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Synchronous machines

𝑣2𝛼 = 𝑣𝑓, 𝑖2𝛼 = 𝑖𝑓
𝑖2𝛽 = 0

𝜃𝑚 = 𝜔𝑚𝑡 −
𝜋

2
+ 𝛿

2

𝜃𝑚

𝑖1𝛼

𝑖1𝛽

𝑖2𝛼

𝑒1𝛼

𝑒1𝛽𝑉𝑓

𝜃𝑚

𝑖1𝑑

𝑖1𝑞

𝑖2𝑑
𝑖2𝑞

𝑒1𝑑

𝑒1𝑞

𝑑

𝑞

𝑣𝑓

𝑣1𝑑 = 𝑣𝑓, 𝑖2𝑑 = 𝑖𝑓
𝑖1𝑞 = 0

𝜃𝑚 = − 𝜔𝑚𝑡 −
𝜋

2
+ 𝛿

𝛼-𝛽 model (rotating field winding) 𝑑-𝑞 model (rotating armature)



Voltage and current equation

𝛼-𝛽 model (rotating field winding)

𝑣1𝛼
𝑣1𝛽
𝑣𝑓

=

𝑅1 + 𝐿1𝛼
𝑑

𝑑𝑡
0

𝑀 cos 𝜃𝑚
𝑑

𝑑𝑡
−𝑀𝜔𝑚 sin 𝜃𝑚

0 𝑅1 + 𝐿1𝛼
𝑑

𝑑𝑡
𝑀 sin 𝜃𝑚

𝑑

𝑑𝑡
+𝑀𝜔𝑚 cos 𝜃𝑚

𝑀cos 𝜃𝑚
𝑑

𝑑𝑡
−𝑀𝜔𝑚 sin 𝜃𝑚

𝑀sin𝜃𝑚
𝑑

𝑑𝑡
+𝑀𝜔𝑚 cos 𝜃𝑚

𝑅2 + 𝐿2𝛼
𝑑

𝑑𝑡

𝑖1𝛼
𝑖1𝛽
𝑖𝑓

Assuming a cylindrical rotor without saliency
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Voltage and current equation

𝒗𝟏𝒅
𝑣1𝑞
𝒗𝟐𝒅
𝒗𝟐𝒒

=

𝑹𝟏 + 𝑳𝟏𝒅
𝒅

𝒅𝒕
0 𝑴𝒅

𝒅

𝒅𝒕
𝟎

0 𝑅1 + 𝐿1𝑞
𝑑

𝑑𝑡
0 𝑀𝑞

𝑑

𝑑𝑡

𝑴𝒅

𝒅

𝒅𝒕
𝑀𝑞

𝑑𝜃𝑚
𝑑𝑡

𝑹𝟐 + 𝑳𝟐𝒅
𝒅

𝒅𝒕
𝑳𝟐𝒒

𝒅𝜽𝒎
𝒅𝒕

−𝑴𝒅

𝒅𝜽𝒎
𝒅𝒕

𝑀𝑞

𝑑

𝑑𝑡
−𝑳𝟐𝒅

𝒅𝜽𝒎
𝒅𝒕

𝑹𝟐 + 𝑳𝟐𝒒
𝒅

𝒅𝒕

𝒊𝟏𝒅
𝑖1𝑞
𝒊𝟐𝒅
𝒊𝟐𝒒

𝑣𝑓
𝑣2𝑑
𝑣2𝑞

=

𝑅1 + 𝐿1𝑑
𝑑

𝑑𝑡
𝑀𝑑

𝑑

𝑑𝑡
0

𝑀𝑑

𝑑

𝑑𝑡
𝑅2 + 𝐿2𝑑

𝑑

𝑑𝑡
𝐿2𝑞

𝑑𝜃𝑚
𝑑𝑡

−𝑀𝑑

𝑑𝜃𝑚
𝑑𝑡

−𝐿2𝑞
𝑑𝜃𝑚
𝑑𝑡

𝑅2 + 𝐿2𝑞
𝑑

𝑑𝑡

𝑖𝑓
𝑖2𝑑
𝑖2𝑞
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Voltage and current equation

