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Dense linear algebra

Linear systems

Least squares

Eigenvalues

Singular values

Ax = b

||Ax� b||

A

T
Ax = �

2
x

A = LDU

A = Q⇤Q�1

A = U⌃V

Ax = �x



Linear system



bem/step02.py

for i in range(0,n):
    if bc[i] == 1:
        tmp = G[:,i]
        G[:,i] = -H[:,i]
        H[:,i] = -tmp

b = H.dot(u)

un = numpy.linalg.solve(G,b)

for i in range(0,n):
    if bc[i] == 1:
        tmp = u[i]
        u[i] = un[i]
        un[i] = tmp





LAPACK

http://extremecomputingtraining.anl.gov/files/2015/08/dongarra-anl-0815.pdf



Mr. LAPACK

next few slides are from Jack Dongarra …



Gaussian Elimination (GE) for Solving Ax=b

� Add multiples of each row to later rows to make A upper triangular
� Solve resulting triangular system Ux = c by substitution

… for each column i
… zero it out below the diagonal by adding multiples of row i to later rows
for i = 1 to n-1

… for each row j below row i
for j = i+1 to n

… add a multiple of row i to row j
tmp = A(j,i);
for k = i to n

A(j,k) = A(j,k) - (tmp/A(i,i)) * A(i,k)
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http://www.netlib.org/utk/people/JackDongarra/WEB-PAGES/SPRING-2007/Lect11.pdf



Refine GE Algorithm (1)
� Initial Version

� Remove computation of constant tmp/A(i,i) from 
inner loop. 

… for each column i
… zero it out below the diagonal by adding multiples of row i to later rows
for i = 1 to n-1

… for each row j below row i
for j = i+1 to n

… add a multiple of row i to row j
tmp = A(j,i);
for k = i to n

A(j,k) = A(j,k) - (tmp/A(i,i)) * A(i,k)

for i = 1 to n-1
for j = i+1 to n

m = A(j,i)/A(i,i)
for k = i to n

A(j,k) = A(j,k) - m * A(i,k)
m

http://www.netlib.org/utk/people/JackDongarra/WEB-PAGES/SPRING-2007/Lect11.pdf



Refine GE Algorithm (2)
� Last version

� Don’t compute what we already know:                
zeros below diagonal in column i

for i = 1 to n-1
for j = i+1 to n

m = A(j,i)/A(i,i)
for k = i+1 to n

A(j,k) = A(j,k) - m * A(i,k)

for i = 1 to n-1
for j = i+1 to n

m = A(j,i)/A(i,i)
for k = i to n

A(j,k) = A(j,k) - m * A(i,k)

Do not compute zeros

m

http://www.netlib.org/utk/people/JackDongarra/WEB-PAGES/SPRING-2007/Lect11.pdf



Refine GE Algorithm (3)
� Last version

� Store multipliers m below diagonal in zeroed 
entries for later use

for i = 1 to n-1
for j = i+1 to n

m = A(j,i)/A(i,i)
for k = i+1 to n

A(j,k) = A(j,k) - m * A(i,k)

for i = 1 to n-1
for j = i+1 to n

A(j,i) = A(j,i)/A(i,i)
for k = i+1 to n

A(j,k) = A(j,k) - A(j,i) * A(i,k)

Store m here

m

http://www.netlib.org/utk/people/JackDongarra/WEB-PAGES/SPRING-2007/Lect11.pdf



Refine GE Algorithm (4)
� Last version

for i = 1 to n-1
for j = i+1 to n

A(j,i) = A(j,i)/A(i,i)
for k = i+1 to n

A(j,k) = A(j,k) - A(j,i) * A(i,k)

• Split Loop

for i = 1 to n-1
for j = i+1 to n

A(j,i) = A(j,i)/A(i,i)
for j = i+1 to n

for k = i+1 to n
A(j,k) = A(j,k) - A(j,i) * A(i,k)

Store all m’s here before updating 
rest of matrix

http://www.netlib.org/utk/people/JackDongarra/WEB-PAGES/SPRING-2007/Lect11.pdf



Refine GE Algorithm (5)

� Last version

� Express using matrix operations (BLAS)

for i = 1 to n-1
A(i+1:n,i) = A(i+1:n,i) * ( 1 / A(i,i) )
A(i+1:n,i+1:n) = A(i+1:n , i+1:n ) 

