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Optical imaging and image processing
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1.4 Mathematical characterization of images

Continuous images

Discrete images

Linear algebra for discrete image characterization
Fourier transform and imaging system

Statistical characterization of images

1.4.1 Continuous images

* A two dimensional function of any kind of the radiometric or photometric
quantities, reflectance, transmittance, density or others can be considered
as a2-Dimage f(X,y)

+ f(x,y) may be the projection of 3-D distribution of these quantities.

» f(X,y) may depends on the time and/or the wavelength except when it
corresponds photometric quantities.
f(xy, t, 1)

* The weighted integral of f( X, y, t, A ) over time and/or wavelength.
— If f is the spectral radiance, the luminance image Y(X,y) is obtained by

YOO y.0 = [V y.tA)dA
— Time average (ex. exposure time)
.

. 1
FOGY) =< F06 Y0 == lim{— LA F Oy bty \
-T

1.4.2 Discrete images

— Sampled 2-D signal (sampled image)

e pixel

fli,j1.i=0..N=1,j=0... M—1 (N x M pixels)

— Matrix representation of images

flL1]  f[1.2] - f[LN]
- f[.2,1] f12,2]
: fL1]

f[M,1] -+ f[M,N] f[1,2]

— Vector representation ... f=| f[LN]

fIM,N]



1.4.3 Linear algebra for discrete image characterization

— Matrix inverse of a square matrix A : A’! f ——— Linear System - . g
AAT=ATA=I H
If such a matrix A'! exists, A is called to be nonsingular, otherwise N-dimensional vector M-dimensional vector
A is singular. MxN Matrix

— For nonsingular matrices A and B,
[Al]I=A, [AB]!=B'A"! ngf
[KAT'=(1/k) A"  (forthe scalark=0)

— Matrix transpose A!

[Atlt=A, [AB ]'=B' At g
— If A is nonsingular, A' is nonsingular and g, H, Hp - Hiy f,
[AT]'=[AT] 9 Hy Hy Hoy f,
— Matrix trace of an N x N square matrix F 0 — . N
N M M
t[F]=) F(n,n) . .
n=1
— If A and B are square matrices, \gM P Py f'N
tr [AB] =tr [BA ] S N -
— Vector inner product (g and f are the Mx1 vectors) 1.4.4 Fourier transform and imaging system
p=g'f In image processing, "spatial frequency" is mainly used instead of temporal frequency
— Two vectors g and f are orthogonal ifgt f=0
— Vector outer product (g : Mx1 vector, f: Nx1 vector) — 2-D Fourier transform
A=gt F(u,v)=F{f(xy)}
where A is an MxN matrix. = ” f (X, y)exp{=j27(ux+vy)}dxdy
~ Vector norm = [[ f ey exp=j(@,x+o,y)}dxdy

I fI2=1ff If || f|| = 1, fis a unit vector.

. . j : imagi it.

— Matrix norm (F : MxN matrix) Jimaghaty unlt. - I
u, v : spatial frequencies in X and y directions.

|| F Hz =t F'F ] @,, o, : angular spatial frequencies in X and y directions.
— Quadratic form F{} : Fourier transform operator
q=ftAf — 2-D inverse Fourier transform
— Vector differentiation f(x,y)=F'{F(u,v)}
(a and x are Nx1 vectors, A is an NxN matrix ) — ”F(u,v)exp{jzﬁ(ux+vy)}dudv
oa arxt 1 .
[gxx] = [;xa] = = yp H F(o,,0,)exp{j(oXx+ a)yy)}da)xda)y
J[x'Ax] A 6 8

ox



Properties of 2-D Fourier transform
a and b are constants.
(1) Linearity
Flaf(x,y)+bg(x.y)}=aF{f(x,y)} +bF{g(xy)}
(2) Similarity (Scaling)

1 u v
F{f(aX,bY)}—mF(g,B)

(3) Shift
F{f(x—a,y—b)}=F(u,v)exp{—j2z(au+bv)}

F{F(u-av—b)}=f(x,y)exp{j2z(ax+by)}
(4) Complex conjugate

F{F ()} =F (-u,~v)

