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3 The Gauss and Codazzi equations

The compatibility conditions. As seen in Theorem 2.5 in
Section 2, the Gauss frame F = (f,, fy,v) for an immersion
f: D3 (u,v) = f(u,v) € R? satisfies the equation

OF OF

(3.1) au—]-'(L 90 =FA
Iy, I, -4 Iy Iy, —A
2:= F121 F122 _A% , A= F221 F222 —A% )
L M 0 M N 0

where ij (i,5,k = 1,2), Af and L, M, N are the Christoffel
symbols, the entries of the Weingarten matrix and the entries
of the second fundamental form, respectively.

Lemma 3.1. The coefficient matrices 2, A in (3.1) satisfy

002 oA
(3.2) He g, = A AL

Proof. Differentiating the first equation in (3.1) with respect to
v, we have

Fuv = (FQ)y = FuQ + FQ, = FAQ + FQ, = F(AQ + 2,).

Similarly, differentiating the first equation in (3.1) in w, it holds
that
Fou =F(2A+ Ay).
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Thus,
F(AQ + 02,) = F(RA+ A)

holds. Noticing that F is a regular matrix, we have the conclu-
sion. O

The equation (3.2) is called the compatibility condition, or
the integrability condition of the equation (3.1).

The Gauss and Codazzi equations. The compatibility con-
dition (3.2) consists of nine equations, because it is the equality
for 3 x 3 matrices. However, they can be reduced three equa-
tions:

Lemma 3.2. The compatibility condition (3.2) is equivalent to
the equation (Equation (2.8))

E(E,G, —2F,G, + G,?)

(33) K= 1(EC— P
F(E,G, — E,G, — 2E,F, — 2F,G, + 4F,F,)
+ 4(EG—F2)?
G(EuGy —2E,F, + E,?)  Eyy —2Fu + Guu
+ 4(EG — F2)? - 2(EG-F?)

and the following two equations:

L,—M,=THL+T3M—-TYM—T%N,

3.4 .
B4 M, — N, =Tp,L+T5,M —I'{yM — TEN.
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Proof. By a direct computations, we can conclude that the (1, 1),
(1,2), (2,1), (2,2)-components of (3.2) are equivalent to (2.8).
On the other hand, the first (resp. the second) equation in (3.4)
is equivalent to the (3, 1) (resp. (3,2)) component of (3.2). More-
over, the (1,3) and (2,3)-components are equivalent to (3.4)
because of the definition of the Weingarten matrix

CHE DY e

and Lemma 2.3. O

The equation (2.8) is called the Gauss equation. On the other
hand, the equations (3.4) are called the Codazzi equations, or the
Codazzi-Mainardi equations.

Corollary 3.3. Let f: R2 D D — R? be an immersion with
first and second fundamental forms as

ds? = E du®+2F dudv+G dv?, II = Ldu®+2M dudv+N dv?.

Then the entries E, F, G, L, M and N satisfy the Gauss equa-
tion (3.3) and the Codazzi equation (3.4), where I'j’s are the
Christoffel symbols (2.3), and K is the Gaussian curvature in
(1.15).
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Ezxercises

3-1" Agsume that the first and second fundamental forms of
the immersion f: R?2 D D — R3 are

ds®> = Edu® + 2F dudv + G dv?, II = 2M du dv.
(1) Show that the Codazzi equations are

Gu 9v
M+ (2F122 — 2g) M =0, Mv+(2F112 — Qg) M =0,
where g = EG — F2.

(2) Moreover, if the Gaussian curvature is negative con-
stant, show that £, =0 and G,, = 0 hold.
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3-2 Let f be an immersion of the uv-plane into R3. The pa-
rameter (u,v) is said to be isothermal or conformal if the
first fundamental form is written as

ds* = %7 (du? + dv?) (ie. E=G=¢e*,F =0),
where o = o(u,v) is a smooth function in (u,v). 2

Assume that f is parametrized by an isothermal parame-
ter (u,v).

(1) Show that the Gauss frame F satisfies the equation

OF OF

(3.5) ey = F12, 5 =FA
Oy 0y —e 2L
R:=|-0, 0o —e M|,
L M 0
oy, —0, —e 2°M
AN=|oy, o0, —e?N|J|,
M N 0

where L, M and N are the entries of the second fun-
damental form.

2Let (%,ds?) be an arbitrary 2-dimensional Riemannian manifold.
Then, it is known that, for any point P € S, there exists an isothermal
coordinate chart (u,v) containing P, that is, the Riemannian metric ds? is
written as ds? = €29 (du? + dv?) (cf. Section 15 of [3-1]).
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(2) Verify that the Gauss and Codazzi equations are writ-
ten as

Ouu + Opp + €27 (LN — M?) =0

L, — M, = ou(L+ N)
N, — M, = o,(L + N).

3-3 Let f: ¥ — R? be an immersion of an oriented 2-manifold
Y, and (u,v) be an isothermal coordinate system around
P € ¥ compatible to the orientation of ¥, and (£,7) be
another coordinate system around P compatible to the
orientation of X.

(1) Show that (&,7) is isothermal if and only if
Ug = Uy, Uy = —Vg.

(2) Verify that the above conditions are equivalent to
that
(:=¢(+in— z:=u+w

is holomoprhic. 3

3Hence, the existence of isothermal coordinates implies the existence of
the structure of a Riemann surface (a 1-dimensional complex manifold) on
an oriented Riemannian manofold.
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3-4 Let f: D — R3 be an immersion with an isothremal pa-
rameter (u,v), with fundamental forms

ds?

(1)

=2 (du® + dv?), II = Ldu® +2M dudv + N dv?.

Show that the Gauss and Codazzi equations are equiv-

alent to
10H dq
—20 —20
- un vv) = Kv a a. )
¢ (oun+ ow) 2 0z € 0z

where z = u + v be an complex coordinate,

1

1 (L — N)—2iM),

q

K is the Gaussian curvature, H is the mean curva-
ture, and

9 _1fo 0N 9 _1(9 .90
9z 2\ou '‘ov) 9z 2\ou 'ou)-

When H is constant, verify that the Codazzi equation
is equivalent to the holomorphicity of q.