- A(i+1:n , i) * A(i , i+1:n)

for i = 1 to n-1
for j = i+1 to n

A(j,i) = A(j,i)/A(i,i)
for j = i+1 to n

for k = i+1 to n
A(j,k) = A(j,k) - A(j,i) * A(i,k)

http://www.netlib.org/utk/people/JackDongarra/WEB-PAGES/SPRING-2007/Lect11.pdf



What GE really computes

� Call the strictly lower triangular matrix of multipliers 
M, and let L = I+M

� Call the upper triangle of the final matrix U
� Lemma (LU Factorization): If the above algorithm 

terminates (does not divide by zero) then A = L*U
� Solving A*x=b using GE

� Factorize A = L*U using GE                   (cost = 2/3 n3

flops)
� Solve L*y = b for y, using substitution (cost = n2 flops)
� Solve U*x = y for x, using substitution (cost = n2 flops)

� Thus A*x = (L*U)*x = L*(U*x) = L*y = b as desired

for i = 1 to n-1
A(i+1:n,i) = A(i+1:n,i) / A(i,i)
A(i+1:n,i+1:n) = A(i+1:n , i+1:n ) - A(i+1:n , i) * A(i , i+1:n)

http://www.netlib.org/utk/people/JackDongarra/WEB-PAGES/SPRING-2007/Lect11.pdf



Gaussian Elimination
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LINPACK
apply sequence to a column

x

nb

then apply nb to rest of matrix

a3=a3-a1*a2
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nb LAPACK
apply sequence to nb

http://www.netlib.org/utk/people/JackDongarra/WEB-PAGES/SPRING-2007/Lect11.pdf



40 Years Evolving SW and Alg  
Tracking Hardware Developments 

Software/Algorithms follow hardware evolution in time 

EISPACK (70’s)  
(Translation of Algol) 
 

Rely on 
   - Fortran, but row oriented 

LINPACK (80’s) 
(Vector operations) 

 
 
 
 

Rely on  
   - Level-1 BLAS operations 
   - Column oriented 

LAPACK (90’s) 
(Blocking, cache friendly) 

 
 

Rely on  
   - Level-3 BLAS operations 

ScaLAPACK (00’s) 
(Distributed Memory) 

Rely on  
   - PBLAS Mess Passing 

PLASMA (10’s) 
New Algorithms  
(many-core friendly) 

 
 
 
 

Rely on  
   - DAG/scheduler 
   - block data layout 
   - some extra kernels 

http://extremecomputingtraining.anl.gov/files/2015/08/dongarra-anl-0815.pdf



Level'1,'2'and'3'BLAS'

Level'2'BLAS''Matrix_Vector'operaXons'

Level'1'BLAS''Matrix_Vector'operaXons'

Level'3'BLAS''Matrix_Matrix'operaXons'

C' A' C'
B'

α' +'β'

α' +''AXPY:'
y' x' y'

DOT:'
y' xT' y'α'

α' +''GEMV:'
y' x' y'

A'

GEMM:'

2n%FLOP%
2n%memory%reference%
AXPY:%2n%READ,%n%WRITE%
DOT:%%%2n%READ%
%
RATIO:%1%

2n2%FLOP%
n2%memory%references%
%
RATIO:%2%

2n3%FLOP%
3n2%memory%references%
3n2%READ,%n2%WRITE%
%

RATIO:%2/3%n%

http://extremecomputingtraining.anl.gov/files/2015/08/dongarra-anl-0815.pdf



Memory'transfer'
•  One'level'of'memory'model'on'my'laptop:'
'

25.6'GB/sec ''

Cache'
(6'MB)'

CPU'

Main'memory'
(16'GB)'

The'model'IS'simplified'(see'next'slide)'but'it'provides'an'upper'bound'on'
performance'as'well.'I.e.,'we'will'never'go'faster'than'what'the'model'predicts.'
('And,'of'course,'we'can'go'slower'…')'
'
'

('OmiOng'latency'here.')'

