Finite Wordlength Effects

Binary number representation
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sign bit S _
|~ _most significant bit

two’s complement
*one’s complement
*sign magnitude

f(lO) = —Qqp + a12_1 + -+ aL_]_Z_(L_l

Floating Point  sign bijt
|\ v

dg

dq |dy

a1

sign of ex

binary point

T

yleast significant bit

onent kmantissa

]

My ol Iy

I'e

ml -

My,

Y
exponent

binary point



Quantization

*Reduction of Wordlength
‘roundoff

add 1 to LSB if the next bitis 1
do nothing If O

*

. add 1if 1
‘truncation

truncate the following bits




Quantization Error

When a number Is rounded to B bit
Fixed Point
=Y —X
_Q Q _ >-B
2<€S2,Q—2

*Floating Point
e=(Y—-X)/X
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Finite Wordlength Effects

» deviation of freguency_re_sponse o
ue to finite-wordlength coefficients

sensitivity

 round off operation

~noise e uncorrelated error : random
+limit cycles - correlated
overflow

all are related to network structure (direct,
cascade ......



Round off Operation

n-bit n-bit 2n-bit
DS X . = ]
full precision cannot be kept 1 quantization
_ roundoff
n-bit -truncation
—
lerror| < % Q: stepsize
error
for uniform distribution, zero mean and  -Q/2 0 QF2
0o Q/2 1 1 31972 2
% = f x?p(x)dx = f —x%dx :_[x_] _v



Linear Model of Quantization

e(n)
> Q|- %
filter ,
Input ei(n) gi(n)~ ﬁ(n)
> |> ( I > (o o
eo(n) = 2 9i(n — k)e;(k) output
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Noise Gain

using Parseval’s equation

1 144z
of =el(n) = o? 2 Gi(z)G;(z )7

For multiple noise sources

If noises are uncorrelated

YA
0'02 — ZO'iZ = O-ZZZ_TL'jf Gi(Z)Gi(Z_1)7
=1 \izl )

Y

noise gain



Scaling

adjust internal signal level so that
the output SN ratio is maximized

Scaling strategy

digital
filter

1>

scaling

multiplier

*no overflow for any input sequence

---t00 pessimistic

4@‘

|, norm scaling  [|F;|l,, = ( |F;(eJeT)|" dw)

F;(z): transfer function from
the Input to the internal node i 8



Example of Limit Cycles

zero input case ©

y(n) = [=0.8y(n —1)]y,

y(0) =10 Q
Quantizer

y(1) =
y(2) =
y(3) =
y(4) =
y(5) =
y(6) =
y(7) =
y(8) =

—0.8y(0)
—0.8y(1).
—0.8y(2)
—0.8y(3).
—0.8y(4)
—0.8y(5).
—0.8y(6)
—0.8y(7).

Q QQ O O O O O

absolute value
rounded to integer

—0.8x 10], = [-8], = —8

—0.8 % (—8)]p = [6.4]g = 6
—0.8% 6]y = [~4.8]p = —5
—0.8 % (=5)]o = [4]y = 4

—0.8x 4]y = [-3.2]p = -3
—0.8 % (—3)]o = [2.4], = 2
—0.8x 2] = [~1.6]g = —2
—0.8 % (—2)]o = [1.6]¢ = 2



Filter Structures

Direct Form | Direct Form Il

) 4

sexchange of the order
ecommon use of the delays ‘<»

Cascade Form
factorization of the transfer function

10



Example of Coefficient Rounding
4th-order LPF

0.0018(1 + z~1)4

(1-1.55z71 +0.65z72)(1 — 1.50z~1 + 0.85z7%)
Is realized using 8bit coefficients
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cf. Numerical Error

For the solution of linear algebraic equations
« Gauss-Jordan Elimination

« Gaussian Elimination with Back substitution
* LU Decomposition

* etc.

Depending on the algorithm, computational
complexity and numerical accuracy are different

Choice of filter structures ~ choice of computational algorithms

12



Simulation of reactance circuit

R'
- |reactance| \
2 | (lossless)| | R .
avalilable power consumed power
Ak V,|?
|Vq| > V2|
4R R

13



Matching

matching points

/N maximum power transfer

|H| Is bounded

N

frequency

14



at a matching point

| >

X0 reactance x

. ., O|H| . . .
sensitivity —, IS zero at matching frequencies

and low in the passband

15



voltage-current simulation

L
|G ¢,
Vi 1 Vo -1 Vs
o O o O o
11y 1 1 1
R sC sL sCJ R
s ! g sG 2 |eap frog
O O O >0 O ' -

widely used in RC active and switched capacitor filters 6



Delay-free Loops

integrator bilinear transformation

1 j> 1+z~1
1—z"1

g
V5

u(+)



Simulation in terms of
Wave Quantities

more precisely : voltage waves

Incident wave A=V+RI | _
reflected wave B=\-R| R:portresistance
one-part elements sources
R R o~
O— ? SR o C OJ\/\/\—
— } %R e() EC)
B=z14|B=—-2z1A|B=0|B=—-A| B=A4 B=E B=2E—-A
A A A ) A A A ) A
\ 4 1 A\ 4
71 Z- __y .
O—— O‘_@J o Oo—— O—— E
B B B=0 B B §—Q < 2E




