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Today’s purpose

Understanding what determine the 

frequency characteristics of bipolar 

transistor.
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拡散容量のみを考慮した遮断周波数

 𝑗𝜔𝐶𝐷𝑟𝑒𝑖𝐸 + 𝑖𝐸 = 𝑖𝐵 + 𝛼𝑖𝐸 （ 𝑖𝐸は、 𝑟𝐸に流れる電流）

整理して、 1 − 𝛼 + 𝑗𝜔𝐶𝐷𝑟𝑒 𝑖𝐸 = 𝑖𝐵


𝛼𝑖𝐸

𝑖𝐵
=

𝛼

1−𝛼+𝑗𝜔𝐶𝐷𝑟𝑒

 1 − 𝛼 ≫ 𝑗𝜔𝐶𝐷𝑟𝑒である低周波では利得はβ。

 1 − 𝛼 ≪ 𝑗𝜔𝐶𝐷𝑟𝑒では、


𝑖𝐶

𝑖𝐵
=

𝛼𝑖𝐸

𝑖𝐵
=

1

𝜔𝐶𝐷𝑟𝑒

遮断周波数  𝑖𝐶 𝑖𝐵 ≡ 1

𝑓𝑡 =
𝜔

2𝜋
=

1

2𝜋𝐶𝐷𝑟𝑒

3

𝑖𝐶
𝑖𝐵

𝑖𝐸

𝛼𝑖𝐸

𝑟𝑒 𝑟𝑐 = ∞

𝑣𝐵𝐸

𝑟𝑏 = 0

𝐶𝐷

𝑊𝐵

handout

電流の向きが反対



Kazuya Masu

拡散容量のみを考慮した遮断周波数
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=
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=

1
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𝑓𝑡 =
𝜔

2𝜋
=

1

2𝜋𝐶𝐷𝑟𝑒
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𝑖𝐶
𝑖𝐵

𝑖𝐸

𝛼𝑖𝐸

𝑟𝑒 𝑟𝑐 = ∞
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拡散容量のみを考慮した遮断周波数
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1
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𝑖𝐶
𝑖𝐵

𝑖𝐸

𝛼𝑖𝐸

𝑟𝑒 𝑟𝑐 = ∞

𝑣𝐵𝐸

𝑟𝑏 = 0

𝐶𝐷
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Cut-off frequency; diffusion cap is only taken into account.

 𝑗𝜔𝐶𝐷𝑟𝑒𝑖𝐸 + 𝑖𝐸 = 𝑖𝐵 + 𝛼𝑖𝐸 (𝑖𝐸: current flows thru 𝑟𝐸.)

 Simplify to  1 − 𝛼 + 𝑗𝜔𝐶𝐷𝑟𝑒 𝑖𝐸 = 𝑖𝐵


𝛼𝑖𝐸

𝑖𝐵
=

𝛼

1−𝛼+𝑗𝜔𝐶𝐷𝑟𝑒

 At low freq. of 1 − 𝛼 ≫ 𝑗𝜔𝐶𝐷𝑟𝑒, gain becomes β.

 For 1 − 𝛼 ≪ 𝑗𝜔𝐶𝐷𝑟𝑒


𝑖𝐶

𝑖𝐵
=

𝛼𝑖𝐸

𝑖𝐵
=

1

𝜔𝐶𝐷𝑟𝑒

 Cut off freq. is defined as  𝑖𝐶 𝑖𝐵 ≡ 1

𝑓𝑡 =
𝜔

2𝜋
=

1

2𝜋𝐶𝐷𝑟𝑒

6

𝑖𝐶
𝑖𝐵

𝑖𝐸

𝛼𝑖𝐸

𝑟𝑒 𝑟𝑐 = ∞

𝑣𝐵𝐸

𝑟𝑏 = 0

𝐶𝐷

presentation
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English version
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拡散容量のみを考慮した遮断周波数

