4.10 How to make Standard Form (Big M Method)

min z =2x, +3X, z—2% —3x%,=0
S.t. 1/2x +1/4x,<4 1/2x +1/4x, +s, =4
X +3X, 2 20 ‘ X, +3X, —e, =20 Excess variable ')‘:1 « =0
X, +X%, =10 X, + X, =10 Equality e
How solve?
X, X, 20 X;, X5,5,,€, >0
Z—2X% —3%,=0

Y2x +14x,+s, =4 Art_|f|C|aI
variables
‘ X, +3%X, —e, +a, =20

X, + X, +a, =10 But, grtificial \_/ariables s_hould be
zero in the optimal solution.

a2’a3

X(s X5,5,,€, =0



4.11 Two-Phase Simplex Method

z—2% —3X%,=0 Phase | LP
/2% +1/4x%, +5s, =4 min wW'=a, +a,

X, +3X,—e,+a, =20 j> S.t. 1/2x, +1/4x,+s, =4
X, +3X, —€, +a, =20

X, + X, +a, =10
X, X,,S;,€, >0 X, + X, +a, =10
New Row 0 W+2X, +4x, —e, =30

*eliminate artificial variables from Row O

v

Phase Il LP

Eliminate column of artificial
variables from optimal tableau of
phase | and continue simplex method




Initial Tableau of Phase | Next Tableau of Phase |

ZW X X, S € aa, frhs ZW X X, S e a @& frhs
Rowz 10-2-30 00 0z=0 Rowz 10-1 00 -1 1 0 z=20
Roww' 0124 0-10 Ow=30Roww 0123 00 1/3 -43 0 w'=10/3

001/21/4 1 0 0 O0s =4 005120 11/12 -1/120 s,=7/3

0013 0-11 0a,=20 0013 1 0-1/3 13 0 x,=20/3

0011 0 001a,=10 00283 0013 -1/3 1 a,=10/3
Optimal Tableau of Phase | Initial Tableau of Phase I

ZWXX,S € a a frhs ZWX X, S e rhs

Rowz 100 00 -1/2 1/2 32 z=25 Rowz 1 00 00 -1/2 z=25
Roww'0 1000 0 -1 -1 w=0 0000 1-1/8 s =1/4
1
0000 1-1/8 1/8 -5/8 5,=1/4 00010-12 x =5
, =

00 010-1/2 112 -1/2 x, =5
W2 x, 0010012 x=5
0010012 -1232 x=5



4.12 Unrestricted-in-Sign Variables (urs)

max z =30x, —4x, X, = X; —Xg
St 5x <30+x, max z =30x, —4x, +4x}

X; <9 j> s.t. 5x <30+Xx,—X.

X, =0, X, urs X, <5

X, X5 , X5 >0

Initial Tableau Optimal Tableau
Z X, Xy X5 8 S, rhs BV Z X Xy X5 8 S, rhs BV
1-30(4 -40 0 0 Zz=0 1 0 0 0 4 10 170 Z=170
0 5/-1 1|1 0 30 5=30 0 0-111-505 x;=5
01/00/ 015 s=5 01000125 x=5

always X, =Xo — X, =0—-5=-5
opposite sign



6.1 Graphical Introduction to Sensitivity Analysis
X2 A 2-4

100 max z :@Xl + 2 X2

s.t. 2%, +X, <100 (2)
X, +X,<80 (3)
x, <40 (4)

80
60 |

Isoprofit line
slope = - 3/2

(3) slope =-1

> X1

40 50 60 80



120 Right-hand side change

80-120
maxz=3xi+2x2 St 2x +X, g (2)
100 , X, +x%,<80 (3)
(2) (4) x, <40 ()
30 A 20
00 z =180, x1 =20, x2=60
B0\E

60 18 Shadow price

2%, +X, <100+A (2)

D X, =20+Aand x, =60—-A
(3) z2=3(20+A)+2(60—A) =180+ A
20 C Shadow price of constraint (2) is $1

= coefficient of A

> X1

20 40 50 60 80



6.2 Important Formulas

max Z=C1X1+C2X2+"'+Can Max Z:6OX1+3OX2+20X3

S.t. AuX X+ +aX, =b +0s, +0s, +0s,

A, X, + Ay, X, + o+, X =D, S.{. 8x +6X,+X,+5, =48
4X, +2X, +1.9%;+ 5, =20
B X + 8 Xy e B Xy = D 2X, +1.5X, +0.5%, +5, =8

> | =
=0 (i 1,2,...{1) X,y X5, X5, 5, S,,S; =0

XBVl B ] B ]
X Sy X,
| MBv2
BV, NBV Xev =| Xgv =| X3 XNy =| Sz
| Xgvm | Xl S3

Definition Csy :1xmrow vector of theobjective function coefficien ts
Cnay -1x (N —m)row vector of the objective function coefficients
B :mxm matrix of jthcolumn for BVj
N : mx(n—m)matrix of the column for NBV
a; :column for the variable x; in constraints

b :mx1column vector of right - hand side of constraints



Standard Form Constraints of Optimal Tableau
2=CovXey TCnvXney | x,, +B*Nx,, =B™b

.
.
.
.
.
.
.
*
.
o*
*

S.L. = . . .
BXgy + NXygy =b B‘laj column for x; in optimal tableau's constraints

> ) i i i
Xy 1 Xnpy = 0 B~'b right - hand side of optimal tableau's constraints

Row 0 of Optimal Tableau
1 1
Cay Xy +Cay B NXyg, =CgB b
+) Z—Cgy Xy —CngvXnay =0

Z+(Cpgy BN —Cnav )Xnev =Cay B™b

Coefficient of x; in the optimal tableau’s row 0

Cav B_laj_cj =Cj Cj : column of C
Coefficient of s.(a,) and e in the optimal tableau's row O
ith element of ¢, B™ - (ithelement of ¢, B™) Derivations not been easy.