Interconnections and Adaptors

{Parallel connection of n ports
Series connection of n ports

Kirchhoff ’s voltage law
*Kirchhoff ’s current law

are interpreted in terms of waves using

Ak — Vk + Rka

By =Vi—Rel = barn

19



Parallel Connection

I
AN
I \é& "’ ;n
o R -
VlT Blle QBZL Tn
11+12-|—o.'—|—1n=O’ V1=V2=...=Vn

By = (Y141 + V24, + - + v, A4,) — Ay, k=12,

2Gy 1
wher = G = —
Sre Vi G1+Go++Gp, k™ R,

ityz+-+rm=2)
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i Parallel Adapters

3

I RsT I P—o A,
Alo_> —O0 A2 |
Ry 7ally2 |R —]—
B, o— — o B, "
ZGk ! & BZ
= Jk=1,2 -
)/k G1 + Gz + G3 BS
port 3 : dependent port
- - A
¢ |fy3=1,|.e. G3:G1+Gz 2
A, B, Ao ° B,
LR |
Alo—> ———o B
Ril vill  |Rs 3 B, ° i I © o Ag
By o— o A, B,
G, G, constrained three-port parallel adaptor
V1= = — with port3 reflection-free
Gy + Gz G3 .and port2 dependent 21



Series Connection
NG
27 A

By
AN
11 E
-
—7 \o

Aq <7
Vlw Vi
\I‘n

V1+V2+’”+Vn:0, 11212:”.:111
B, =Ar —vik(A1 + Ay + -+ A),k=1,2,-,

2Ry,
R{+Ry+---+Ry,

1 +v2+ - +vn=2)

where y;, =

n
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Series Adapters

A3 BS
I R3T Ay © ° Ay
B R ¥1—-72 |R
19 — 0 BZ
R B1 o 0 B2
Y, = K k=12
R +R,+R,
port 3 : dependent port
« ifv. =1 i — A,
|f )/3 — 1, 1.€. R3 — R1 + R2 Al S “ >£ -1 o 83
A2 BZ
[ by
—V1
A]_o—> +——>0 B3 B —~
Rl )/1 e R3 1 O - P — o ,6\3
R, R, constrained three-port parallel adaptor
Y1 = = — ‘with port3 reflection-free

eand port2 dependent 23



Interconnection Rules

1. grouping of terminals into ports must remain
respected

2.waves must flow in the same direction
3. two port resistances must be the same
4. connection must not make delay-free loops

24



Wave Digital Filters

* low sensitivity

* [imit cycles can easily be suppressed
» forced response stability

» stability under looped condition

25



Third-order Filter .,

5 —1/C,
C
R, W 1 C,
AVAvA ! R, R, jck 41‘/0&
_ L L N N
() Cl__ Cz __C3 W J _J
O R
=l L= 2
23 sl ?_1 Y n_ ,
-1 7} -1 -
X FZ | v FZ _‘ X1 X1
10— ‘ > > ——>oY2
¥ o] vall | va=va,_ |, Ilys o0

five multipliers in general cases
four multipliers if symmetric




- Symmetric Case

T Bartlett's bisection theorem
5 ]
Zl
O—\
O gl —
Z, :
T~
I+ 2y, Zy—7, S51+5; S51—=5;
((22n 23a ) @)-(s2s ats )0
Vs Ly —241 Zy+Zy |\ B, 52 =51 5115 [\A
2 2 2 Z
Ag = Vi + Rilj k=17 where S, = 22k =1,2
Bk _ Vk _ Rklk’ ) Zir+R

reflection coefficient
If Z; and Z, are reactances
S;and S, are all-paass fucntions. 27



Lattice Wave Digital Filters

’ WAZ

B, M B,
for A,=0
S
,6\1 o—>—+¢ B2
> parallel of two all-pass filters

for the realization of §; and S, themselves,
any methods can be used.

for example, Cauer

cascade of all-pass sections ’q



example _ .},

2] | V1 | |V2

Q—{ éﬁb—‘@ three multipliers

/4

L

symmetry
odd-order  Butterworth, Chebyshev and elliptic

29



WDF structures may become very complicated
when general transfer functions are realized.

1L

Simple recursive structures + weighted taps
cascade unit elements (vocal tract)

O———

Digital Lattice Filters

Internal circuit of two-port adaptor

o—(¥ ° O

one-multiplier lattice two-multiplier lattice

30



Simulation of
Physical Systems

« Wave digital filters physically model passive RLC circuits

« Can model any systems described by (ordinary or partial)
differential equations (both linear and non-linear) with high
degrees of parallelism and locality

« A “traveling wave” view (at the speed of light) is much closer to
underlying physical reality than any instantaneous models

* The bilinear transform is equivalent in the time domain to the
trapezoidal rule for numerical integration

 |n discretizing space-time continuum, we can get stability and
robustness, unlike Courant-Friedrichs-Lewy Condition which is
necessary but not strictly sufficient

Courant, R., Friedrichs, K., and Lewy, H., "Uber die partiellen
Differenzengleichungen der mathematischen Physik",
Mathematische Annalen 100 (1): 32-74 1928 (English versions in
1956 and 1967) 31



Exercise 3

. For the zero-input first-order digital filter in Slide 9,
what is a multiplier coefficient range that does not
cause any limit cycle oscillation?

. Show that the wave digital filter for a capacitor with its
Impedance 1/sC is a simple delay, where the port
resistanceisR = 1/C.

. Derive a wave digital filter structure for a voltage
source E with a series inductive impedance sL, where
the port resistance iIsR = L.

. Read the following paper;

A.Nishihara & M.Murakami, Signhal-Processor-Based
Digital Filters Having Low Sensitivity, Electronics
Letters, 20, 8, pp.325-326, Apr. 1984

32