𝑣𝑓
𝑣2𝑑
𝑣2𝑞

=

𝑅1 + 𝐿1𝑑
𝑑

𝑑𝑡
𝑀𝑑

𝑑

𝑑𝑡
0

𝑀𝑑

𝑑

𝑑𝑡
𝑅2 + 𝐿2𝑑

𝑑

𝑑𝑡
𝐿2𝑞

𝑑𝜃𝑚
𝑑𝑡

−𝑀𝑑

𝑑𝜃𝑚
𝑑𝑡

−𝐿2𝑞
𝑑𝜃𝑚
𝑑𝑡

𝑅2 + 𝐿2𝑞
𝑑

𝑑𝑡

𝑖𝑓
𝑖2𝑑
𝑖2𝑞

𝑑𝜃𝑚
𝑑𝑡

= −𝜔𝑚

𝑣𝑓
𝑣2𝑑
𝑣2𝑞

=

𝑅1 + 𝐿1𝑑
𝑑

𝑑𝑡
𝑀𝑑

𝑑

𝑑𝑡
0

𝑀𝑑

𝑑

𝑑𝑡
𝑅2 + 𝐿2𝑑

𝑑

𝑑𝑡
−𝜔𝑚𝐿2𝑞

𝜔𝑚𝑀𝑑 𝜔𝑚𝐿2𝑑 𝑅2 + 𝐿2𝑞
𝑑

𝑑𝑡

𝑖𝑓
𝑖2𝑑
𝑖2𝑞

5



6

𝑣𝑓
𝑣2𝑑

𝑣2𝑞

𝑅2 𝐿2𝑑 −𝑀𝑑𝑖2𝑑

𝑖2𝑞 𝑅2 𝐿2𝑞

𝑀𝑑
𝐿1𝑑 −𝑀𝑑 𝑅1

−𝜔𝑚𝐿2𝑞

𝜔𝑚𝐿2𝑑

𝜔𝑚𝑀𝑑𝑖𝑓

𝑣𝑓
𝑣2𝑑
𝑣2𝑞

=

𝑅1 + 𝐿1𝑑
𝑑

𝑑𝑡
𝑀𝑑

𝑑

𝑑𝑡
0

𝑀𝑑

𝑑

𝑑𝑡
𝑅2 + 𝐿2𝑑

𝑑

𝑑𝑡
−𝜔𝑚𝐿2𝑞

𝜔𝑚𝑀𝑑 𝜔𝑚𝐿2𝑑 𝑅2 + 𝐿2𝑞
𝑑

𝑑𝑡

𝑖𝑓
𝑖2𝑑
𝑖2𝑞

𝑖𝑓



Vector diagram representation
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Ԧ𝑖2