遮断周波数: 𝑓𝑡  𝑖𝐶 𝑖𝐵 ≡ 1 となる周波数

𝑓𝑡 =
𝜔

2𝜋
=

1

2𝜋𝐶𝐷𝑟𝑒

𝐽𝐸 ≈ 𝐽𝐶 = 𝑞
𝐷𝐵

𝑊𝐵
𝑛𝐵0𝑒

𝑞𝑉𝐵𝐸
𝑘𝑇 → 𝑟𝐸 =

𝜕𝑉𝐵𝐸

𝜕𝐽𝐸
≈

𝑘𝑇

𝑞

1

𝐽𝐶

𝐶𝐷 =
𝑞

𝑘𝑇
𝐽𝐶

𝑊𝐵
2

2𝐷𝐵
であるから、𝐶𝐷𝑟𝑒 =

𝑊𝐵
2

2𝐷𝐵

𝐶𝐷𝑟𝑒: 電流に依存しない量
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電子の速度（ベース走行時間 𝜏𝐵）

 𝐽𝐶 = 𝑞
−𝐷𝐵∙𝑛𝐵 0

𝑊𝐵
, 𝑛𝐵 𝑥 = 𝑛𝐵 0 𝑒

𝑞𝑉𝐵𝐸
𝑘𝑇 1 −

𝑥

𝑊𝐵
より、

 𝑣 𝑥 =
𝐽𝐶

𝑞𝑛𝐵 𝑥
=

𝐷𝐵

𝑊𝐵−𝑥

ベース走行時間：微小領域の走行時間の逆数の積
分

 𝜏𝐵 =  0
𝑊𝐵 𝑑𝑥

𝑣 𝑥
=

𝑊𝐵
2

2𝐷𝐵

 𝐽𝐶 =  𝑄𝐵
𝜏𝐵 とも表記可能。

8

𝐶𝐷𝑟𝑒 =
𝑊𝐵

2

2𝐷𝐵

handout
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電子の速度（ベース走行時間 𝜏𝐵）

 𝐽𝐶 = 𝑞
−𝐷𝐵∙𝑛𝐵 0

𝑊𝐵
, 𝑛𝐵 𝑥 = 𝑛𝐵 0 𝑒

𝑞𝑉𝐵𝐸
𝑘𝑇 1 −

𝑥

𝑊𝐵
より、

 𝑣 𝑥 =
𝐽𝐶

𝑞𝑛𝐵 𝑥
=

𝐷𝐵

𝑊𝐵−𝑥

ベース走行時間：微小領域の走行時間の逆数の積
分

 𝜏𝐵 =  0
𝑊𝐵 𝑑𝑥

𝑣 𝑥
=

𝑊𝐵
2

2𝐷𝐵

 𝐽𝐶 =  𝑄𝐵
𝜏𝐵 とも表記可能。

9

𝐶𝐷𝑟𝑒 =
𝑊𝐵

2

2𝐷𝐵

presentation
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α遮断周波数 （定性的な説明）

従属電流源に流れる伝リュ

従属電流源に流れる電流が、エミッタ端子に流れる電

流の
 1 𝑗𝜔𝐶𝐷

𝑟𝑒+  1 𝑗𝜔𝐶𝐷
と考えると、

周波数成分を含んだ𝛼が


 1 𝑗𝜔𝐶𝐷

𝑟𝑒+  1 𝑗𝜔𝐶𝐷
=

1

1+𝑗𝜔𝐶𝐷𝑟𝑒

 𝛼 =
𝛼𝑜

1+𝑗
𝜔

𝜔∝

, 𝜔 = 1/𝐶𝐷𝑟𝑒

になると想像できる。

10

𝑖𝐶
𝑖𝐵

𝑖𝐸

𝛼𝑖𝐸

𝑟𝑒 𝑟𝑐 = ∞

𝑣𝐵𝐸

𝑟𝑏 = 0

𝐶𝐷

削 除

次ページに修正版を示す
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α cut-off frequency: simple derivation

 From the DC small signal 

equivalent circuit, the 

dependent current source is 

represented by 𝛼𝑖𝐸𝑅, where 

𝑖𝐸𝑅 is the current thru 𝑟𝑒.

