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𝛾-𝛿 transformation
Rotating transformation:

𝑥𝛼
𝑥𝛽

=
cos𝜔𝑡 −sin𝜔𝑡
sin𝜔𝑡 cos𝜔𝑡

𝑥𝑑
𝑥𝑞

= 𝐶 𝜃
𝑥𝑑
𝑥𝑞

Stator rotating angle: 𝜃 = 𝜔𝑡
𝑖1𝛼
𝑖1𝛽

=
cos𝜔𝑡 −sin𝜔𝑡
sin𝜔𝑡 cos𝜔𝑡

𝑖1𝛾
𝑖1𝛿

= 𝐶 𝜔𝑡
𝑖1𝛾
𝑖1𝛿

Rotor rotating angle: 𝜃 = 𝜔𝑡 − 𝜃𝑚
𝑖2𝛼
𝑖2𝛽

=
cos 𝜔𝑡 − 𝜃𝑚 −sin 𝜔𝑡 − 𝜃𝑚
sin 𝜔𝑡 − 𝜃𝑚 cos 𝜔𝑡 − 𝜃𝑚

𝑖2𝛾
𝑖2𝛿

= 𝐶 𝜔𝑡 − 𝜃𝑚
𝑖2𝛾
𝑖2𝛿

2

𝜃𝑚

𝑖1𝛼

𝑖1𝛽

𝑖2𝑑
𝑖2𝑞

𝑒1𝛼

𝑒1𝛽

𝑑

𝑞



𝑒1𝛼
𝑒1𝛽
𝑒2𝛼
𝑒2𝛽

=
𝑑

𝑑𝑡

𝜓1𝛼
𝜓1𝛽
𝜓2𝛼
𝜓2𝛽

=
𝑑

𝑑𝑡

𝐿1𝛼 𝐼2 𝑀 𝐶 𝜃𝑚
𝑀 𝐶 −𝜃𝑚 𝐿2𝛼 𝐼2

𝑖1𝛼
𝑖1𝛽
𝑖2𝛼
𝑖2𝛽

𝑒1𝛼
𝑒1𝛽

=
𝑑

𝑑𝑡
𝐿1𝛼

𝑖1𝛼
𝑖1𝛽

+
𝑑

𝑑𝑡
𝑀 𝐶 𝜃𝑚

𝑖2𝛼
𝑖2𝛽

𝑒2𝛼
𝑒2𝛽

=
𝑑

𝑑𝑡
𝑀 𝐶 −𝜃𝑚

𝑖1𝛼
𝑖1𝛽

+
𝑑

𝑑𝑡
𝐿2𝛼

𝑖2𝛼
𝑖2𝛽
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Upper matrix
𝑒1𝛼
𝑒1𝛽

