5.0 < (f'() - f'(y),z—y) < L]z —y2
6. flaz+ (1 - a)y) + 52| f(@) — F'@)I3 < af(e) + (1 - a)f(y).
7. 0<af(@)+(1—a)f(y) — flaz + (1 — a)y) < a(l —a) L[z — y|3.

Proof:
It follows from the definition of convex function and Lemma 3.4.

Fix € R", and consider the function ¢(y) = f(y) — (f'(x),y). Clearly ¢(y) satisfies 2.

Also, y* = x is a minimal solution. Therefore from 2,
Y Lo - L1,
o@) = o) <o(v-19w) <o)+ 5 10w
L Lo, L
= oY) +57lle W3 - 7lle W3 = o(y) - ol (W)ll5-

Since ¢'(y) = f'(y) — f'(x), finally we have

f@) (7). @) < f(y) ~ {7 (@).9) ~ 521 @)~ P @)

3=4| Adding two copies of 3 with  and y interchanged, we obtain 4.
4=>1| Applying the Cauchy-Schwarz inequality to 4, we obtain || f'(z) — f'(y)|2 < Lljz — y||2.
Also from Theorem 6.7, f(x) is convex.
Adding two copies of 2 with & and y interchanged, we obtain 5.
5=2

1
) - f(@) — (fe)y—=) = A<f@+7@—wb—f@%g—@w

IN

! 2 L 2
| 7ty = wlBir = Sy =l

The non-negativity follows from Theorem 6.7.

Denote ¢, = ax + (1 — a)y. From 3,
fl@) = f@a)+ (f'(®a), (1 —a)(®— )> ||f( ) = f'(@a)l3
fly) = fl@a) +(f/(@a), oy — ) + Hf ( ) = f'(@a)3-

Multiplying the first inequality by «, the second by 1 — «, and summing up, we have

af(x) +(1-a)f(y) = f(za) + *Hf( ) = f'(@a)ll3 + IIf( ) = f'(@a)lI3.
Finally, using the inequality
allb—d|3+ (1 - a)lc—d| > a(l —a)|b-cl

we have the result.

—a(l— )b - cll§ = —a(1 - a)(|lb — dl2 + [lc — d)3
Therefore

alb—dll5 + (1 - a)|lc—d|l3 — a(l —a)(|b—d|2 + [lc — d]]2)?
= (alb—d|2 — (1= a)llc—d2)* >0
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Dividing both sides by 1 — a and tending « to 1, we obtain 3.

From 2,

f@a) + (f(xa), 1 — o) (@ —y)) + g(l —a)’|lz - ylI3

=
&
A

Flaa) + /(@) oy — ) + oz -yl

=
&
A

Multiplying the first inequality by «, the second by 1 — «, and summing up, we have

of (@) + (1= a)f(y) < flaa) + & (a1~ a)? + (1~ a)a?) [z — g3

The non-negativity follows from Theorem 6.7.
Dividing both sides by 1 — a and tending « to 1, we obtain 2. The non-negativity follows
from Theorem 6.7. ]

6.4 Differentiable Strongly Convex Functions

Definition 6.14 A continuously differentiable function f(x) is called strongly convex on R™ (no-
tation f € S}L(R”)) if there exists a constant g > 0 such that

1
f(y) = f(=)+ (f'(@),y — =) + Splly - (3, Ve,y eR™
The constant p is called the convexity parameter of the function f.

Example 6.15 The following functions are strongly convex functions:
L f(@) = b2
2. f(®) =a+(a,z)+ 3(Az,x), for A= pI, p>0.
3. A sum of a convex and a strongly convex functions.

Corollary 6.16 If f € Si(R”) and f'(x*) = 0, then

* 1 * n
f@) > (@) + sule - a*3 VzeR

Proof:
Left for exercise. I

Theorem 6.17 Let f be a continuously differentiable function. The following conditions are equiv-
alent:

1. feSLRM.
2. plle -yl < (f'(x) - f(y),z—vy), Yz,ycR"
3. flaz+(1-a)y) +a(l —a)gllz —yl3 < af(z)+ (1 - a)f(y), Yo,y € R", Ya € [0,1].

Proof:
Left for exercise. I

Theorem 6.18 If f € SL(R”), we have
L f(y) < fl2) + (f(®),y — ) + 5, f' (=) = f(W)3, Yo,y € R",
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