 When the diffusion 

capacitance 𝐶𝐷 exists, the 

current thru the emitter 

terminal is 

𝑖𝐸𝑇 = 1 + 𝑗𝜔𝐶𝐷𝑟𝑒 𝑖𝐸𝑅

𝛼𝑖𝐸𝑅 = 𝛼
𝑖𝐸𝑇

1 + 𝑗𝜔𝐶𝐷𝑟𝑒
=  𝛼𝑖𝐸𝑇

Hence,   𝛼 =  𝛼 1 + 𝑗
𝜔

𝜔𝛼
,

where 𝜔𝛼 =  1 𝐶𝐷𝑟𝑒

11

𝑖𝐶
𝑖𝐵

𝛼𝑖𝐸𝑅

𝑟𝑒 𝑟𝑐

𝑟𝑏

𝐶𝐷

𝑖𝐸𝑅

𝑖𝐶
𝑖𝐵

 𝛼𝑖𝐸𝑇

𝑟𝑒 𝑟𝑐

𝑟𝑏

𝐶𝐷

𝑖𝐸𝑅

𝑖𝐸𝑇

𝑖𝐸𝑇

Supplement：This simple derivation cannot be in the usual text book
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α遮断周波数（求め方）

1. 高周波の微小信号成分を考
える。

2. i(0)に対してi(W)には時間遅
れがあるはず。

3. αTが周波数特性を持つ。（仮
定：αE、αCは周波数特性を
持たない。）

4. 中性ベース内の連続の方程
式を交流成分について解くこ
とにより、求める。

12
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α遮断周波数とβ遮断周波数 13



˜ 

O


1

1 j





1

1 j
f

f

˜ 
˜ 

1  ˜ 


O

1 j
f
f







1
O

1  j
f
f









O

1 O

1  j
f

f 1 O 


O

1  j
f
f







ここで、

また、

O f  O f

利得帯域幅積が一定

fβ：β遮断周波数

handout

内容は同じですが、修正版を作成
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α遮断周波数とβ遮断周波数 14

ここで、

また、

利得帯域幅積が一定

𝑓𝛽：β遮断周波数

handout

𝑓𝛽 = 𝑓𝛼 1 − 𝛼𝑜

𝑓𝛼
𝑓𝛽

=
1

1 − 𝛼𝑜
=

𝛽𝑜

𝛼𝑜

𝑓𝛼𝛼𝑜 = 𝑓𝛽𝛽𝑜

 𝛼

𝛼𝑜
=

1

1 + 𝑗
𝜔
𝜔𝛼

=
1

1 + 𝑗
𝑓
𝑓𝛼

 𝛽 =
 𝛼

1− 𝛼
=

𝛼𝑜

1+𝑗
𝑓
𝑓𝛼

1−
𝛼𝑜

1+𝑗
𝑓
𝑓𝛼

=
𝛼𝑜

1+𝑗
𝑓

𝑓𝛼
−𝛼𝑜

=

1

1−𝛼𝑜
𝛼𝑜

1+𝑗
𝑓

1−𝛼𝑜 𝑓𝛼

=
𝛽𝑜

1 + 𝑗
𝑓
𝑓𝛽
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α遮断周波数とβ遮断周波数 15

ここで、

また、

利得帯域幅積が一定

𝑓𝛽：β遮断周波数

presentation

𝑓𝛽 = 𝑓𝛼 1 − 𝛼𝑜

𝑓𝛼
𝑓𝛽

=
1

1 − 𝛼𝑜
=

𝛽𝑜

𝛼𝑜

𝑓𝛼𝛼𝑜 = 𝑓𝛽𝛽𝑜

 𝛼

𝛼𝑜
=

1

1 + 𝑗
𝜔
𝜔𝛼

=
1

1 + 𝑗
𝑓
𝑓𝛼

 𝛽 =
 𝛼

1− 𝛼
=

𝛼𝑜

1+𝑗
𝑓
𝑓𝛼

1−
𝛼𝑜

1+𝑗
𝑓
𝑓𝛼

=
𝛼𝑜

1+𝑗
𝑓

𝑓𝛼
−𝛼𝑜

=

1

1−𝛼𝑜
𝛼𝑜

1+𝑗
𝑓

1−𝛼𝑜 𝑓𝛼

=
𝛽𝑜

1 + 𝑗
𝑓
𝑓𝛽
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 cut-off and β cut-off frequencies 16