=
𝑑

𝑑𝑡
𝐿1𝛼

𝑖1𝛼
𝑖1𝛽

+
𝑑

𝑑𝑡
𝑀 𝐶 𝜃𝑚

𝑖2𝛼
𝑖2𝛽

𝑒1𝛾
𝑒1𝛿

= 𝐶 −𝜔𝑡
𝑒1𝛼
𝑒1𝛽

= 𝐶 −𝜔𝑡
𝑑

𝑑𝑡
𝐿1𝛼 𝐶 𝜔𝑡

𝑖1𝛾
𝑖1𝛿

+ 𝐶 −𝜔𝑡
𝑑

𝑑𝑡
𝑀 𝐶 𝜃𝑚 𝐶 𝜔𝑡 − 𝜃𝑚

𝑖2𝛾
𝑖2𝛿

𝑑

𝑑𝑡
𝐶 𝜔𝑡 =

𝑑

𝑑𝑡
cos𝜔𝑡 −sin𝜔𝑡
sin𝜔𝑡 cos𝜔𝑡

= 𝜔
−sin𝜔𝑡 −cos𝜔𝑡
cos𝜔𝑡 −sin𝜔𝑡

= 𝜔 𝐶 𝜔𝑡 +
𝜋

2

𝑒1𝛾
𝑒1𝛿

=
𝑑

𝑑𝑡
𝐿1𝛼

𝑖1𝛾
𝑖1𝛿

+ 𝜔𝐿1𝛼 𝐶
𝜋

2

𝑖1𝛾
𝑖1𝛿

+
𝑑

𝑑𝑡
𝑀
𝑖2𝛾
𝑖2𝛿

+ 𝜔𝑀 𝐶
𝜋

2

𝑖2𝛾
𝑖2𝛿

𝑒1𝛾
𝑒1𝛿

=
𝐿1𝛼

𝑑

𝑑𝑡
−𝜔𝐿1𝛼 𝑀

𝑑

𝑑𝑡
−𝜔𝑀

𝜔𝐿1𝛼 𝐿1𝛼
𝑑

𝑑𝑡
𝜔𝑀 𝑀

𝑑

𝑑𝑡

𝑖1𝛾
𝑖1𝛿
𝑖2𝛾
𝑖2𝛿
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Lower matrix

𝑒2𝛼
𝑒2𝛽

=
𝑑

𝑑𝑡
𝑀 𝐶 −𝜃𝑚

𝑖1𝛼
𝑖1𝛽

+
𝑑

𝑑𝑡
𝐿2𝛼

𝑖2𝛼
𝑖2𝛽

𝑒2𝛾
𝑒2𝛿

= 𝐶 𝜃𝑚 − 𝜔𝑡
𝑒2𝛼
𝑒2𝛽

= 𝐶 𝜃𝑚 − 𝜔𝑡
𝑑

𝑑𝑡
𝑀 𝐶 −𝜃𝑚 𝐶 𝜔𝑡

𝑖1𝛾
𝑖1𝛿

+ 𝐶 𝜃𝑚 − 𝜔𝑡
𝑑

𝑑𝑡
𝐿2𝛼 𝐶 𝜔𝑡 − 𝜃𝑚

𝑖2𝛾
𝑖2𝛿

= 𝑀
𝑑

𝑑𝑡

𝑖1𝛾
𝑖1𝛿

+ 𝜔 − 𝜔𝑚 𝑀 𝐶
𝜋

2

𝑖1𝛾
𝑖1𝛿

+ 𝐿2𝛼
𝑑

𝑑𝑡

𝑖2𝛾
𝑖2𝛿

+ 𝜔 − 𝜔𝑚 𝐿2𝛼 𝐶
𝜋

2

𝑖2𝛾
𝑖2𝛿

𝑒2𝛾
𝑒2𝛿

=
𝑀
𝑑

𝑑𝑡
− 𝜔 − 𝜔𝑚 𝑀 𝐿2𝛼

𝑑

𝑑𝑡
− 𝜔 − 𝜔𝑚 𝐿2𝛼

𝜔 − 𝜔𝑚 𝑀 𝑀
𝑑

𝑑𝑡
𝜔 − 𝜔𝑚 𝐿2𝛼 𝐿2𝛼

𝑑

𝑑𝑡

𝑖2𝛾
𝑖2𝛿
𝑖2𝛾
𝑖2𝛿
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EMF and torque in 𝛾-𝛿 coordinate 

𝑒1𝛾
𝑒1𝛿
𝑒2𝛾
𝑒2𝛿

=

𝐿1𝛼
𝑑

𝑑𝑡
−𝜔𝐿1𝛼 𝑀

𝑑

𝑑𝑡
−𝜔𝑀

𝜔𝐿1𝛼 𝐿1𝛼
𝑑

𝑑𝑡
𝜔𝑀 𝑀

𝑑

𝑑𝑡

𝑀
𝑑

𝑑𝑡
− 𝜔 − 𝜔𝑚 𝑀 𝐿2𝛼

𝑑

𝑑𝑡
− 𝜔 − 𝜔𝑚 𝐿2𝛼

𝜔 − 𝜔𝑚 𝑀 𝑀
𝑑

𝑑𝑡
𝜔 − 𝜔𝑚 𝐿2𝛼 𝐿2𝛼

𝑑

𝑑𝑡

𝑖2𝛾
𝑖2𝛿
𝑖2𝛾
𝑖2𝛿

𝑇 = 𝑀 𝑖1𝑞𝑖2𝑑 − 𝑖1𝑑𝑖2𝑞

𝑖1𝑑
𝑖1𝑞

= 𝐶 𝜔𝑡
𝑖1𝛾
𝑖1𝛿

, 
𝑖2𝑑
𝑖2𝑞

= 𝐶 𝜔𝑡
𝑖2𝛾
𝑖2𝛿

𝑇 = 𝑀 𝑖1𝛿𝑖2𝛾 − 𝑖1𝛾𝑖2𝛿
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Voltage and current equation

