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1.6 2D Discrete Fourier transform

2D DFT
M-1 N-1
F[k,I]=DFT{f[m,n]} = f[m,n]exp{— 1271'(—-1- ')}
m=0 n=0
Inverse 2D DFT
1 M-1 N-I
f[m,n]=DFT “{F[k,1]} = — Flk,1 exp{jZ;z(—Jr—)}
MN (= =

2D Fourier transform in continuous space
F(u,v) = [[ £ 06 y)expi-j2r(ux-+vy)dxdy
Inverse 2D Fourier transform in continuous space

f(x,y)= ” F(u,v)exp{j2z(ux+vy)}dudv

DFT
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What we need to know is;
The relationship between
the frequency obtained by DFT
and

the spatial frequency on an object
[cycles/mm], [lines/mm],

[cycles/deg],

DFT assumes sampled periodic signals.

Spatial domain:

Samplin.g pitch .(inteivals of delta functions) = d, M= E . x=md
Image size (period) = D d
f(X)
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Fourier domain (Frequency domain):

Sampling pitch (intervals of delta functions) = d,, 1 1 1
Period in frequency domain = D — Dy=—, dj=—=—+
u d D Md
D,
F(u) M= U=kdu=£=L
s d D Md
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200pixels

The periodicity in DET

Example

TX

i | | -
# of pixels = 200x200 pixels P
Sampling interval = d = 0.5mm (a) Original image (b) DFT of (a) (c) zero Frequency centered.
Image size = D = 0.5x200 = 100 [mm]
Periodic pattern, Period = T, = 10 [mm)]
Spatial frequency = u, = 1/T, = 0.1 [cycles/mm]

1DFT F{cos2zwu x}={8(u—u,)+d(u+u,)}/2

ZOOEixels

Sampling interval in DFT space =d,,
=1/D =0.01 [cycles/mm]
u =k, d,=0.1 >k, =0.1/0.01=10

(d) DFT is considered as the Fourier (e) DFT of (d). The frequency spectra
transform of the periodic function like are also periodic. The square region
5 this figure. surrounded by [ corresponds to ¢c).
For example, for an image in NxM pixels, we have NxM Fourier coefficients; F[ k, | ] 1.7 Fourier anaIYSiS of linear shift-invariant lmaglng System
(k,)=(0,0) (k,1)=(N-1,0) +  2-D linear system in continuous space
N

9(x.) = [0 y:xt,y) ¢,y dy
» Shift-invariant (space-invariant)
90, y) = [[h(x=x',y—y) (¢, y)dxdy’
=, y)*h(xy)

DFT
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D — Convolution
D, T . . AU IRV RIS
D 1 h(x, y): Impulse response, point spread function (PSF) S 4 RS R
X "
D (k, )= (N-1, M-1) * 2-D linear shift-invariant imaging system with additive noise
rearrangement ‘ g(x,y) = ”h(x =X,y —y) f(x'y)dx'dy'+n(x, y)

* Fourier transform of 2-D shift-invariant imaging system
G(u,v)=H(u,v)F(u,v)
G(u,v)=H(u,v)F(u,v)+ N(u,v)

&, 1)= (0, 0) H(U,V) :Transfer function  {z:EBA%k. iR &0ETE !




2-D Linear, shift-invariant system in discrete space
Discrete convolution  Bfkfzf=+23
g[ma n] = S{ f [ma n]} = Z h[m - m‘a n-— n'] f [m'a n']
m',n'

=h[m,n]* f[m,n

]
=
8L | ~ hp[m,n]
i
ﬂlﬂ ' ? = MpxN; pixels

Discrete signals within a finite region
fo[m,n]
MxN pixels
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imagesc( img ); 10

imagesc( ci );
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0<m<M-1 0<m-m< M,-1
0<n< N-1 0<n-n<N, -1

) 0< m<M+M, -2
0<SNIN+N,—-2 =0

g[m,n] N
(M+M,-1)x(N+N,-1) pixels

200

250

cres = conv2( double(img), double(ci) ); 300)
imagesc( cres );
50 100 150 200 250 300 1

Discrete convolution by using DFT

Circulant convolution

I:D [k’ I] =DFT { fD [m’ n]} Discrete signals within a finite interval
Hp [k, 11=DFT {h,[m,n]}
Up[m,n]=DFT *{G,[k,11} = DFT *{H[k,I] Fy[k,IT}