FHE (6 =F'(u,v)

f (% y)=F{F (u,v)}

f (—x-y)=F {F (u,v)} 9

(5) Convolution

0 ©

foon* a6y = [ [ FEmax—¢&y—ndédy

F{fOy)*g(x, y)} = Fu,v)G(u,v)
F{FU,V)*Gu,v)} = f(X,y)g(X,y)
F{f(y)9(x,y)} =FU,v)*G(u,v)

(6) Parseval's theorem

0 o

[ J1 ey oy = [ [IF@w P duay

(7) Correlation
Foong o0y = [ [ FEme’ (€ -xn-y)dédn
(8) Autocorrelation theorem

FIFOG ) £y} = Fuw) P

FIF P = [ [F (0)F (e u,o+vydudo
—a0—-00 10

(9) Fourier Integral theorem

FIFH RO y) =FHF{f(xy) 1 =f(xy)

Similarly,

FIF{ROGY) =R y)  =f(—x—y)

(10) Spatial differentials
F{L , y)} = j2uF(u,v)
OX

6f(x,y)} :
Fq——"21=j2avF(u,
{ J22vF (u,Vv)

— Laplacian of an image function:

F{[aerazjf (X, y)} =—4z*u* +v*)F(u,v)

x> 6y2

» Some useful functions for optical imaging and image analysis

(1) rect function
rect(X) = {

(2) Dirac delta function

1 |[x|<1/2
0 otherwise

j: f(x)5(x—a)dx = f(a)

{oo x=0
S(x)=

0  otherwise

J.g s(x)dx =1 for any >0
—&

o(x) = lim N rect(N X)
N—ow
2-D Dirac delta function

6(x,y) =6(x)a(y)
I(Xy)=0 x#0,y=#0

[ [ s0cyydy =1

1| rect(x)
[ [ ] X
-12 0 12

rect function

AxY)

J

2D Dirac delta function




(3) sinc function Rc(x)
sinc(X) = sin X / nxX
NN
(4) comb function
comb(X) = 25()( -n)
-
(5) circ function

cire(r) = {1 r<i _ rect(X) rect(y) sinc(u) sinc(V)
0  otherwise :

r=(x2+y2)1/2

(6) A function
{1— x| |xg1
A(X) = .
0  otherwise
a circ(r) J(p)2np e
. Properties of comb function
» Examples of Fourier transform - ’ ’ ’ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ’ ’
. comb(X) = D S5(x—n) «
F{exp(jzx)}=8(u—-1/2) P
Fis(x) =1, Fil}=8(u) For a positive constant d,
F{sinzx}={8(u—12)=8(u+12)}/2j X e x x
b(=)= ) d(=-n)=d ) s(x—nd

F{cos zx}={8(u—1/2)+8(u+1/2)}/2 o (d) Zzo (d " Z; (x=nd)
F{ rect(Xx) } =sinc(x), F { sinc(X) } =rect(x) v oax) = éé‘(x)

F{circ(r)}=3,(2zp)/p (Fourier-Bessel transform)
. - X)) =d comb(duy=d Y sdu-m =3 su-"
J, : Bessel function of the first kind, order 1. F{comb(d)}— comb(du) = z (du-n)= Z, (u d)

F{ comb(x) } =comb(u) [Proof]

Flexp(-mx*)} =exp(—mu?) Fu)= Icomb(g) exp(— j2aux)dx = d.[ i&(x— nd) exp(— j2aux)dx

F{ A(X) } = sinc?(u)
* Note: rect(X) * rect(xX) = A(X) =d z exp(—j2zndu) = z ou-— g) =d comb(du)

n=-o

14 ** See next page 16



f(x)= i&(xfnd) s

n=—ox

For the periodic function

where the fundamental period is d, its Fourier Series expansion becomes

f(x)= i&(x—nd)

- ¥ Coemn(1 20

1 pdr2 . 27m
C,= E-[d , f(X)exp(—] Tx)dx
1 pdr2 & . 27m
:EL”Z“Z;&(X_nd)eXp(_JTX)dX
_ L 2m
=, 500 exp(=] = = dx

Then we have

= 1 & . 27m — . 1 & n
z5(x—nd):EZexp(jTX) or Zexp(jZ;zmaX):gz5(X—g)

m=—o0

17
1.4.5 Statistical characterization of images
pif}
f(nla nZ
A set of images /
/ 4
L / 4 Probability density fu t'f
4 7 robaoility aensity runction
4
P p - (pdf)
P = L ATy M) fny" )}
4 i
yd
Vs fn;"ny)
/A f#
y4 /I\ N\

f(nl’a nz’) f(ny,ny)
Joint density function 18

Stochastic signals

L4
[l . 14
.
A K
] T ‘ r ! ) T
Probability ’ Probability of the result being X at (k +1)-th trial
E‘ +eo 1+—e +e
[*] 1—e
1—e
[£2]
[ e
@ +—o
Probability of the result being x at k-th trial