𝑣1𝛾
𝑣1𝛿
0
0

=

𝑅1 + 𝐿1𝛼
𝑑

𝑑𝑡
−𝜔𝐿1𝛼 𝑀

𝑑

𝑑𝑡
−𝜔𝑀

𝜔𝐿1𝛼 𝑅1 + 𝐿1𝛼
𝑑

𝑑𝑡
𝜔𝑀 𝑀

𝑑

𝑑𝑡

𝑀
𝑑

𝑑𝑡
− 𝜔 − 𝜔𝑚 𝑀 𝑅2 + 𝐿2𝛼

𝑑

𝑑𝑡
− 𝜔 − 𝜔𝑚 𝐿2𝛼

𝜔 − 𝜔𝑚 𝑀 𝑀
𝑑

𝑑𝑡
𝜔 − 𝜔𝑚 𝐿2𝛼 𝑅2 + 𝐿2𝛼

𝑑

𝑑𝑡

𝑖1𝛾
𝑖1𝛿
𝑖2𝛾
𝑖2𝛿

𝑇 = 𝑀 𝑖1𝛿𝑖2𝛾 − 𝑖1𝛾𝑖2𝛿
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Magnetization current

0
0
=

𝑀
𝑑

𝑑𝑡
− 𝜔 − 𝜔𝑚 𝑀 𝑅2 + 𝐿2𝛼

𝑑

𝑑𝑡
− 𝜔 − 𝜔𝑚 𝐿2𝛼

𝜔 − 𝜔𝑚 𝑀 𝑀
𝑑

𝑑𝑡
𝜔 − 𝜔𝑚 𝐿2𝛼 𝑅2 + 𝐿2𝛼

𝑑

𝑑𝑡

𝑖1𝛾
𝑖1𝛿
𝑖2𝛾
𝑖2𝛿

𝜓2𝛾
𝜓2𝛿

=
𝑀 0 𝐿2𝛼 0
0 𝑀 0 𝐿2𝛼

𝑖1𝛾
𝑖1𝛿
𝑖2𝛾
𝑖2𝛿

= 𝑀
𝑖1𝛾
𝑖1𝛿

+ 𝐿2𝛼
𝑖2𝛾
𝑖2𝛿

define 
𝜓2𝛾
𝜓2𝛿

= 𝑀
𝑖0𝛾
𝑖0𝛿

𝜓2𝛿 = 0 ⇒ 𝑖0𝛿 = 0
𝜔𝑠 = 𝜔 − 𝜔𝑚

𝑖0𝛾
𝑖0𝛿

=
𝑖1𝛾
𝑖1𝛿

+
𝐿2𝛼
𝑀

𝑖2𝛾
𝑖2𝛿

0
0
= 𝑀

𝑑

𝑑𝑡

𝑖0𝛾
𝑖0𝛿

+ 𝜔𝑠𝑀
0 −1
1 0

𝑖0𝛾
𝑖0𝛿

+ 𝑅2
𝑖2𝛾
𝑖2𝛿
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Secondary current relationship
0
0
= 𝑀