βO

αO

20 log|α|, 20 log|β|

log ffαfβ

=-3dB

Slope (傾き）

handout
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 cut-off and β cut-off frequencies 17

βO

αO

20 log|α|, 20 log|β|

log ffαfβ

1
2 =-3dB

1
f  6dB oct.

Slope (傾き）

presentation
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fT ,  and β cut-off, frequencies 18

βO

αO

20 log|α|, 20 log|β|

log ffαfβ

1
2 =-3dB

|hfe|

fT

handout
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fT ,  and β cut-off, frequencies 19

βO

αO

20 log|α|, 20 log|β|

log ffαfβ

1
2 =-3dB

|hfe| 

h fe  

f=fTにおいて、

|hfe|=1

fT

|h21e|=1

presentation
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Hybrid π equivalent circuit

 ベース接地T形等価回路  Common-emitter hybrid π

20

𝑖𝑐

𝑖𝑏

𝑖𝑒
 𝛼 ∙ 𝑖𝑒

𝑟𝑒
𝑟𝑐

𝑣𝑒𝑏
′

𝑟𝑏𝐶𝐷
𝐶𝐶

𝐶𝐸

𝐵

𝑔𝑚𝑣𝑏𝑒
′

𝑖𝑏

𝑖𝑒

𝑣𝑏𝑒

𝑟𝑏

𝐶𝐷

𝐶𝐶
𝐶𝐵

𝐸

𝑣𝑏𝑒
′

𝑟𝜋

𝐸

𝑟𝜋 =
𝑟𝑒

1 − 𝛼𝑜

𝑔𝑚 =
𝛼𝑜

𝑟𝑒

handout
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Hybrid π equivalent circuit

 Common-base T-type 

equivalent circuit

 Common-emitter hybrid π

21

𝑖𝑐

𝑖𝑏

𝑖𝑒
 𝛼 ∙ 𝑖𝑒

𝑟𝑒
𝑟𝑐

𝑣𝑒𝑏
′

𝑟𝑏𝐶𝐷
𝐶𝐶

𝐶𝐸

𝐵

𝑔𝑚𝑣𝑏𝑒
′

𝑖𝑏

𝑖𝑒

𝑣𝑏𝑒

𝑟𝑏

𝐶𝐷

𝐶𝐶
𝐶𝐵

𝐸

𝑣𝑏𝑒
′

𝑟𝜋

𝐸

𝑟𝜋 =
𝑟𝑒

1 − 𝛼𝑜

𝑔𝑚 =
𝛼𝑜

𝑟𝑒

𝑣𝑏𝑒
′ = −𝑣𝑒𝑏

′

 Hybrid pequivalent circuit is used for 

circuit analysis. （ハイブリットp型回路は回
路解析に利用される）

 The derivation of hybrid p circuit is 

described in the supplement. （導出は補足
を参照のこと）

handout
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ハイブリットπ形等価回路

エミッタ接地ハイブリッドπ形等価回路から最大発振
周波数を求めることができる。

バイポーラトランジスタ（エミッタ接地）は、ベース電流
が流れるので電流制御形デバイスと呼ばれる。しか
し、最近のデバイスではβが2～300と大きく、rbが小

さいと考えることができるので、入力開放の
MOSFET-likeの回路（gm動作）で解析している。

22

𝑓𝑚𝑎𝑥 =
𝑓𝛼

8𝜋𝑟𝑏𝐶𝐶

内容は同じですが、和英併記版を作成。
The contents are the same. Next page is 

written in Japanese-English together.
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𝑓𝑚𝑎𝑥 in hybrid π equivalent circuit (1)

 From the common-emitter hybrid π equivalent circuit, the 

maximum oscillation frequency 𝑓𝑚𝑎𝑥 can be derived. （ハ
イブリッド π形等価回路から最大発振周波数 𝑓𝑚𝑎𝑥 を求めるこ
とができる。）

 The maximum oscillation frequency 𝑓𝑚𝑎𝑥 is defined as the 

frequency where the power gain under conjugate 

impedance matching condition become 1 (0dB).