Probability distribution Joint probability density

In multi-dimensional space 19

20



* Random field o4 L35 — If f, and f, are independent TR

— Probability density function pifi. f,} =pifi} pify}
pifixy,t}
p{f}=p{f(1),f2),...fQ)} — Stationary process EHIBE
where Q = N x M for the image in N x M pixels. 1 (X, y) = p, : constant independent of (X, y)
— Ensemble average E{} H£&F1) R (X VX, Y')=Rg (X=X, y=Y) =Ry (a, )
— Mean " The autocorrelation becomes
me (% y)=E{f (X, y)} = I f(x, y)p{f;x yidf Ry (a. B)=E{f (X, y) T (X+a,y+B)}
f=Eif}=[E{F(n.n,)}]

Also in the discrete case,
— Correlation function, correlation matrix (autocorrelation) #ARARI%L. 8R8175 4, (n,n,) = u, :constant independent of (n,,n,)
2nd-order joint probability density p{f,, f,.n,n,,n'.n,'}  (ESHEE)
Ry (% yix',y) = E{F () (X, y)} ,
D o — Spectral density, or Power spectrum
Rg (n,nysn',n ) =E{f(n,n,)f (n',n,")} (stationary process)
:J.J‘f(nl’nz)f*(nlvanz')p{ fl: f2>nlsn29n|'an2’}df1df2 S(U,V):F{Rﬁ (a,ﬂ)} x’\an)ng(i*ﬁﬁﬁ&wj_ulﬁm

Ry (n,ny5n',n" ) =Ry (0 —n',n, —n,") =R (], k)

R, = E{ff"} =[E{f(m T (n")}] 21 S(u,v) =F{Ry (1K)} 2

— Covariance function, covariance matrix (autocovariance) 4 EiE8%. 9804751

. . (BT £580) — Spatial average T
Ky O Y3,y = EALE O Y) = 1 (G (L y) = (XL YO} r O
= Ry (6Y:X.Y') = 1 (06 Y (X.Y) M :%‘EEU (. y)ddy

K (n,ny:n',n, )y =E{f(n,n,)—E{f(n,n,)}]-[E{f *(nl', n,)—E{f *(nl', n,")1} Where X is a bounded region in the xy-plane and S is the area of .
= E{F(nuny) £ un )}~ ELF (nn)JELE (mn,)) - Spatial correlation ZEE
K, =E{f-H) —f)}=E{f"}—Ff =R, —Ff" R (at, B) =ﬂf(x, y) f(x+a,y+ B)dxdy
z
— Variance, standard deviation DL IEERE
o, 2%, y) = K(X, V: X, ¥) — Ergodicity TLT—KRHE
(Stationary process)

2
o. (n,n,)=K(n,n,;n,n . . .
BURLY (N, M3, 1;) If m; = py(X,y), i.e., constant, the random field is called "ergodic

— Gaussian density distribution (ex. random noise from an electronic sensor) with respect to the mean.
{FOGY, 0 — a0 (XY, D) IfR% (a, B) =Ry(at, ), the random field is called "ergodic with

pifix yth= exp[— 2 ] respect to the correlation

N2ro, 20, P :

For Q-dimensional vector f

_ _ 1 _
pify = 27) °7 K [ expl=_ (F-p ) 'K (F-p )}
2 24



p{ f(n) } : Histogram

original

.
y

>> edges = [0:4:255);

>>hi0 = sum(h0,2);
>> bar(hi0);

>> h1 = histe(double(im01), edges):

>>hil = sum(h1,2);
>> bar(hil);

>> h2 = histe(double(im02), edges);

>> hi2 = sum(h2,2);
>> bar(hi2);

im00 = imread(
im0l = imread(’
im02 = imread(
im03 = imread(
im04 = imread('C:¥+ - -¥test-histogram-04.png');

st-histogram-org.png');
¥test-histogram-01.png');
Ytest-histogram-02.png');
¥test-histogram-03.png');