𝑑

𝑑𝑡

𝑖0𝛾
𝑖0𝛿

+ 𝜔𝑠𝑀
0 −1
1 0

𝑖0𝛾
𝑖0𝛿

+ 𝑅2
𝑖2𝛾
𝑖2𝛿

0
0
=
𝐿2𝛼
𝑅2

𝑑

𝑑𝑡

𝑖0𝛾
𝑖0𝛿

+ 𝜔𝑠
𝐿2𝛼
𝑅2

0 −1
1 0

𝑖0𝛾
𝑖0𝛿

+
𝐿2𝛼
𝑀

𝑖2𝛾
𝑖2𝛿
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 𝒊𝟎

𝐿2𝛼
𝑀
 𝒊𝟐

𝐿2𝛼
𝑅2

𝑑

𝑑𝑡
 𝒊𝟎

 𝒊𝟏

 𝒊𝟏𝜹 = 𝜔𝑠
𝐿2𝛼
𝑅2
 𝒊𝟎

 𝒊𝟏𝜸 = 1 +
𝐿2𝛼
𝑅2

𝑑

𝑑𝑡
 𝒊𝟎

𝑖0𝛿 = 0
𝑖0𝛾 = 𝑖0

𝐿2𝛼
𝑀

𝑖2𝛾
𝑖2𝛿

+
𝐿2𝛼
𝑅2

𝑑

𝑑𝑡
𝜔𝑠

𝑖0 =
0
0

𝑖0𝛾
𝑖0𝛿

=
𝑖1𝛾
𝑖1𝛿

+
𝐿2𝛼
𝑀

𝑖2𝛾
𝑖2𝛿

𝑖1𝛾 = 1 +
𝐿2𝛼
𝑅2

𝑑

𝑑𝑡
𝑖0

𝑖1𝛿 = 𝜔𝑠
𝐿2𝛼
𝑅2
𝑖0

𝛾

𝛿



Torque representation
𝑇 = 𝑀 𝑖1𝛿𝑖2𝛾 − 𝑖1𝛾𝑖2𝛿

𝑖1𝛾 = 1 +
𝐿2𝛼
𝑅2

𝑑

𝑑𝑡
𝑖0

𝑖1𝛿 = 𝜔𝑠
𝐿2𝛼
𝑅2
𝑖0

𝑖0
0
=
𝑖1𝛾
𝑖1𝛿

+
𝐿2𝛼
𝑀

𝑖2𝛾
𝑖2𝛿

𝑖2𝛾 = −
𝑀

𝑅2

𝑑

𝑑𝑡
𝑖0

𝑖2𝛿 = −𝜔𝑠
𝐿2𝛼
𝑅2
𝑖0 = −𝑖1𝛿

𝑇 = 𝑀 𝑖1𝛿𝑖2𝛾 − 𝑖1𝛾𝑖2𝛿
= 𝑀 𝑖1𝛿𝑖2𝛾 + 𝑖1𝛾𝑖1𝛿
= 𝑀𝑖1𝛿 𝑖2𝛾 + 𝑖1𝛾

= 𝑀𝑖1𝛿 1 +
𝐿2𝛼 −𝑀

𝑅2

𝑑

𝑑𝑡
𝑖0
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 𝒊𝟎

𝐿2𝛼
𝑀
 𝒊𝟐

𝐿2𝛼
𝑅2

𝑑

𝑑𝑡
 𝒊𝟎

 𝒊𝟏

 𝒊𝟏𝜹 = 𝜔𝑠
𝐿2𝛼
𝑅2
 𝒊𝟎

 𝒊𝟏𝜸 = 1 +
𝐿2𝛼
𝑅2

𝑑

𝑑𝑡
 𝒊𝟎

𝛾

𝛿



Torque equation at a constant 𝑖0

11

constant  𝒊𝟎 ⇒
𝑑

𝑑𝑡
 𝒊𝟎

 𝒊𝟏  𝒊𝟏𝜹 = −
𝐿2𝛼
𝑀
 𝒊𝟐

= 𝜔𝑠
𝐿2𝛼
𝑅2
 𝒊𝟎

 𝒊𝟏𝜸 =  𝒊𝟎

𝛾

𝛿

𝑇 = 𝑀 𝑖1𝛿𝑖2𝛾 − 𝑖1𝛾𝑖2𝛿

= 𝑀𝑖1𝛿 1 +
𝐿2𝛼 −𝑀

𝑅2

𝑑

𝑑𝑡
𝑖0

= 𝑀𝑖0𝑖1𝛿

= 𝜔𝑠𝑀
𝐿2𝛼
𝑅2
𝑖0
2



Control

Torque reference: 𝑇∗

Magnetization current reference: 𝑖0
∗
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 𝒊𝟏  𝒊𝟏𝜹 = −
𝐿2𝛼
𝑀
 𝒊𝟐

