9. Scattering Matrix

The matrix representations of circuit are addressed focusing on the
scattering matrix.

The topics included:

9.1 Definition of scattering matrix

9.2 Scattering matrix of loss-less circuit

9.3 Relation between scattering matrix and other matrices
9.4 Method for determination of scattering matrix
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9.1 Definition
Along a transmission line
Viy)=Vie™ +V,e " = R (

I(y) _ Ri (Viejﬂy _ Vre—jﬁy ) _

c JR.

Let’s define the following quantity.
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: incident power

: reflected power

V(y) = yR. (aly) + b(y))

I(y) =

=

J}% (aly) - bly))




2-port circuit

o= Vi(y) + R 1, (y)
: 2 Rcl —>a,(y) a,(X)€e—
b,(y) = Vi(y)- R, L(y) Oﬂ &Q
' 2R R, |port-1 port-2| R,
a ()C) V2 ()C) + RCQIQ ()C) : :
2 _ —
2./R., y=0 x=0
V,(x)-R_,1,(x)
b,(x) = 2 c212
2,/R_,

Definition of scattering matrix: a, = a,(0), etc
b, =S5),a, + 5,4,

bz — S21a1 + Szzaz

(hj:(su S12)(Q1J
b, Sy Sop NGy
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9.2 Loss-less properties

Input power is given by

2 2 2 ~
a,[ +lao|” +...+]|a,| = = aa
a : transpose conjugate of a
Loss-less : input power = output power
aa = bb
b =Sa
b=
da —bb = 3a — =a a=0
.88 =
Reciprocity: b, _ b,
Doz L2la1-0

S21 = Slz ‘ Sy — Sﬂ
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0.3 S-matrix and T-matrix

T-matrix
(alj:(Tu ijisz
b, T, T, )\a,
suitable for cascade connection
)l
b, a,
)+ G
a2 a2 bl

from the definition of S-matrix

a :Lb _ia
1 SQl ’ SQl ’

S S, .S
b, = S—”b2 + (Sm — MjaQ

21 21

1 S
S

21 21
i ’ T, =S, - 211522
Sy Sy
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S-matrix and Z-matrix

V. +R.I.

a; = \/FCJ qu:E(aj+bj)
:Vj—chIj 1

bj 5 ch Ij:?q(aj_bj)
Then,
‘/1 Rcl O al Rcl O bl
V.2 _ Rcz . a.z n Rcz . b.2
v, 0 R_\a, 0 R_ |\ b,
(V1= WR]([a] +[P)
R, 0
R
VR]= “
0 R_
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S-matrix and Z-matrix

Similarly,
[11=[VR]([a] - D))

JR. o) [JR.® 0
[WR]™ = VR . = R .

0 N 0 JR.

Since |[V]E [Z]@

V=Vl +[V,]
ITE R (V.- [V, )

[V:1+[V.]=[Z][R] " (V;]- [V, ])
L+[Z][RI)IV,] = (Z][R]" -1)[V]
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S-matrix and Z-matrix

1 +[Z][RIMIV.]=(Z][R]" - 1[V]]
V,]=IVR]lb]  [V,]=[VR][a]
[b] = [S][a]

Thus, (1+[Z][R]")[VR][S]=(Z]|R]" -1 [VR]
~[S1=WRI'A+[ZI[RI") ' (Z][R]* = 1)[VR]

Especially, Whechj =R, j=1,2,3...n)

0 1
[WRI™ = ok

RI'=—-[,  WRI=yR,]

0

1 Y (1 }
[S]:(HR_O[Z]] [R_O[Z]_lj:([z]+RO) (IZ]- R,)
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9.4 How to find S-matrix elements ?

Simple method:

b
b,=S,a, > S, =—~
a, a2=0
b,=S,.a, > S,, = &
2 7 P21 2 al.,. | but a,=0 is hard to realize.

Deshamp’s method
Terminate port-2 with an impedance Z;,

a Z.,—R
- Reflection by the impedance Z,, is given by S, = 2 - L2 c2
b, Z,,+R,
b2 b2 a2 1 aQ a2 c
= = =S, +S,, —
a aa S,q a,
1 S,.S
_)& __822 2821, a, — 212
b a, S;;+(S,,5,—S5,,5,,)S
Reflection at port-l;S1 =L = S +S,, 2 _ 11 (51255 19225,
“4 ! 1-5,,5,
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How to find S-matrix elements ?

S, and S, : linear transformation
(1 =15,05,)S; =S +(S1255 —S5115,,)S,
((Slzszl —S515,5,) + 52,5, )Sz =S, -5,
82 _ Sl — Sll
82281 + (812’321 - S11822)

When S, moves along a circle Sz = exp(-2 jfx)
S, moves also along another circle.

‘SQ‘ = 1(S, is located on a unit circle) gives the following relation.

(1 B Szz'§22 )31§1 o ((812521 o 811822 )§22 + S11 _1 o ((812821 B Suszz )522 + §11 1
+ (Sl 1511 = (512551 =515, )(812821 =515, )) =0

center : DSz, +i“ = Sl?sQlSﬁ +S,;
1- Szz SQQ 1- SQQ SQQ
- 2 - _ _
. \/‘DSQQ +S;;| —(1=5,252,)(5,,5;, - DD) ‘812821‘
radius : N — 21l
1- S22 Sz2 1- SQQ SQQ
where D =(S,,5,, = 5,,5,,) —
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How to find S-matrix elements ?

By changing the position of movable short, x, we can
measure the corresponding reflection S,.

(S; moves also along another circle.)

e.g.
for S, =41 S, = Sy i(siz_szg —S15)
T 92

By the correspondence between S; and S,, we can determine S;.
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