>> hi3 = sum(h3,2);
>> bar(hi3);

>> hi4 = sum(h4.2):
>> bar(hid);

Prediction

Predict next value

N
/\‘{ F Prediction error

k
r 1 R
n n+l ~ N
Current state Predictive coding
Difference
x(m) x(n) - 3(n)
Probability distribution at k = n+1 ®
N Encoding
#(m) rediction ransmission

L. el ™

. ;

|

1+—e

1—e 3

| Received signal
—e i eoe;r(")slgﬂﬂ ﬂ Ym)+3n) Output
Decoding :
Low High .
. . 90 liction
Prediction accuracy L Prodicted valug 26 )

1
>>h0 = histc(double(im00), edges);

>> h3 = histc(double(im03), edges);

>> h4 = histe(double(im04), edges):

* Linear operations on random fields

g0 y) = [[hx=x,y—y) F(, y)dx'dy'
— f(x,y) and g(x,y) are the random fields.
E{g(x y)} = E{[[hx—x,y—y) F(x, y)dx dy}
= [Jh0c=xy = yHELE (¢, y) e dy'
— If the random field f(X,y) is stationary,
E{gO6Y)}h= a1, [[hOe, yydxdy'= pg

— For the spectral densities of f(x,y) and g(X,y), S¢(u,v) and Sg(u,v);
Sge(UV) =S (U,V)[H(u,v) [

— When 9(X,y)= Hh(X— XLy =y (X, yhdx'dy'+n(x, y)
Sge(U,V) =S (U,V)[H(u,V) [* +S,(u,v)

27
Additive noise: g =f+n i ‘ P
<n*>=g¢? gK:lng:f+ian
Uncorrelated noise: < n-f>=0,<nen>=0fork=1 | Kid Kia
; 1 2 _ O
gk:f+nk H < z<(nk) >—?

Average of two images

bim = imread(C:¥+ - -¥Momiji-small.png);
imshow(bim);
im = double(bim);
fori = 1:20
for k=113
n=randn([256,320));

bimn = uint8(imn);

imshow(bimn(:,:,2.1):
imm2 = (imn(.z, 1 HmnC.2))2:
imshow(uin 2)):

imm10 = mean( im 1:10]),4);
imshow(uint8(imm10)
imm20 = mean( imn(:....[1:20]).4); 28
imshow(uint8(imm20));

Average of 10 images Average of 20 images



comb(x/d,) comb(y/d,) fx, y)
1.5 Image detection and digitization I [ ﬂ I Sy
15 ER OB ET S y ﬂ ] ﬂ I ﬂ K g
SRR
1.5.1 Image sampling EBOY T - I —
* Mathematical expression of image sampling 4 L . o
L (a) (®)
f(x,y ) : Original image
d d
f(%y): Sampled image I comb(d,u) comb(d,v) F(u, v)
fl m, n ] : two-dimensional discrete signal. (m, n : integer) I [
— The sampling interval in X and y directions : d,, d, I I vl [ v
— Equidistance sampling I I
f{m, n]=f(md,, nd,) 17d, I v 4 v
2 & d
fxy)= > > f[mn]s(x—md,,y-nd,) © @
m=—oon=—0 Fy(u,v) Sampling of 2-D signal and its Fourier transform
LI (a) Sampling function : comb(x/d,)comb(y/d,),
= > > f(md,,nd,)5(x—md,,y-nd,) (b) 2-D signal f(x,y),
meseen=e (c) Fourier transform of the sampling function :
—fn) S S Sx-md,.y—nd,) = f(x, y)comb(-)comb(-L-) comb(d, u Jeomb(d, V),
T © Y ? d, d, (d) Fourier transform of the 2-D signal : F(u,Vv)
(e) Fourier transform of the sampled 2-D signal
29 oy s Fo(u,v) 31
(©)

Aliasing effect and two-dimensional sampling theorem
TAYTIVT E2RTIERILTEE
Band-limited signal : f(x,y)
F(u,v)=0, forfu|>u__,|v|=V
l) If the sampling intervals are small enough, namely
d, d<1/2u,. ., d<1/2v
replica of the Fourier spectra of F( u, v ) does not overlap each other.