𝜔𝑚𝑀𝑑𝑖𝑓

𝑋𝑑𝑖2𝑑

𝜃

𝛿 𝑖2𝑞

𝑖2𝑑

𝑋𝑞𝑖2𝑞

𝑑

𝑞

Ԧ𝑣2

𝑣𝑓
𝑣2𝑑
𝑣2𝑞

=

𝑅1 + 𝐿1𝑑
𝑑

𝑑𝑡
𝑀𝑑

𝑑

𝑑𝑡
0

𝑀𝑑

𝑑

𝑑𝑡
𝑅2 + 𝐿2𝑑

𝑑

𝑑𝑡
−𝜔𝑚𝐿2𝑞

𝜔𝑚𝑀𝑑 𝜔𝑚𝐿2𝑑 𝑅2 + 𝐿2𝑞
𝑑

𝑑𝑡

𝑖𝑓
𝑖2𝑑
𝑖2𝑞



Power and Torque

𝑝 =

𝑖𝑓
𝑖2𝑑
𝑖2𝑞

𝑇
𝑣𝑓
𝑣2𝑑
𝑣2𝑞

=

𝑖𝑓
𝑖2𝑑
𝑖2𝑞

𝑇
𝑅1 + 𝐿1𝑑

𝑑

𝑑𝑡
𝑀𝑑

𝑑

𝑑𝑡
0

𝑀𝑑

𝑑

𝑑𝑡
𝑅2 + 𝐿2𝑑

𝑑

𝑑𝑡
−𝜔𝑚𝐿2𝑞

𝜔𝑚𝑀𝑑 𝜔𝑚𝐿2𝑑 𝑅2 + 𝐿2𝑞
𝑑

𝑑𝑡

𝑖𝑓
𝑖2𝑑
𝑖2𝑞

= 𝑅1𝑖𝑓
2 + 𝑅2𝑖2𝑑

2 + 𝑅2𝑖2𝑞
2 resistance loss

+𝑖𝑓𝐿1𝑑
𝑑𝑖𝑓

𝑑𝑡
+ 𝑖2𝑑𝐿2𝑑

𝑑𝑖2𝑑

𝑑𝑡
+ 𝑖2𝑞𝐿2𝑞

𝑑𝑖2𝑞

𝑑𝑡
+ 𝑖𝑓𝑀𝑑

𝑑𝑖2𝑑

𝑑𝑡
+ 𝑖2𝑑𝑀𝑑

𝑑𝑖𝑓

𝑑𝑡
inductance

+𝑖2𝑞𝜔𝑚𝑀𝑑𝑖𝑓 + 𝑖2𝑞𝜔𝑚𝐿2𝑑𝑖2𝑑 − 𝑖2𝑑𝜔𝑚𝐿2𝑞𝑖2𝑞 mechanical output

Instantaneous Power:

𝑝𝑜 = 𝜔𝑚𝑀𝑑𝑖𝑓𝑖2𝑞 + 𝜔𝑚 𝐿2𝑑 − 𝐿2𝑞 𝑖2𝑑𝑖2𝑞

Instantaneous Torque:

𝑇 =
𝑝𝑜
𝜔𝑚

= 𝑀𝑑𝑖𝑓𝑖2𝑞 + 𝐿2𝑑 − 𝐿2𝑞 𝑖2𝑑𝑖2𝑞
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Steady State Analysis for a constant voltage constant frequency supply:

𝑣𝑓 = 𝑉𝑓, 𝑣2𝑑 = −𝑉2 sin 𝛿, 𝑣2𝑞 = 𝑉2 cos 𝛿, 𝜔𝑚 = 𝜔

𝑉𝑓 = 𝑅1𝑖𝑓
𝑣2𝑑 = 𝑅2𝑖2𝑑 − 𝜔𝐿2𝑞𝑖2𝑞 = 𝑅2𝑖2𝑑 − 𝑋𝑞𝑖2𝑞

𝑣2𝑞 = 𝜔𝑀𝑑𝑖𝑓 + 𝜔𝐿2𝑑𝑖2𝑑 + 𝑅2𝑖2𝑞 = 𝐸0 + 𝑋𝑑𝑖2𝑑 + 𝑅2𝑖2𝑞

𝑖2𝑑 =
𝑋𝑞 𝑣2𝑞 − 𝐸0 + 𝑅2𝑣2𝑑

𝑅2
2 + 𝑋𝑑𝑋𝑞

≈ −
𝐸0 − 𝑉2 cos 𝛿

𝑋𝑑

𝑖2𝑞 = −
𝑅2 𝐸0 − 𝑣2𝑞 + 𝑋𝑑𝑣2𝑑

𝑅2
2 + 𝑋𝑑𝑋𝑞

≈
𝑉2 sin 𝛿

𝑋𝑞

𝑝𝑜 = 𝐸0𝑖2𝑞 + 𝐿2𝑑 − 𝐿2𝑞 𝑖2𝑑𝑖2𝑞

=
𝐸0𝑉2 sin 𝛿

𝑋𝑞
+ 𝑋𝑑 − 𝑋𝑞

−𝐸0 + 𝑉2 cos 𝛿

𝑋𝑑

𝑉2 sin 𝛿

𝑋𝑞

=
𝐸0𝑉2 sin 𝛿

𝑋𝑑
+

1

𝑋𝑞
−

1

𝑋𝑑

𝑉2
2 sin 2𝛿

𝑋𝑞
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Torque in case of CVCF 

𝑝𝑜 =
𝐸0𝑉2 sin 𝛿

𝑋𝑑
+

1

𝑋𝑞
−

1

𝑋𝑑

𝑉2
2 sin 2𝛿

𝑋𝑞

𝑇 =
1

𝜔

𝐸0𝑉2 sin 𝛿

𝑋𝑑
+

1

𝑋𝑞
−

1

𝑋𝑑

𝑉2
2 sin 2𝛿

𝑋𝑞

-4 -2 0 2 4

𝛿

Magnet Torque
(First term)

Reluctance Torque
(Second term)

