7�� �7��Ax
4�-��68 $
(10.5)7�1"3&;���7
 �� x exp(Ax) 8$�#10.27
(10.3)7��
 �exp(Bx)4�5;+46��.;%

y = xexp Ax( )+C exp Ax( )



• �1�0������/���.�	'6
$�x exp(Ax)/�
,-)*!6�

• ���8� ys = Dx exp(Ax),#!*�36
%,8�"6�%%+�D0�+ 6�

• ys#41ys’ = (Ax + 1)D exp(Ax)8�(10.4)2
��&�

(Ax + 1)D exp(Ax) – AxD exp(Ax) = exp(Ax)
�( D exp(Ax) = exp(Ax)

,-5��� exp(Ax)/�8��'6
,�D = 1,-6�'-7(����0ys = x
exp(Ax) ,-5���/�8�6�

28



����������
• ���1����	�
�� y’ + Py = q(x) 
��� �	�� q(x)������� �
�������!�10.1���� �

�10.1 ���1����	�
��������

29

��� P �	��q(x)���� ��� ������

P ≠ 0 exp(– Px)

P = 0 exp(– Px)

P = – A exp(Bx) exp(Ax) exp(Bx)

P = – A exp(Ax) exp(Ax) x exp(Ax)

Anx
n

n=0

N

∑

Anx
n

n=0

N

∑

Bnx
n

n=0

N

∑

Bnx
n+1

n=0

N

∑



10.3 ��2��
������
� 10.4 y” – (A1 + A2)y’ + A1A2y = exp(Bx) (10.6)
2���8�46"+,(!A1, A2, B3�.#6&!
A1 ≠ B, A2 ≠ B, A1 ≠ A2.#6(��:� 9.2)"

(�) • ���3!� 9.2.�(+5$1!

/06"������2���1�	*6�9

�3!���� exp(Bx) /�)�8�-�
�.#6'/&7%6"

30

y =
exp Bx( )

B− A1( ) B− A2( )
+C1 exp A1x( )+C2 exp A2x( )



• ��10.2��
!����*�	�	 ys = 
Dexp(Bx)����&)��*��)�����
D#�	��)�

• ys�'$ys’ = BD exp(Bx), ys” = B2D exp(Bx) *�
(10.6)%����

B2Dexp(Bx) – (A1 + A2)BDexp(Bx) + A1A2Dexp(Bx)
= {B2 – (A1 + A2)B + A1A2}Dexp(Bx)
= (B – A1)(B – A2)Dexp(Bx) = exp(Bx)

� )��	�	 exp(Bx) "�	*���)��
(B – A1)(B – A2)D = 1 '(
� )�

31

D = 1
B− A1( ) B− A2( )



• 	��
�����

�����������
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ys =
exp Bx( )

B− A1( ) B− A2( )



• ��10.5 y’ – Ay = exp(Bx) (10.2)
5���>�9<!-.* A, B6�1"<( 
A ≠ B1"<!(��?��5.3)

(�)

33

���6 ��5.31,14�9-:$4

(10.3)
23<!������5���4�
,<�1�
6 ���� exp(Bx) 2�+	>�/��

1";)2(='<!

���>��ys = D exp(Bx)2&#0 ��

�>��,<)2>�%<!D6�1"<!ys&:
7 ys’ = BD exp(Bx) >�(10.2)8��*0

y = 1
B− A

exp Bx( )+C exp Ax( )



�"10.5 y” – (A1 + A2)y’ + A1A2y = exp(A1x) (10.7)
6���=�8:$./,#A1, A27��2%:*#

A1 ≠ A22%:(��?�"9.3)$

(�) • +6�7#�"10.45(&1# ��!6
�6
��A1*���	6�6105�,&��2
%:$

• ���7#�"9.369'5

34:$ ����	6���5��-:�>

!7#x exp(A1x) 6���2%:+3*<):$
+;7�"10.35�,.���1� ����
	6��3��2%:$ 34

y = 1
A1 − A2

xexp A1x( )+C1 exp A1x( )+C2 exp A2x( )



• ��
	��(10.7)"��(����� x, 
�� ys = Dx exp(A1x)�����%'��(��
'�����D#����'�

ys’ = (A1Dx + D) exp(A1x),
ys” = {A1D + A1(A1Dx + D)}D exp(A1x)

= (A1
2 Dx + 2A1D) exp(A1x)

(ys ��&!�(10.7)$����

(A1
2 Dx + 2A1D) exp(A1x) – (A1 + A2)(A1Dx + D) exp(A1x)
+A1A2Dxexp(A1x)

= (A1 – A2) D exp(A1x) = exp(A1x)

� '�
35



• ����exp(A1x)���������
(A1 – A2) D = 1 ��

����

• ����	�
�

������
����
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ys =
xexp A1x( )
A1 − A2

D = 1
A1 − A2



����������
• ���2����	�
�� y” + Py’ + Qy = 
r(x) ��� �	�� r(x)������� 
��������!�10.2 – 10.3���� �

�10.2 ���2����	�
��������(�
	������)
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��� �	��r(x)���� ������

Q ≠ 0

P ≠ 0, Q = 0

P = Q = 0

Anx
n

n=0

N

∑

Anx
n

n=0

N

∑

Anx
n

n=0

N

∑

Bnx
n

n=0

N

∑

Bnx
n+1

n=0

N

∑

Bnx
n+2

n=0

N

∑



�10.3 ���2������	���
������ �����������
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����q(x)�
��� �
� ������

exp(Bx) exp(A1x), exp(A2x) exp(Bx)

exp(A1x) exp(A1x), exp(A2x) x exp(A1x)

exp(Bx) x exp(Ax), exp(Ax) exp(Bx)

exp(Ax) x exp(Ax), exp(Ax) x2 exp(Ax)
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• 2"��#����.��'��+(3

• ��	��-122"��#����'�)3
• �����'��+(3
• #��$'
$.��%���.�-�*3��
�.!��'��+(3

• #��$'��!�.��%#��$,���.!
��-�*3���.!��'��+(3&

• ���1"��#����%���2"��#��
��'�)3