Consider
f,[m,n]= fy[m-kM,n—IN]
h,[m,n]=hy[m—kM,n—IN] Periodic functions

g,[m,n]=gp[m-kM,n—-IN]

e fim = fft2(double(img));
» imagesc( real(fim) );
» imagesc( imag(fim) );




o fscil = fft2( scil);
+ imagesc( log(abs(fim)) );  imagesc( real( fscil) );
» imagesc( imag( fscil) );
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15 17
» cil = zeros(256,256);,
« cil([97:160],[97:160])=ci; + mesh( real(fscil([1:8:256],[1:8:256])) );
« imagesc(cil); » mesh( fftshift( real(fscil([1:8:256],[1:8:256])) ) );

» scil = fftshift(cil);
» imagesc(scil);
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50 100 150 200 250

imagesc( log( abs(fscil) + 100 ) );
fres = fim .* fscil,;
imagesc( log( abs(fres) + 1) );

res = ifft2( fres ) / (256%256);
imagesc( real(res) );
imagesc( imag(res) );
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e cres = conv2( double(img), double(ci) );
* imagesc( cres );

x10°
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» cres = conv2( double(img), double(ci), 'same' );
* 1imagesc( cres );
* imagesc( real(res) );
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hxy) H(uY)

f(xy) * hoxy) ‘ FuvH(UY)
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Modulation transfer function
Transfer function : H
Modulation transfer function : | H |
Phase transfer function: arg{ H }
How to derive MTF (1)
Input signal A, + A, cos 2muUyX Ao
: ' } | H( an 0 ) | ="A
Output signal A" + Ay cos( 2nUX + ¢) A
H(u, v) *Check above equation!
Vv

Transfer function

u

Uy Uo
Spatial frequency of Input signal

24




MTF of Human visual system ==

Fig. 1. Experimental setup for recording and digital processing
af the double-pass aerial image of & polnt source (see text for o
dutailed description),

R. Navarro, P. Artal, D. R. Williams, "Modulation transfer of the human eye as a
function of retinal eccentricity," JOSA A Vol. 10, No. 2, 201-212 (1993)

PSF EE )
L] L] L] &: - - ... 6 \
[] 20 ] u- R

0.01

0 10 20 a0 40 50 60
Spatial Frequency (cpd)

Fig. & Average radial profiles (symbols) and results of curve fit-
ting (continuous curves) for six eccentricities. Results for 10°
and 40" have been left out for the sake of clarity.

1.8 Causes of image degradation

B LILEETDREA

R
. Defocys ERRTR

* Lens aberration %%
— Spherical aberration

 , Image blur

(approximately shift-invariant)

Image blur

— Coma
— Astigmatism
— Curvature of field

— Distortion

« Diffraction limit =
TR

. ]
» Sampling aperture -
. T
e Sampl
ampling =
* Distortion

EH

(shift-variant)

Resolution degradation

Distortion

Aliasing artifact

* Noise —
/4~; Noise

Impulse response of a defocused optical imaging system

y
circ function
X

Coherent (wave optics model) case: see “diffraction and image formation.”

A

do > d;

e Incoherent model
(Geometrical model)

2D object: (Approximately) shift-invariant
3D object: Shift-variant

34

Transfer function of a defocused optical imaging system

s F{cire(r)}=3(27zp)/p
(Fourier-Bessel transform)
— J; : Bessel function of the first kind, order 1.

y v

X u
Impulse response Transfer function
Point spread function
Large Small

Size

Small Large 35
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Shape from Focus

Shree K. Mayar and Yasuo Makagawa Phractv bt bty L""“I::””‘"-':‘r:::"f
[ - |
? o —
V= el
I froquency domain, applying the Laplacian £{s. v} 0o the defocuied
- - image folu. ¥) (5) gives
Liw.v}. Hlu,e). frfu.e) i)
where
30t
Linr). Biwo) = ~(o" + el ap
S

Fig. 3. Shape from docss

aptics [1]. Very often, a i i i
approximate the physical model [13). Then, the blurred or

kmage si=. x) formed on the sensor plane cam be described as the
result of convolving the focused image [y(s. y) with the bluring
Nasction bir. )

Tatr.y) = Ma.g) o Ijte.y) &)
where
1 st
Mry) = "—':—' . . o

The spread parameter, =, ks ssemed 10 be proportional 1o the mdivs
w13

M. Watanabe, S.K. Nayar and M. Noguchi, "Real-Time Computation of Depth from Defocus,"
Proc. SPIE, Vol.2599, pp.14-25, Jan, 1996
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Figure 4: Image blaring and focus measure
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