 最大発振周波数は、入出力のインピーダンスマッチングがと
れた状態での電力増幅率が１（０ｄB）になる周波数で定義さ
れる。

23

𝑓𝑚𝑎𝑥 =
𝑓𝛼

8𝜋𝑟𝑏𝐶𝐶
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𝑓𝑚𝑎𝑥 in hybrid π equivalent circuit (2)

 In the bipolar common-emitter circuit, the base current 

flows into the device, so that the bipolar transistor is 

called as current-controlled device. For recent bipolar 

device,  becomes over 2-300 and base resistance rb is 

small.  The bipolar transistor circuit can be analyzed by 

the similar way of MOSFET, i.e. gm-operation, where the 

input terminal is treated as an open-terminal.

 バイポーラトランジスタ（エミッタ接地）は、ベース電流が流れ
るので電流制御形デバイスと呼ばれる。しかし、最近のデバイ
スではβが2～300と大きく、rbが小さいと考えることができるの
で、入力開放のMOSFET-likeの回路（gm動作）で解析してい
る。

24
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Summary 

Capacitance component affect the 

frequency characteristics.

 Important frequencies of bipolar transistor

25
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Summary 

Capacitance component affect the 

frequency characteristics.

 Important frequencies of bipolar transistor

  cut-off frequency

  cut-off frequency

 Cut-off frequency ft
 The frequency where current gain becomes one.

 Maximum oscillation frequency

 Maximum available power gain become one.

26
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Supplement (A) What are ℎ𝑓𝑒 , ℎ21? (1)

 When voltage V and current I 

represent DC signals, the large 

characters of 𝐻𝑖𝑗 are used.

 , voltage V and current I 

represent DC signals.

 When voltage 𝑣 and current 𝑖
represent AC or small signals, 

the small characters of ℎ𝑖𝑗 are 

used.
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𝐼1 𝐼2

𝑉1 𝑉2

𝐼1 𝐼2

𝑉1

𝐼2
=

𝐻11 𝐻12

𝐻21 𝐻22

𝐼1
𝑉2

𝑖1 𝑖2

𝑣1 𝑣2

𝑖1 𝑖2

𝑣1

𝑖2
=

ℎ11 ℎ12

ℎ21 ℎ22

𝑖1
𝑣2
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Supplement (A) What are ℎ𝑓𝑒 , ℎ21? (1)

 The small-character h-parameters of eq.(1)  is often 

rewritten as eq.(2)

 In order to distinguish the ground types, suffixes are used.

28

𝑣1

𝑖2
=

ℎ11 ℎ12

ℎ21 ℎ22

𝑖1
𝑣2

⋯ 1

𝑣1

𝑖2
=

ℎ𝑖 ℎ𝑟

ℎ𝑓 ℎ𝑜

𝑖1
𝑣2

⋯ 2

ℎ𝑖𝑒 ℎ𝑟𝑒

ℎ𝑓𝑒 ℎ𝑜𝑒
for common-emitter h-parameters

ℎ𝑖𝑏 ℎ𝑟𝑏

ℎ𝑓𝑏 ℎ𝑜𝑏
for common-baser h-parameters
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Supplement (B) Derivation of Hybrid π equivalent circuit (1)

 First, the dependent current 

source  𝛼 ∙ 𝑖𝑒 in  the common 

base equivalent circuit in Fig.1 

is rewritten. 𝑖𝑒 is the current 

flows from the emitter terminal, 

and   𝛼 =  𝛼𝑜 1 + 𝑗𝜔𝐶𝐷𝑟𝑒 .