Total Torque



Torque by a current-control inverter
𝑖2𝑑 = 3𝐼2 cos 𝛽

𝑖2𝑞 = 3𝐼2 sin𝛽

𝑇 = 𝑀𝑑𝑖𝑓𝑖2𝑞 + 𝐿2𝑑 − 𝐿2𝑞 𝑖2𝑑𝑖2𝑞

𝑇 = 3𝑀𝑑𝑖𝑓𝐼2 sin𝛽 +
3

2
𝐿2𝑑 − 𝐿2𝑞 𝐼2

2 sin 2𝛽

-4 -2 0 2 4

𝛿

Magnet Torque
(First term)

Reluctance Torque
(Second term)

Total Torque



Unity power factor control

𝑋𝑑 = 𝑋𝑞

• Unity power factor： cos 𝜃 = 1

• Direction of voltage and current vector

• Torque： 𝑇 =
𝑉𝐸0 sin 𝛿

𝜔𝑋𝑑

ሶ𝐼

ሶ𝑉

ሶ𝐸0 𝑗𝑋𝑑 ሶ𝐼

𝜃

𝛿

ሶ𝐼

ሶ𝑉

ሶ𝐸0
𝑗𝑋𝑑 ሶ𝐼𝜃 = 0

𝛿

ሶ𝜙 ሶ𝜙



Maximum torque control

𝑋𝑑 = 𝑋𝑞

• Minimizing the current at a specific power 

• Make the current phase angle 𝛽 =
𝜋

2

• Power factor： cos 𝜃 ≠ 1

ሶ𝐼

ሶ𝑉

ሶ𝐸0 𝑗𝑋𝑠 ሶ𝐼

𝜃

𝛿

ሶ𝐼

ሶ𝑉

ሶ𝐸0
𝑗𝑋𝑠 ሶ𝐼𝜃 = 0

𝛿

ሶ𝜙 ሶ𝜙



Maximum torque control

𝑇 = 3𝑀𝑑𝑖𝑓𝐼2 sin 𝛽 +
3

2
𝐿2𝑑 − 𝐿2𝑞 𝐼2

2 sin 2𝛽

𝜕𝑇

𝜕𝛽
= 3𝑀𝑑𝑖𝑓𝐼2 cos 𝛽 + 3 𝐿2𝑑 − 𝐿2𝑞 𝐼2

2 cos 2𝛽

Requirement:

3𝑀𝑑𝑖𝑓𝐼2 cos 𝛽 + 3 𝐿2𝑑 − 𝐿2𝑞 𝐼2
2 cos 2𝛽 = 0

3𝑀𝑑𝑖𝑓 cos 𝛽 + 3 𝐿2𝑑 − 𝐿2𝑞 𝐼2 cos 2𝛽 = 0

𝐼2 = −
𝑀𝑑𝑖𝑓 cos 𝛽

3 𝐿2𝑑 − 𝐿2𝑞 cos 2𝛽



Example

• Maximum torque appears at a phase angle range β =
𝜋

2
～

3𝜋

4
• These characteristics are nonlinear and difficult to be solved.

Current amplitude and phase angle Current phase angle β and torque T

𝛪 = −
𝛹 cos𝛽

3 𝐿𝑑 − 𝐿𝑞 cos 2𝛽

𝛽

𝐼 2 𝑇

𝛽

𝑇 = 3𝑀𝑑𝑖𝑓𝐼2 sin 𝛽 +
3

2
𝐿2𝑑 − 𝐿2𝑞 𝐼2

2 sin 2𝛽

-0.5
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0.5
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3.5
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90 95 100 105 110 115 120 125 130
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4

6

8

10

12
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Maximum torque control

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

-2 0 2 4 6 8 10 12
90

95

100

105

110

115

120

125

130

135

-2 0 2 4 6 8 10 12

𝐼

𝑇∗ 𝑇∗

𝛽

Torque reference and required rms current Torque reference and phase angle β

Inverse function of 𝛪 = −
𝛹 cos 𝛽

3 𝐿𝑑−𝐿𝑞 cos 2𝛽

and 𝑇 = 3𝑀𝑑𝑖𝑓𝐼2 sin 𝛽 +
3

2
𝐿2𝑑 − 𝐿2𝑞 𝐼2

2 sin 2𝛽

Look-up table is applicable to obtain the above results.



Today’s Topic for Discussion
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• When should we use the unity-power factor 

and maximum torque control method?

• What is the difference between them?