Fourier spectrum of sampled image

f.06y) = T(X,¥)8(%,y)

max’ max

S(X,y)= comb(dl)comb(

max’

F.(u,v)=F(u,v) *S(u,v)

"
Su,v) =F{s(x,y)} v
A -
—F {comb(dl)comb(dl)} . S R P
=d,d comb(d,u)comb(d V) ) £S P l/ = ?// B
1/d,
F(u,v)=d.d, F(u,v)*{comb(d,u)comb(d,u)} a ?i ?// T 7//

k |
- Flu——,v——
;Z “ dx°V dy) 1d

30 32



* Nyquist condition If the sampling intervals are not small enough, namely

d<1/2u,., d<1/2v d,>1/2u,,., d>1/2v
~ replicas of the Fourier spectra of F( u, v ) overlap each other.
+ Reconstruction filter BERI/ILP— — Aliasing
H(U.Y) = 1 |u\sﬁand |v|£ﬁ
0 otherwise
= rect(d,U)rect(d V)

F(u,v) = F,(u,v)rect(d,u)rect(d V)

Vinax </ \Q/
Inverse Fourier transform yields / u y ::/Ag?/@
. X . y :l 7//) o 1/d, @r,/ @

sinc(—)sinc(—) |

1
= fS(X’Y)*L g, et ety — T
xHy X y
=| f(x, y)comb(i)comb(l) * ;sinc(L)sinc(l) N
d, dy'| dyd, " dy dy |, N
Sampling and reconstruction (1-D case) 1.5.2 Interpolation ETREIDE =T

fim]&x-md,) /—\
TN 1 /
: NS \
Sampling (a) sinc /_\
N,
/\ (a) Sinc function

f(x)
1 | -
(b) square (c) triangle
(two squares convolved)

f.(x) = f (x)comb(dl)

1 | | 1 1 1 |

(b) Pulse function
(Zero order interpolation)
1 1 | 1 1 1

Reconstruction

(d) bell (&) cubic B-spline
(three squares convolved) (four squares convolved)
3 1 . X
f(x)= f,(x)*| —sinc(—)
d.d,
(¢) Ramp function (triangle)
L L L1 L (First order interpolation)
1) Gaussian FIGURE 4.3-5. One-dimensional interpolation.
34 FIGURE 4.3-4. One-dimensional interpolation waveforms.

Platt, “Digital Image Processing”



* Sampled image f( X, y) =f(x,y ) comb(x/d,) comb(y/d,) Original image (3x3 pixels)

(1) ; ; im=[012;122;011];
. out = interp2( im, [1:0.25:3], ([1:0.25:3])", 'linear' );
° Interpolated 1mage fl( X,y ) = fs( X,y ) * R( X,y ) 01111 outs = interp2( im, [1.5:1:2.5], ([1.5:1:2.5])", linear’ );

* R(x,y) : Interpolation function MBI Interpolated image (upsampled, 9x9 pixels)

0.00 10.25 10.50 10.75 |1.00 [1.25 [1.50 [1.75 [2.00
Zero-order interpolation (Nearest neighbor) 0.25 [0.50 [0.75 [1.00 |1.25 | 1.43751.625 |1.8125[2.00
0.50 10.75 ]1.00 |1.25 |1.50 [ 1.6250(1.75 [1.875 [2.00
0.75 [1.00 |1.25 [1.50 |1.75 | 1.81251.875 [1.9375]2.00
1.00 |1.25 ]1.50 [1.75 12.00 [2.00 [2.00 [2.00 |2.00
0.75 [1.00 |1.25 11.50 |1.75 [1.75 [1.75 |1.75 |1.75

p = f,, where k = arg IEnax( []) i EwRE

First-order interpolation (Linear interpolation)

1 d 1Ak d,-lAY, | ) 0.50 0.75_|1.00 | 1.25 [1.50 | 1.50 _|1.50 |1.50 | 1.50

pué{ g g [ WERE 0.25 1050 075 |1.00 | 1.25 | 1.25 [1.25 |1.25 1.5
Lt ' 0.00_[0.25 10.50 [0.75 [ 1.00 [ 1.00_|1.00_[1.00_|1.00
= (A%, 4y, )

Interpolation function R(X,y)

Interpolated i d led, 2x2 pixel
(IFR(x,y) = 0 for [x/>d,, |y|>dy) nterpolated image (downsampled, 2x2 pixels)