Right - hand side of optimal tableau's row 0
o, B7'D



Example 1
max z=Xx +4x,
S.1. X1+2X2S6 X1+2X2+31=6
2% +%, <8 2% + X, +5, =8
X, X, 20 BV ={x,,s,!
L _[v2 o {2 0}
- —:L/Z 1 1 1
Sy 12 0 ||6]_
CeyB b =[4 o]L/2 JM_
. o y2 011] ,
CeyBa,—c, =[4 O]Lj/2 JL} 1=1
Gt Y2 0
Ce B =[4 0_{_1/2 1}_[2 0]
. _[Y2 o76] [3
A PR NEN

L [y2 o7 [05] g |2 O}H
° a1{—1/2 1}{2_ {1.5} 0 L/Z 1]0

optimal value z =
rhs of optimal tableau’ row 0

C,, B7D

CeyB A, —C,
coefficient of Xj in the optimal
tableau’s row 0

C,, B™
coefficient of Sj in the optimal
tableau’s row 0

BV of optimal solution =

-1
B™D  rhsof optimal tableau

column of Xj in the optimal
I tableau’s constraints

B'a

Optimal Tableau

Z+X +2s, =12
0.5x,+X,+0.5s, =3
:EjJ 15%  —05s,+5,=5



6.3 Sensitivity Analysis
max z =60x, +30x, + 20X,
S.t. 8x, +6X,+Xx, <48
4, +2X, +1.5%, <20
2%, +1.5x, +0.5%, <8

Initial Tableau Parameter Change

z—60x, —30x, —20x, =0 o _ o
1. Objective function coefficient of a NBV
8X,+ 6X,+ X;+5, =48

4% + 2X,+1.5X,+S, =20
2%, +1.5x, + 0.5, +5, =8 3.
4, Column of a NBV

2. Objective function coefficient of a BV

Right-hand side of a constraint

Optimal Tableau
Z+5X, +10s, +10s, = 280 5. Add a new variable or activity

—2X,+S,+2s,—8s, =24
—2X, + X, +28, —4s, =8
X, +1.25%, —0.5s, +1.55, =2

BV ={s,, %, }, NBV ={x,,s,,S, |



1. Changing objective function coefficient of a nonbasic variable

Supposec, is changed to30+A

c ' <5 ¢, >0 remains optimal
c2=c,Bla,—c,=5-A>0 1A= C2=0 p

if A>5, ¢, <0 no longer optimal

If BV remains optimal after a change in a nonbasic variable’s
objective function coefficient, the values of the decision variables
and the optimal value remain unchanged.

If BV will no longer be optimal, this is not optimal solution
(suboptimal).

The reduced cost for a nonbasic variable is the maximum amount by
which the variable’s objective function coefficient can be increased
before the current basis becomes suboptimal and it becomes optimal
for the nonbasic variable to enter the basis.

z = 2805, —10s, —10s,



2. Changing objective function coefficient of a basic variable

1 2 -8
Supposec, is changed to60+A Cy, =[0 20 60+A] B*=|0 2 -4
0-0515

Coefficient of each nonbasic variable {XZ, S,, 83} in 1n the optimal tableau’s row 0
X,, C2=CqBPa,—C,=5+125A>0 A>-4
S,, Cgu B =10-0.5A>0 A<20

S, Cey B =10+15A>0 A>-20/3

Range of value on c, for which current basis remains optimal
—4<A<20 Value of the decision variables do not change, but
o6<c, <80 z-value does changed. If ¢, =70, what s 22

If any variable in row 0 has a neqative coefficient, the current basis is no longer optimal.

If ¢, =100 ¢, =5+1.25A=55 Proceed simplex and find
s,=10—0.5A=-10 s,tobeBV the new optimal tableau.

s, =10+1.5A =70 Table 5 in p.264.



3. Changing the right-hand side of a constraint

Supposeb, is changed to20+ A Current basis
_ - _ remains optimal
48 24+ 2A A>—12
B'™=B"'20+A|=[8+2A |20 A>_4 —-4<A<4
8 ] [2-054A] A<4 m 16<h, <24

If the right-hand side of each constraint in the tableau remains nonnegative,
the current basis remains optimal. If the right-hand side of any constraint is
negative, the current basis is infeasible.

Change of values of optimal solution (z-value) and the value of BVs
new value of z=c,,B*(newb) new value of BVs =B~ (new b)

Cas_e of cur_rent C of Obj.Fun. NBV Not Change Not Change
l(:))a:ilrsnlgalmalns C of Obj.Fun. BV Not Change Change
P rhs of constraints Change Change




4. Changing the column of a nonbasic variable

If the column of a nonbasic variable Is changed,
the current basis remains optimal. if ¢c;>0

the current basis is no longer optimal if c¢; <0

Price Out: Calculate the new coefficient of x in the optimal tableau row 0

5. Adding a new activity
Addition of the new column (new decision variables)
cs=c,,B™a, —c,
the current basis remains optimal. if ¢c;>0

the current basis is no longer optimal if ¢; <0