= 𝜔𝑠
𝐿2𝛼
𝑅2
 𝒊𝟎

 𝒊𝟏𝜸 =  𝒊𝟎

𝛾

𝛿

tan
𝑖1𝛿
𝑖1𝛾

𝑇 = 𝑀𝑖0𝑖1𝛿

𝑖1𝛿
∗ =

𝑇∗

𝑀𝑖0
∗

𝑖1𝛾
∗ = 𝑖0

∗

𝐼1
∗ = 𝑖1𝛾

∗2 + 𝑖1𝛿
∗2



Control

Torque reference: 𝑇∗

Magnetization current reference: 𝑖0
∗
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 𝒊𝟏  𝒊𝟏𝜹 = −
𝐿2𝛼
𝑀
 𝒊𝟐

= 𝜔𝑠
𝐿2𝛼
𝑅2
 𝒊𝟎

 𝒊𝟏𝜸 =  𝒊𝟎

𝛾

𝛿

tan
𝑖1𝛿
𝑖1𝛾

𝑖1𝛿 = 𝜔𝑠
𝐿2𝛼
𝑅2
𝑖0

𝜔𝑠
∗ =

𝑅2
𝐿2𝛼𝑖0

∗ 𝑖1𝛿
∗

𝜔𝑠 = 𝜔 − 𝜔𝑚

𝜃∗ =  𝜔𝑠
∗ +𝜔𝑚 𝑑𝑡

𝜃1
∗ = 𝜃∗ + tan

𝑖1𝛿
∗

𝑖1𝛾
∗



Control block
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𝑥

𝑖1𝛾
∗

𝑖1𝛿
∗

𝑥2

𝑥2

tan
𝑖1𝛿

∗

𝑖1𝛾
∗

 𝑑𝑡

𝑅2𝑖1𝛿
∗

𝐿2𝛼𝑖1𝛾
∗

𝑇∗

𝑀𝑖1𝛾
∗𝑇∗

𝑖0
∗

𝜔𝑚
𝜔𝑠
∗

𝜃1
∗

2
3
sin 𝑥

2
3sin 𝑥 −

2𝜋
3

2
3 sin 𝑥 +

2𝜋
3

𝐼1
∗

𝑖𝑎
∗

𝑖𝑏
∗

𝑖𝑐
∗
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Slip frequency control

Slip angular frequency 𝜔𝑠 vs Torque

15

To
rq

u
e 
𝑇

Slip frequency 𝜔𝑠

• Torque proportional to the slip frequency

• Manipulate the slip frequency to control torque



Approximation
• Torque equation：

𝑇 =
𝑃𝑂
𝜔𝑚

=
𝑃𝑂

𝜔 − 𝜔𝑠
= 3

𝑟2′

𝜔𝑠

 𝐸1 𝜔
2

𝑟2′
𝜔𝑠

2

+ ℓ2′
2

• Linearization of torque：

𝜔𝑠 ≪ 𝜔𝑠max =
𝑟2′

ℓ2′

𝑇 ≈ 3
 𝐸1 𝜔

2

𝑟2′
𝜔𝑠

• Secondary current linearlization：

𝐼2
′ =

 𝐸1 𝜔

𝑟2′
𝜔𝑠

2

+ ℓ2′
2

≈
 𝐸1 𝜔

𝑟2′
𝜔𝑠



Slip frequency control
• Slip frequency reference:

𝜔𝑠
∗ =

𝑟2′

3  𝐸1 𝜔
2
𝑇∗

• Secondary current reference:

𝐼2
′ ∗ =

 𝐸1 𝜔

𝑟2′
𝜔𝑠

• Primary current reference：

𝐼1
∗ = 𝐼0

2 + 𝐼2
′ ∗2

𝑇∗
𝑟2′

3  𝐸1 𝜔
2

 𝐸1 𝜔

𝑟2′

𝐼0
2

𝜔𝑚

𝜔𝑠
∗

𝑥𝑥2 𝐼1
∗

𝜔∗

𝐼2
′ ∗



Today’s Topic for Discussion
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• What the difference between the traditional 

slip frequency control and field oriented torque 

control?