1.00 |1.75
1.00 [1.50

4
P =Y R(AX. Ay ) f, 37
k=1

TABLE 4.3-1. Two-dimensional interpolation functions

1.5.3 Nonlinearity of image sensors 2 H—DIELRR 1%

Function Definition
. 4 sin 2mx/T,) sin 2my/T,) 2m . .. .
S I R = —_ 7 Iy === °
eparable sinc B T oLy amy T e Tone reproduction characteristics of an image sensor
. Linear case:: g=af+b
- Nonlinear case g=W¥{f}
_[1 loos| = 045, [y] = 0y =@
o) =y =0 AR RS
Separable square ! x| SE |y|sL Input light 1ntens1t};
Rolx,y)={ T.T, 2 2 ; Linear
0 jtherw'se Output image
_sin (©.T1/2) sin (0,T,/2) i Nonlinear
Rolwn, wy) T T signal
Separable triangle Ry(x, y) = Rolx, yYDRo(x, )
R (o, w,) = Ri{w,, @,)

Separable bell

Separable cubic B-spline

Gaussian

R(x, y) = Rolx, y¥OR(x, y)
Ralw, 0,) = Rwy, @)
R;(x,y) = Rolx, yYER(x, y)
Rislwy, 0y) = R, )

2 2
Rix,y)=[2moZ]™" exp{—x ty ]

5
20,

_a'ﬁ(alf+wf)}

R, wy) = exp{ 5

38
Platt, “Digital Image Processing”

. . . Input light intensity
Polynomial expansion of the nonlinear function:

g=a,ta, f+a,f2+a,f3+..
Its Fourier transform
G=a,8U,Vv)+a, F+a, {F*F}+a {F*F*F}+..

40



1.5.5 Sampling in practical imaging systems
Consider a sinusoidal signal f(X,y)=1+cos(2max) EBEDA A=V TVRTLIZEITR YT

F(u,v)=8(u) 8 () +(1/2) {8(u-a)+8u+a)} () + Sampling aperture of the image detector

F*F=5(U) 8 (V) +(1/2) { S(u-a)+5u-+a)} s (V) _ -
H(1/2) [8(u-2) 5 (v)+ (172) { (U2 a) +5(u) } & (v) Light source [detector]
H(1/2) [8(u+2) 5 (V) + (1/2) { B(u)+5(u+2a)} 8 (¥)] Object Lens system

* Aperture sensitivity function: r( X,y )

fo (X, y) =[F (%, Y) * r(=x-y)]- comb(dixomb(dl)
X y

= Higher order spectra appears by the sensor nonlinearity

» Its Fourier transform yields

F (u,v) =[F(u,Vv)sinc(a,u)sinc(a,v)]*[d,d comb(d,u)comb(d V)]

[
.

I N R N A AR

-a 0 a -a 0 a 2a 3a

If the shape of the sampling aperture is rectangular,

Fourier spectrum of input image Fourier spectrum of the image captured f.(xy) = z Z f[m,n]é(x-md,)5(y—nd,)
by a nonlinear sensor. M=o =
" = [F (%, y) * frect(—rect(2)}]- comb(—-)comb(2) a3
a, a, d, d,

Aperture size Detector aperture

o = Analog sample y *‘ 2 r./i
1.5.4 Quantization =Fit The number of quantization steps: N 5 EEEN a,/2 a,/2
When by <y <by,, (q=by,, - by, : : : : : : : : fm,n]= J/z j/:(x—mdx,y—ndy)dxdy
. . —a, a,
ouTPUT ~ RECONSTRUCTION quantized value: y; (i=0, ... N-1)
Quantization Error €; ENEEEEEE = Hf (X, y)rect( x)rect( y)dxdy
DECISION LEVEL e =y-y DEEEEEEENE a, a,
INPUT Mean square error ENENEEENEDN
| T AETEEENEE
| Efe’} =E{ [(y-y)*P(y)dy} y EEEEEE
(b) STAIRCASE REPRESENTATION i Sampling intervals p
FIGURE 6.1-2. Quantization decision and reconstruction levels. Total mean square error by quantization
1 &= e f.(xy)= f[m,n}5(x—md,)5(y -nd,)
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The influence of sampling aperture
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The influence of noise in practical sampling
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FIGURE 4.1-4. Spectra of sampled noisy image (a) signal, (b) noise, (c) sampled
signal, (d} sampled noise.

46