56'GFLOP/sec/core'x'2'cores ''
Intel'iCore7'4850HQ'

Haswell'
Cycle'Xme'='2.3'GHz'
Turbo'Boost'='3.5'GHz'
3.5'GHz*16'flops/cycle'='

56'Gflop/s'per'core''

8/10/15' 9'

http://extremecomputingtraining.anl.gov/files/2015/08/dongarra-anl-0815.pdf



Memory

L2‐Cache

L1‐Cache

Registers

AT
Pack A

Goto BLAS

http://www.sc.informatik.tu-darmstadt.de/media/fg_bischof/material_2/02_van_de_Geijn.pdf
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Level 1, 2 and 3 BLAS 
1 core Intel Haswell  i7-4850HQ, 2.3 GHz (Turbo Boost at 3.5 GHz); 

Peak = 56 Gflop/s 

1 core Intel Haswell  i7-4850HQ, 2.3 GHz, Memory: DDR3L-1600MHz
6 MB shared L3 cache, and each core has a private 256 KB L2 and 64 KB L1. 
The theoretical peak per core double precision is 56  Gflop/s per core.
Compiled with gcc and using Veclib

1.6 Gflop/s
3.4 Gflop/s

54 Gflop/s

http://extremecomputingtraining.anl.gov/files/2015/08/dongarra-anl-0815.pdf



The Standard LU Factorization LINPACK 
1970’s HPC of the Day: Vector Architecture 

6FH T HTQ RSb
N M J JQ b

2 1B

4N NIJ G
N T

T

BHM b
HTRUQJRJS b
UIF J
AFSP UIF J 

FNS UTNS X
•  6FH T N F NTS HTQ RS J T RTX Q XJ JS NFQ I J T RJRT GT QJSJHP
•  J JQ 2 1B
•  4N NIJ UN T T MFX QN QJ UF FQQJQNXR
•  AFSP BHM HTRUQJRJS UIF J NX MJ TSQ JFX UF FQQJQN J FXP
•  F NFQ UN T NSL HTRUQNHF JX MNSLX J JS MJ
•  2 QP X SHM TST X UF FQQJQNXR T P OTNS 

•  TFI NRGFQFSHJ
•  TS N NFQ 1RIFMQ FH NTS NS MJ UFSJQ
•  T JS NFQ T PF T SI QTTP FMJFI MFX HTRUQNHF JI NRUQJRJS F NTS

J B JU

. + ((

http://extremecomputingtraining.anl.gov/files/2015/08/dongarra-anl-0815.pdf



The Standard LU Factorization LAPACK 
1980’s HPC of the Day: Cache Based SMP 

6FH T UFSJQb
N M J JQ (b

2 1B

C NFSL QF
UIF J

BHM b
HTRUQJRJS b
UIF J

FNS UTNS X
•  FSJQ FH T N F NTS RTX Q XJ JS NFQ I J T RJRT GT QJSJHP
•  C NFSL QF XTQ J MFX QN QJ UF FQQJQNXR
•  BHM HTRUQJRJS UIF J NX MJ TSQ JFX UF FQQJQN J FXP
•  F NFQ UN T NSL HTRUQNHF JX MNSLX J JS MJ
•  2 QP X SHM TST X UF FQQJQNXR T P OTNS 

•  TFI NRGFQFSHJ
•  TS N NFQ 1RIFMQ FH NTS NS MJ UFSJQ
•  T JS NFQ T PF T SI QTTP FMJFI MFX HTRUQNHF JI NRUQJRJS F NTS

J B JU

. + ()

http://extremecomputingtraining.anl.gov/files/2015/08/dongarra-anl-0815.pdf
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Synchronization (in LAPACK LU) 

•  Fork-join, bulk synchronous processing 27 
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!  fork join 
!  bulk synchronous processing 

26 8/10/15 

http://extremecomputingtraining.anl.gov/files/2015/08/dongarra-anl-0815.pdf



� Objectives 
!  High utilization of each core 
!  Scaling to large number of cores 
!  Synchronization reducing algorithms 

� Methodology 
!  Dynamic DAG scheduling (QUARK) 
!  Explicit parallelism 
!  Implicit communication 
!  Fine granularity / block data layout 

� Arbitrary DAG with dynamic scheduling 

)

6T P OTNS UF FQQJQNXR
T NHJ MJ X SHM TSN F NTS

UJSFQ NS MJ U JXJSHJ T
MJ J TLJSJN

The Purpose of a QUARK Runtime 

417 XHMJI QJI
UF FQQJQNXR

8/10/15 
31 

http://extremecomputingtraining.anl.gov/files/2015/08/dongarra-anl-0815.pdf
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