§4 MHE R H T2 D BE fE
Theoretical Solution of Hyperbolic PDE

Partial Differential Equations
for Science and Engineering



§4.1 SEIDFEEDEHH

> BHERERMS AEXDBITHERROROHFIZONTES

§42 R AR (MERFAER) DFIoN—)LEEE
of . 9f

_+ _—
ot 0x

§4.3 KRN AREXADFTSR—)LEEDEA
f Lof 0

_—C —_—

ot’ ox’

§4.4 KN TIEX DFourierfi Mz ALV=fEiE (REIDES)

ot ol
praaliw 0 fx)= ao+za cos( )+E sin

Partial Differential Equations
for Science an d Engineering



§42 BRAEKXDT T R—)LERE
D’ Alembert’s Solution of the Advection Equation

Partial Differential Equations
for Science and Engineering



§42 BRARBRDIA T R—)LEL
> —EDFOE (1= const) =k BMBERZ : BHAREL (MR AR

1 RTFHRAIER: —f + u—f = (4.2-1)
ot 0x

FRIT R, ZRIERDRER: f=/(5,x)

> BRARACNERGTIE) OBFRIFEL:

1 )73 [Z&Y, " ZB#HDWP DAZELHIZTES.
g b E = d X b t
= + 0T - -
Ei: (1.0) > (7.8) {x y = ad b ad—be
t=cE+dt T=- X+ t
ad - bc ad - bc

Partial Differential Equations
for Science and Engineering



842 BRARBKDI S AR—)LEE

> 5 D& FBB(Chain rule)

() (e (50 5. -t - ),
or \aot) \ot). \or)\o&) ad-bc\otr). ad-bc\oE

s~ (5 (50 (), sl el
ox \ox/\ot /. \dx/\d& ) adbcargadbcag

> BRAEKXA2-DIZHKA

a (af)_ b (af) » c (af) d (af) _0
ad—-bc\ot ). ad-bc\d§). ad-bc\ot . ad-bc\o§

> ad-bc=0 LRELTEHET HE

(a- MC)(?;) (b+ud)(ajé)r 0 (4.2-2)

Partial Differential Equations



842 BRARBKDI S AR—)LEE

(a_uc)(g_f;);(_mud)(%) _0 @2

T

> BB DM (%) EEFIZIE, SR STRY
FDIEIDFZRMELITESEITREEREL a=1,c=0,d=1 DIELTIL,

H(4,2-2), DFYBRABRKIIRDIIIESHRAONDTLICLS.

(%) _0 (42:3)
JT /¢

> \RIT AL

(4.2-4)

B EH CIE T LN E )DEH

Partial Differential Equations
for Science an d Engineering



§42 BRARBRDIA T R—)LEL
»a=1b=u,c=0,d=1¢THEHEHRIL,
d b

E= X - t
ad - bc ad —bc
C a
T=- X+ t
ad - bc ad - bc

> Z, IR =0)IZHBIFEH B
f(O,x)=F(x)

(4.2-4)

THEALNHETHE, 1=0 I1TBMTH & 1FE=x-ux0=x 255

(4.2-4) f(t,x)=C(&)

. C(E)=F(&)=£(0.8)= £(0.x-ur)

f(0,x)= C(x) = F(x)

(4.2-5)



842 BRARBKDI S AR—)LEE

> (4.2-5)&(4.2-0)D s, B ARXDEXUTOLICREINGIELHMND.

(4.2-6)

> BRE

O iny =2 p 0 = ) 0 0wy = (0 -
- f(t,x)—at f(0,x-ut)= PV, f(O,x —ut)=-u axf(O,x ut)

%, 0
a—xf(t,x) = a—xf(O,x—ut)

KA
AGE N KGR u L fO.x—uty+u f(0.x-ut)=0
ot dx 0x 0x

-0 :0Kl

Partial Differential Equations
for Science and Engineering



§42 BRARBRDIA T R—)LEL
> ETEH

of (¢,x) y of (t,x) _0
ot 0x

IRTRAERN (HRGTEN)

IR u NEMDEZE: u=const.

BRSO FEFTRBLIED: £(1,x) = £(0,x —ut)



§42 BRARBRDIA T R—)LEL
> AT R—)LDEOYMEHER
f(t,x)=f(0,x—ut) (4.2-6)

/ [ %N H pard s EAS O, S10= ut =
[ MERROEEAT] = Qé;’;ﬁi’;ﬂj x) ExFAIC ut $i+

/4

(VA D 2R 53 45 | —— [t FD4RBH
£(0,x) f(t,x)

> X

u lETRAEDRE GRIF) THAD D, RNICEDEEDIRREL FTUR—)LEIE—ET D

Partial Differential Equations
for Science and Engineering




§43 W AREXADA S RN—)LEEDE
Application of D’ Alembert’s Solution to the Wave equation

Partial Differential Equations
for Science and Engineering



§43 KBV AFBRD A T RN—)LE L

2 2
> 1RTRBIA R ‘;_f_czﬂ=o (4.3-1)

d d
92 92 a—f+Ca—f =8 (4.3-2)
T S
X
G_g_ca_g_ (4.3-3)
ot 0x

> (433)DEEIE§42DFERZANT (u=-c EAHELT)

(4.3-4)

