
Proof:
Left for exercise.

Example 6.10 The following functions are differentiable and convex:

1. f(x) = ex

2. f(x) = |x|p, p > 1

3. f(x) = x2

1+|x|

4. f(x) = |x| − ln(1 + |x|)

5. f(x) =
∑m

i=1 e
αi+⟨ai,x⟩

6. f(x) =
∑m

i=1 |⟨ai,x⟩ − bi|p, p > 1

Theorem 6.11 Let f be a twice continuously differentiable function. Then f ∈ F2(Rn) if and only
if

f ′′(x) ⪰ O, ∀x ∈ Rn.

Proof:
Let f ∈ F2(Rn), and denote xτ = x+ τs, τ > 0. Then, from the previous result

0 ≤ 1

τ2
⟨f ′(xτ )− f ′(x),xτ − x⟩ = 1

τ
⟨f ′(xτ )− f ′(x), s⟩

=
1

τ

∫ τ

0
⟨f ′′(x+ λs)s, s⟩dλ

=
F (τ)− F (0)

τ

where F (τ) =
∫ τ
0 ⟨f

′′(x + λs)s, s⟩dλ. Therefore, tending τ to 0, we get 0 ≤ F ′(0) = ⟨f ′′(x)s, s⟩,
and we have the result.

Conversely, ∀x ∈ Rn,

f(y) = f(x) + ⟨f ′(x),y − x⟩+
∫ 1

0

∫ τ

0
⟨f ′′(x+ λ(y − x))(y − x),y − x⟩dλdτ

≥ f(x) + ⟨f ′(x),y − x⟩.

6.3 Differentiable Convex Functions with Lipschitz Continuous Gradients

Corollary 6.12 Let f be a two times continuously differentiable function. f ∈ F2,1
L (Rn) if and

only if O ⪯ f ′′(x) ⪯ LI, ∀x ∈ Rn.

Theorem 6.13 Let f be a continuously differentiable function in Rn, x,y ∈ Rn, and α ∈ [0, 1].
Then the following conditions are equivalent:

1. f ∈ F1,1
L (Rn).

2. 0 ≤ f(y)− f(x)− ⟨f ′(x),y − x⟩ ≤ L
2 ∥x− y∥22.

3. f(x) + ⟨f ′(x),y − x⟩+ 1
2L∥f

′(x)− f ′(y)∥22 ≤ f(y).

4. 0 ≤ 1
L∥f

′(x)− f ′(y)∥22 ≤ ⟨f ′(x)− f ′(y),x− y⟩.
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