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Dense linear algebra

Linear systems

Least squares

Eigenvalues

Singular values

Ax = b

||Ax� b||

A

T
Ax = �

2
x

A = LDU

A = Q⇤Q�1

A = U⌃V

Ax = �x





LAPACK

http://extremecomputingtraining.anl.gov/files/2015/08/dongarra-anl-0815.pdf



Eigenvalues & eigenvectors

A 2 Rn⇥n

� : eigenvalue (scalar)

x : eigenvector (vector)

(�,x) : eigenpair

Ax = �x

|A� �I| = 0

characteristic polynomial



Eigenvalues of geometric transformations



Eigenvalue algorithms 

polynomial root finding is an ill-conditioned problem|A� �I| = 0

If A is Hermitian A = Q⇤Q⇤

If not … A = QTQ⇤

eigenvalue decomposition

singular value decomposition
=

T: upper-triangular
Schur factorization
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Householder transformation



Fast eigenvalue algorithms

• Power iteration

• Inverse iteration

• Rayleigh quotient iteration

• Arnoldi iteration

• Lanczos algorithm

• QR algorithm



Power iteration

Determines one eigenvalue with largest absolute value

Useful when A is very large and sparse

Cannot find complex eigenvalues

Initialize : q0 = a random vector

for k = 1, 2, ...do

zk = Aqk�1

qk =

zk
||zk||

�(k) = qTk Aqk

end for



Inverse iteration

Use a prior estimate of eigenvalue to get current eigenvalue

Initialize : q0 = a random vector

for k = 1, 2, ...do

Solve : (A� µI)zk = qk�1

qk =

zk
||zk||

�(k) = qTk Aqk

end for

(A� µI)�1

✓
1

�� µ
,x

◆
has eigenpair



Rayleigh quotient iteration

Replaces the estimated eigenvalue with the Rayleigh quotient

Faster convergence: quadratic in general and cubic for Hermitian matrix

Initialize : q0 = a random vector

for k = 1, 2, ...do

µk�1 =

qTk�1Aqk�1

qTk�1qk�1

Solve : (A� µk�1I)zk = qk�1

qk =

zk
||zk||

�(k) = qTk Aqk

end for



Arnoldi iteration

Uses the stabilized Gram–Schmidt process to produce a sequence of 
orthonormal vectors

Initialize : q0 = a random vector

for k = 1, 2, ...do

qk = Aqk�1

for j = 1, 2, ...do

hj,k�1 = q⇤j qk

qk = qk � hj,k�1qj

end for

hk,k�1 = ||qk||

qk =

qk
hk,k�1

end for

H = Q⇤AQ
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Lanczos algorithm



Lanczos algorithm



Lanczos algorithm

Initialize : q0 = 0, q1 = b/||b||,�0 = 0

for k = 1, 2, ...do

v = Aqk

↵k = qTk v

v = v � �k�1qk�1 � ↵kqk

�k = ||v||
qk+1 = v/�k

end for



QR algorithm

Ak = QkRkQR factorization of A at step k

A at step k+1 Ak+1 = RkQk

Initialize : A0 = A

for k = 1, 2, ...do

QkRk = Ak�1

Ak+1 = RkQk

end for



Practical QR algorithm

1. Before starting the iteration,  A is reduced to tridiagonal form
2. Instead of Ak a shifted matrix Ak-μkI is factored
3. Whenever an eigenvalue is found, the problem is deflated by breaking Ak 

into submatrices

Initialize : QT
0 A0Q0 = A (tridiagonal A0)

for k = 1, 2, ...do

µk = Ak,mm

QkRk = Ak�1 � µkI

Ak = RkQk + µkI

If any o↵ diagonal element Aj,j+1 is su�ciently close to 0,

set Aj,j+1 = Aj+1,j = 0 to obtain


A1 0

0 A2

�
= Ak

and now apply the QR algorithm to A1 and A2

end for



Divide and Conquer algorithm



Divide and Conquer algorithm



Divide and Conquer algorithm



Divide and Conquer algorithm



Timing Results of Latest Code

Some Timings :

On a 1687⇥ 1687 SiOSi
6

quantum chemistry matrix,

• Time (Algorithm MR3) = 5.5 s.

• Time (LAPACK bisection + inverse iteration) = 310 s.

• Time (EISPACK bisection + inverse iteration) = 126 s.

• Time (LAPACK QR) = 1428 s.

• Time (LAPACK Divide & Conquer) = 81 s.

On a 2000⇥ 2000 [1,2,1] matrix,

• Time (Algorithm MR3) = 4.1 s.

• Time (LAPACK bisection + inverse iteration) = 808 s.

• Time (EISPACK bisection + inverse iteration) = 126 s.

• Time (LAPACK QR) = 1642 s.

• Time (LAPACK Divide & Conquer) = 106 s.





https://www.olcf.ornl.gov/wp-content/training/electronic-structure-2012/ORNL-ESWorkshop.pdf
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