Partial Differential Equations
for Science and Engineering



§43 KBV AFBRD A T RN—)LE L

> (4.3-2)IFXIERRAERK
(4.3-2) (%) +c(%) = g(1,x)

ot |,

> §42MDFEFETSEIC, BHE
{ E=x-ct 4.35) — {x=§+CT 435

T=1 I=T

ZITO2EICT NI,

(o).~ 550 ) (5 (),

(o) (o e (0 G (3%,

#(4.3-2)IZfKALT



§43 KBV AFBRD A T RN—)LE L

(4.3-2) (%) +C(%) = g(t,x) (%) —c(%) +c(i) =g(t,x)
X ! g T T

ot 0x 0T & &
(%) =g(t,x) = g(r,Zj + cz’) (4.3-6)
JT /¢
{ X=EAT s
> 1TA3-6)%FES =T

T

f(t,x)=C(§)+fg(r',§+cr')dr' (4.3-7)

> (4.3-4) g(t,x)=g0,x+ct) hi

g(t".E+ct')=g(0,(E+ct")+cT)=g(0,E+2cT")  (43-8)



§43 KBV AFBRD A T RN—)LE L

> (43-IZHKALT

ft,x)= C +fg §+c1:

+fg(0,’§+2ct')dr
s=E+2cT'
1 E+2ct
=C(& fg(o s)ds
g Fﬂ-ct 435
=C(x—-ct)+— 0,s)ds _ e
( )quﬂ ) T=1

X+ct

L ftx)=C(x~ct) +— f g(0,5)ds  (4.3-9)

Partial Differential Equations
for Science and Engineering



§43 KBV AFBRD A T RN—)LE L
> =00 MR G f(0,x) THEZLhBETHIE

x+cx0

f(o,x)=C(x-cxo)+2icx_£0g(o,s)ds=C(x)+o
C(x) = £(0,x) C(x — ct) = f(0,x-ct) (4.3-10)

> (4.3-9)IZHKALT

f(t,x)=f(0,x—ct)+i f 2(0,8)ds  (4.3-11)
26 xX—ct

> (43) L) res (1) -g(ny) BRATBE

1 X+ct a a
@)= fOx=c+— [ {gf(oas)waf (Oas)}ds (4.3-12)

xX—ct

Partial Differential Equations
for Science an d Engineering



§43 KBV AFBRD A T RN—)LE L

ft,x)=f(O0,x—ct)+ %xft{if(o,s) + cif(O,S)}ds (4.3-12)

C ot 0x

X—ct

1x+ct 0 1 x+ct 0
=f(0,x—ct)+5f{—f(O,s)}ds+2—cf{gf(o,s)}ds

ax X—ct

xX—ct

1 S=x+ct 1 < (9 \
= f(0,x=ct)+ 5[ £(0.8)] " * 55 f & f(O,s)j ds
-Lrorens fox-enps = T2 f(0)las
2 2¢ ¥ |0t ]



§43 KBV AFBRD A T RN—)LE L
> BEEM 2(0,5) DERTET BIZIE, =0IZHFEHHNEAFEHELT

mazs £(0,x) 12mz, 13V EDNBELES.

0
ELLRE V(va) = Ef(oax)
f(0,x)

HIAZE L

— L

0 L

(0, x) = % FO.x)  BEl—0FTOEEN 515D TR

Partial Differential Equations
for Science and Engineering



§43 KBV AFBRD A T RN—)LE L

f(t,x) = %{f(O,x+ct)+f(O,x—ct)}+2ixf{if(0,s)}ds

C ot

X—ct

X+ct

s f(tx)= %{f(O,x +ct)+ f(0,x - ct)} + 2Lc f v(0,s)ds (4.3-13)

X—ct

Partial Differential Equations
for Science an d Engineering



§43 KBV AFBRD A T RN—)LE L
E)

> 1RTREHER: %—c2ﬁ=

> FHEIS ;
MEAZEE f(0,x)  WEEGLRE v(O,x)=§f(0,x)

> FRATHE

f(t,x)= %{ £(O,x+ct)+ f(0,x—ct)}+ 2% [ v(0,5)ds

xX—ct



§43 KBV AFBRD A T RN—)LE L

>f<r,x>=%{f(o,x+cr>+f<o,x—cr>}+2ic [ v0.9ds pyBIEHREL

> ERUZKIFEFIELTULN=ET5E(v(0,x)=0)
fEATER: f(t,x)= %f(O,x+ct)+%f(0,x—ct)

L R
f 4 MEERDOE S iz £(0,x)
1
—_ O,X 1) £
| ng% AR l ..... 1 1f(t(*)if .
— ,X +ct AN
2f( ) Fi788 —Ct N A . 2 7888 +CI 2
. N N
X

{ LOIEF, ERIEITRE” - ¢ "THHRELDF 75 AMEIRL TOCK
ROEIL, ARSISEE” + " THHAEMDF 57 AMEHEL TLGK

Partial Differential Equations
for Science and Engineering



§43 KBV AFBRD A T RN—)LE L

TR AV E M=k

L =\ [

L,
. A,

|- -

BRTRMEDABRRETIUA—ILOBRITRIE—HLTIS

Partial Differential Equations
for Science an d Engineering




N== B
e
0* 0*
1TRITKRBAER —]: - ¢’ —]: =0
ot ox

Ql: MM T fOx)=e™ ThIRRE: v(O,x)=% £(0,x)=0
Q2 MEEH TR £0,x0) =" TEEE: v(O,x)=% F0.0) = 2exe"

Ql,Q2ZNZNIZDUNT,
BS3R—)LDEEWNE ZKDDELELIZ,
BEEELITRIZEDIIIIEHIDNET T T(THELEILN.

Partial Differential Equations
for Science and Engineering



