3 Convergence of Sequences of Measurable

Functions

Consider other types of convergence than f, — f a.e.-pu.

s Def. 3.1 ~N
Let p > 0.

o [P =[P F, u):= {measurable f s.t. /]f|p dp < o0 }

o vor fe 1 Ifl, = ( [ 15au)”
N J

Remark 3.1 We can see that L? is a vector space (see Minkowski’s inequality A.2

and the remark thereafter in Appendix).!

/’Def. 3.2 \
fis fos ooy [1 Q = R, F/B(R)-measurable

i) If f1, fo,..., f € LP(Q, F, ), fn converges to f in L or fnL—p> f
<:>”fn—f’|p_>0<:>f‘fn—f|pd,u—>0asn—>oo

ii) f, converges to f in measure por f, % f
S 7%>0, 1 {weQ:|fulw)— fw)] >€} > 0asn— oo
When ;1 = P (probability measure), convergence in probability f, —

f

iii) f, converges to f almost uniformly in por f, — f au.-u

L & Ve>0,3A€ Fst u(A°) < eand f, — f uniformly on A )

Example 3.1 Q=[0,1], u =X =P.

Y+ ]lp is not a norm but a seminorm on L?. However, || - ||, is a norm on the quotient space
LP /I with quotient set I = {f = 0 a.e.-u}; that is the set of [f] = {measurable g | g = f a.e.-u},

f € LP (This is Bruno’s comment in the class).
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n, wel0,1/n]
o X, = = X, — 0 as.
0, w € (1/n,1]
P(X,>e)=1/nfore<1l =X, > 0

However, for p > 0,

0, p<l1
J1Xn ()P dw =nP~t — ¢ 1, p=1 =X, 0onlyforp<1
400, p>1

o X, m(w) = " m=12,....,n, n=1,2,3,...
0, 0.W.

= [[Xpm@)Pdw =1L =0 = X1, Xo1, X0 X351, X532, X33, =0
PXpm>e)=1/nfore<1l = X,,—> 0
However, for any w € (0, 1], limsup X, ,»(w) =1, X, m(w) =0

= X,,,» does not converge a.s. nor a.u-P

We compare these types of convergence.

Thm. 3.1
[ﬂhmjem@ﬂ&hifihﬁf

N

This is an immediate consequence of Markov’s inequality A.1 in Appendix.

s Thm. 3.2

kJ'}n—>]"1auu:>fn f& fn— fae-u

-~ Thm. 3.3 (Egorov’s Thm.)

kIf p is finite, f, — f ae-u < f, — fau-u

— S

Remark 3.2 If p is finite, f, — f ae-p = fo & f
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A Appendix

A.1 Useful Inequalities in Integrations

Thm. A.1 (Hélder’s Inequality)

Forl <p,g<oost. 1/p+1/g=1, fe Ll ge L1
= fgeLtand |fgls < |Ifll» 9l

Remark A.1 When p = ¢ = 2 = Schwarz’s inequality
2
(J1f gldu)” < [1fPdp [1gl* du

Thm. A.2 (Minkowski’s Inequality)
[For l<p<oo, fige I’ = f+geL”and |[f +gll, < [|fll, + llgll» ]

By Minkowski’s inequality along with ||c f||, = |c| || f|l, for f € LP and ¢ € R, we

can see that LP is a vector space.

- Lem. A.1 (Markov-Chebyshev Inequality) N

h: Q — R, Measurable and nonnegative

¢: Ry — R, positive and nondecreasing

For e > 0, pu({w | h(w) > €}) < %/d)(m du
N )

Chebyshev’s Inequality

Let =P and X be a random variable.

ECY) = [ X(w)Pldu), Var(X) = EICY ~ B = [ (X(w) ~ ECO)*P(dw)
= Take hgzw) = | X (w) — E(X)|, ¢(z) = 2? in Lem. A.lQ

< Var(X)

P(IX —E(X)[ = ¢)

€2
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