𝑖𝑒 = −  1 𝑟𝑒 + 𝑗𝜔𝐶𝐷 𝑣𝑒𝑏′

 Then,  𝛼𝑖𝑒 = −  𝛼𝑜 𝑟𝑒 𝑣𝑒𝑏
′ ,

where 𝑔𝑚 ≡  𝛼𝑜 𝑟𝑒

 Exchanging E and B, Fig. 1 is 

rewritten into Fig. 2.

 Here, 𝑣𝑏𝑒
′ = −𝑣𝑒𝑏

′
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𝑖𝑐

𝑖𝑏

𝑟𝑒
𝑟𝑐

𝑣𝑒𝑏
′

𝑟𝑏𝐶𝐷
𝐶𝐶

𝐸

𝐵
Fig. 1 

Common-base T-type equivalent circuit

 𝛼 ∙ 𝑖𝑒

𝑖𝑐

𝑖𝑒

𝑟𝑏 𝑟𝑐

𝑣𝑏𝑒
′

𝑟𝑒
𝐶𝐷

𝐶𝐶

𝐵

𝐸

Fig. 2 Common-emitter equivalent circuit

𝑔𝑚𝑣𝑏𝑒
′

𝑖𝑏

𝑖𝑒
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Supplement (B) Derivation of Hybrid π equivalent circuit (2)

 Fig.2 is re-drawn to Fig. 3

 𝑟𝑐 and  1 𝑗𝜔𝐶𝐶 are much larger 

than 𝑟𝑒 and  1 𝑗𝜔𝐶𝐷.

 In this case, the dependent 

current source can be inserted 

between C and E as shown in Fig. 

4.
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𝑖𝑐𝑟𝑏 𝑟𝑐

𝑣𝑏𝑒
′

𝑟𝑒

𝐶𝐷
𝐶𝐶

𝐵

𝑔𝑚𝑣𝑏𝑒
′

𝑖𝑏

𝐸 𝐸

𝑣𝑏𝑒

𝐶

Fig. 3 Common-emitter equivalent circuit

Fig. 4 The dependent current source can be 

inserted between C and E.

𝑖𝑐
𝑟𝑐

𝑣𝑏𝑒
′

𝑟𝑒

𝐶𝐷
𝐶𝐶

𝑔𝑚𝑣𝑏𝑒
′

𝐶

𝐸
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Supplement (B) Derivation of Hybrid π equivalent circuit (3)

 The Input impedance Zin is de-

fined as an impedance between B 

and C with shortening the output 

terminal C-B as shown in Fig. 5. 

 The parallel of 𝑟𝑒 and the depen-

dent current source can be modi-

fied to Fig. 5(c).

 From the discussions of Figs. 4 

and 6, the hybrid p circuit can be 

drawn as shown in Fig 7.
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𝑟𝑏

𝑣𝑏𝑒
′

𝑟𝑒 𝐶𝐷

𝑟𝑐

𝐶𝐶

𝐵

𝑖𝑏

𝐸

𝑍𝑖𝑛

Fig. 5 Input impedance Zin

𝑔𝑚𝑣𝑏𝑒
′

𝑣𝑏𝑒
′

𝑟𝑒

Fig. 6 Transformation of the current source.

𝑔𝑚𝑣𝑏𝑒
′ =

𝛼𝑜

𝑟𝑒
𝑣𝑏𝑒

′

𝑟𝑒 𝑟𝜋

−
𝑟𝑒
𝛼𝑜

(a) (b) (c)

𝑟𝜋 =
𝑟𝑒

1 − 𝛼𝑜

𝑔𝑚𝑣𝑏𝑒
′

𝑣𝑏𝑒

𝑟𝑏

𝐶𝐷

𝐶𝐶
𝐶𝐵

𝐸

𝑟𝜋

𝐸
Fig. 7 hybrid p equivalent circuit.

𝑖𝑏
𝑖𝑐

𝑣𝑏𝑒
′


