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5 The Asymptotic Chebyshev Nets

Asymptotic directions. Let f: R? > D — R? be an im-
mersion and fix P = (ug,v9) € D. Consider a curve y(t) =
f(u(t),v(t)) with v(0) = f(P). We define the normal curvature
of y(t) at P as

(5.1) (7, P) o= (|J((oo))|2) W(P),

where v is the unit normal vector field of f.
Under the situations above, we have

_ La?+2M a0+ N o2
- EW? 4 2F a0+ G2

(5.2) En(7,P):

where E, F', G, L, M, and N are the entry of the first and sec-
ond fundamental forms, which are evaluated at P, and (u,v) =

(1(0),%(0)).

In fact, by the chain rule, we have

50 = g F0.00) = fui+ fob

’Y(O) = fuu + fvv + fuuu2 + 2fuvuv + fvvi]2a

where w, i etc. are evaluated at ¢t = 0, and f,, fu, etc. are
evaluated at P. Since f, and f, are perpendicular to v and
L = fuu - v, etc, we have (5.2). By (5.2), the normal curvature
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at P depends only on the velocity vector v = 4(0) of y(¢) at P.
Moreover, it depends only on the direction of v. So we write

(5:3) fn(v) = kn(7,P), v =4(0).

Theorem 5.1 (Proposition 9.5 in [5-1]). The mazimum and
minimum of the normal curvature at P are the principal curva-
tures.

Proof. Since k,(v) depends only the direction of v, then it can
be considered as a function defined on S'. Then it has the
maximum and minimum. By (5.2), the maximum and minimum
of Kk, are the maximum and minimum of

h(e, B) := La? + 2Maf + N> under the condition
g(a, B) := Ba? + 2Faf + GB* = 1.

Let A be the Lagrange multiplier. Then if &, takes maximum
or minimum at (OZ,B) (7& (an))7 (h - )‘g)oz = (h - )\g)ﬁ =0:

(L—AE)a+(M—=XF)B=0, (M—XF)a+(N—AG)B=0.

This system admit a solution («, 8) # (0,0) if and only if

L—-)XE M—-M\F
(5.4) det (M—)\F N—AG) =0

and in this case, A = k,, is the maximum or minimum of x,,(v).
Since (5.4) holds if and only if

(&) (5 N)-( )]0

det
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that is, A is an eigenvalue of A as in (1.13). Hence the maximum
and minimum of k,, are the principal curvatures. O]

Corollary 5.2. If the Gaussian curvature K is negative at P,
there exists two linearly independent directions v1 and vo of the
tangent space at P such that k,(v;) = 0.

Proof. Since K(P) < 0, the principal curvatures A\; and A, the
maximum and the minimum of &, (v), have opposite signs. [

Definition 5.3. The directions v; and vy as in Corollary 5.2
is called the asymptotic directions.

Fact 5.4 (Theorem 9.9, Figure 8.1 in [5-1]). At a point P with
K(P) <0, the intersection of the surface and the tangent plane
of the surface at P consists of two curves intersecting at P, and
the tangent directions of these curves are the asymptotic direc-
tions.

Fact 5.5 (Theorem B-5.4 in [5-1]). Let P be a point on the
surface with K(P) < 0. Then there exists a local parameter
(u,v) on a neighborhood U of P such that the u-direction and
v-direction are the asymptotic directions on each point U.

Definition 5.6. The coordinate system as in Fact 5.5 is called
the asymptotic coordinate system.

Proposition 5.7. A parameter (u,v) of the surface is asymp-
totic coordinate system if and only if the second fundamental
form is in the form

II =2M du dv,

that is, L= N = 0.
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Proof. Let P = (ug,vg). Then the normal curvature of the u-
direction (resp. the v-direction) is (fuu/|ful?) - v = L/E (resp.
(fuu/|fo]?) - v = N/G). The coordinate system (u,v) is asymp-
totic if and only if these two normal curvatures vanish, that is,
L=N=0. O

Ezample 5.8. Consider a parabolic hyperboloid z = % 2 —y?).
Since this surface is parametrized as (z,y) — (ac7 v, %(mz — yz)),

the first and second fundamental forms are

ds® = (142?) do® —2zy dx dy+(1+y*) dy?, 1 =

Since dz? — dy? = (dz + dy)(dz — dy) = d(z + y)d(x — y), the
parameter change u = x + y, v = ¢ — y yields

7 — du dv

14 Ju? + o2

Hence (u,v) is the asymptotic coordinate system. The surface
is represented by

(u,v) —> (

u—i—vu—vﬂ
2 72 T2 )

Asymptotic Chebyshev net.

Theorem 5.9. Let f: ¥ — R3 be an immersion of 2-dimensional
manifold ¥ into the Euclidean 3-space, whose Gaussian curva-
ture is —1. Then for each point P, there exists a local coordinate
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system (u,v) on a neighborhood of P such that the first and sec-
ond fundamental forms are represented by

(5.5)  ds* = du® + 2 cos 0 du dv + dv?, II = 2sin 0 du dv.
Here, 0 is a smooth function in (u,v) satisfying
(5.6) Oy = sin b.

The coordinate system (u,v) in Theorem 5.9 is called the
asymptotic Chebyshev net and (5.6) is called the sine Gordon
equation. Here function @ in (5.5) is the angle between the two
asymptotic directions.

Proof. Let (u,v) be an asymptotic coordinate system around P
(cf. Fact 5.5). Then the first and second fundamental forms are
in the form

ds? = E du® 4+ 2F dudv + G dv?, II = 2M dudv.
Then by Problem 3-1, the Codazzi equations yield
E, =0, G, =0.
Hence E and G depends only on u and v, respectively:
E = E(u), G =G(v).

Since E and G are positive, there exists a function £ = &£(u),
7 = n(v) such that

&u = E(u)7 T = G(U)
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Then (£,7n) is the desired coordinate system. Then the funda-
mental forms are

ds® = d¢® + 2 Fdedn +dn?,  I1=2M dE dn.

Since the Gaussian curvature is —1, that is,

— M2
K = — =1,
1—F?
we have L
M? +F?=1.

So there exists a smooth function 6 such that 1/ = sin@ and F' =
cos . Thus we have the desired coordinate system. Moreover,
by Problem 2-1, 6 satisfies 8¢, = sinf (which is equivalent to
the Gauss equation). O

Remark 5.10. The asymptotic Chebyshev net is unique up to
the coordinate changes

(u,v) = (fu +a, v +b), (u,v) = (v,u).
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Ezxercises

5-1 Consider a smooth map f: D — R? as (cf. Problem 1-1 )

cosu sinu

o) = v~ tanlo),

coshv’ coshv’
where D = {(u,v)|v > 0}.
(1) Write down the first fundamental and second funda-

mental forms in terms of (u,v).

(2) Find parameter change (u,v) — (&,7n) to the asymp-
totic Chebyshev net (£, 7).

(3) Find the asymptotic angle 6(&, 7).



