3.1 What Is a Linear Programming

Problem?
Ex.1 Manufacture of toys

Prices Worth Costs Finishing Carpentry

Wooden soldiers $27 $10 $14 2hours 1hour
Wooden trains $21 $9 $10 1hour 1hour

Conditions: no more than 100 hours of finishing hours weekly
no more than 80 hours of carpentry hours weekly
at most 40 demand of soldiers weekly

unlimited demand of trains

Find to maximize weekly profit



Solution
Decision Variables
X1. number of soldiers produced each week

X2. number of trains produced each week

Objective Function
Fixed costs do not depend on the value x1 and x2

Weekly revenues = 27 x1 + 21 x2

Weekly raw material costs = 10 x1 + 9 xz

Weekly variable costs = 14 x1 + 10 x2

Weekly profit = (27-10-14) x1 + (21-9-10) X2 = 3 x1 + 2 X2

Max z=3x1+2X2
Objective function coefficient




Constraints
Total finishing hrs. perweek =2x1+1x2 2 x1+x2<100
Total carpentry hrs. perweek =1xi+1x2 x1+Xx2<80

At most 40 demand of soldiers per week X1 <40
Technological coefficient, Right-hand side (rhs)

Sign Restriction
Assume nonnegative values for decision variable
Optimization model

Max z=3 X1+ 2 X
Subjectto (s.t.) 2x1+x2<100 x1>0

X1+ X2 < 80 X2 >0

X1 <40



Assumption and Definition

1. Proportionality assumption of Linear Programming
2. Additivity assumption of Linear Programming
3. Divisibility assumption
--- Integer programming problem
4. Certainty assumption
5. Feasible region

6. Optimal solution



3.2 The Graphical Solution of Two-Variable

LP with only two variables can be solved graphically.

X2 A
2X +3X, <6
2
5 x2:2—§x1




Finding the Feasible Solution

X2A

100 \B Z=3X1+2X
(4) s.t. 2%, + X, <100 (2)

D X +X,<80 (3)
x, <40 (4)
X, X, =20

isoprofit line Binding
Nonbinding
Convex Set
Extreme point

> X1

H 40 50 60 80



X2

14

Graphical Solution of Minimization Problems

t unbounded Min z =50 x1 + 100 x2

feasible region s.t. 7x +2x,228 (10
B 2x, +12x, > 24 (11)

X, X, 20

— Check four assumption
(10) P
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3.3 Special Cases

Some types of LPs do not have unique optimal solution

An infinite number of optimal solutions
- Alternative or multiple optimal solutions

X2 A
B max z=3 X1+ 2 X2
60
50 (13) S.t. ixl+ix2§1 (13)
A 40 60
1 1
—X, +—X, <1 (14
E 50 T5p e =1 (14
(14) X, X, =20
. A C > %1

40 50



Infeasible Unbounded

max z=3Xx1+2X max Z=2X1-X2
S.t iX+ix <1
40t 60 2T st. X —X<1 (19)
%X1+5—10X231 2X, +X, 26 (20)
X, X, >0
X2 A x,>30 (17) X2 A 172

(18)

30 40 50 X1




3.4 Diet Problem

Satisfy daily nutritional requirement at minimum cots
min z =50x, +20x, +30x, +80x,

S.t. 400x, +200x, +150x, +500x, > 500 Daily calorie intake at least 500
33X+ 2X%, >6  Daily chocolate intake at least 6
2%+  2X,+ 4X;+ 4X, 210 Daily sugar intake at least 10

2X,+ 4X,+ X+ 5X, =8  Daily fat intake at least 8
X[y Xpy Xgy X4 2 0

Optimal Solution
X, X, =0, X, =3,X;=1
z =350x, + 20X, + 30X, +80x, =90



3.5 Work-Scheduling Problem

Post office to minimize the number of full-time employees

Incorrect solution Correct solution
min Z=X+X,+:--+X;+X, min Z=X+X,+-+Xs+X,
Xi. number of employees working Xi. number of employees beginning to
on day i Day 1: Monday, work onday I Day 1: Monday,
Day 2: Tuesday,... Day 2: Tuesday,...

s.t. x, 217 S.L X +X, + X + X, + X, 217

X, 213 X+ X, + X + Xg + X, 213

X, 215 X+ X, + X3+ X, + X, 215

X, 219 X, + X, + X+ X, + %X, 219

Xs =14 X + X, + X3+ X, + X 214

Xs =16 X, + Xy + X, + X + X, =16

X, 211 Xg + X, + X + X, + X, 211

X1s Xgs X3y Xgs X5, Xg, X 20 X1y Xy s Xgy Xgy Xsy Xgy X; =0



3.6 Capital Budgeting Problem
Determine what fraction of each investment to purchase

max z =13x, +16x, +16Xx, +14X, +39x;

To maximize the NPV earned from investment
Xi. fraction of investment i purchased

S.t. 11X, +53X, +5X; +5X, + 29X, <40 Cash flow in time 0
3X, +6X, +5X; + X, +34x, <20 Cash flow in time 1

Xps Xy, Xy Xy Xg <1 Fraction condition

X1y Xoy Xg, X4, Xs 20

*Net Present Value (NPV)  r: annual interest rate

$1 now = $(1+r) Kk years from now

1 dollar k years from now is equivalent to receiving $(1+r)*now



4.1 How to Convert an LP to Standard Form

Standard form

Each inequality constraint must be replaced by an equality constraint

max z=4x, +3X, Slack Variable si
s.t. x,+X%X, <40 (1) X, + X, +8, =40
2% + X, <60 (2) 2%, + X, +8, =60
X, X, =20

convert

max z =4x, +3X,
st. X, +X,+s, =40 (1)
2X, +X,+S, =60 (2)

X1 X5,5,S, 20 adding the sign restriction



Excess Variable ei

min z =50x, +20x, +30x, +80x,

s.t. 400, + 200X, +150x, +500x, =500 400X, + 200X, +150x, + 500X, —e, =500

3X +  2X, > 6
2X + 2%, + 4X;+ 4x,210
2%+ 4X,+ X+ 5%, =8
X(s Xoy X5, X, 20

3X +  2X, -e,=6

2% +  2X,+4X; + 4X, —e,=10
2%+ 4X,+ X, + 55X, —e,=8

x,e, >0 (1=1,2,3,4)

adding the sing restriction

a < constraint

-- adding a slack variable si
a > constraint

-- subtracting a excess variable ei




4.2 Preview of the Simplex Algorithm
min z=cX, +C,X, +-+-+C. X_
S.t. a X +a X +---+a, X =b

8, X + X, ++--+a, X, =D,

2n"'n

a X +a X +---+a X =b
.20 (1=12,...n)

&y dpp -y, X b, AX =Db
8y 8y, a X, b, . .
A=| 2 L x= "1 b=| " | mlinear equations
QA8 | X, | 'b,| N variables
n>m
Basic variable (BV) m

Nonbasic variable (NBV) n-m : set variables =0



X2A
Basic feasible solution 50
(bfs: EEFFEMR)

max z =4x, +3X,

st. x,+%X,+5, =40 (1) 40
2%, +X,+S, =60 (2)
Xy X5,5,,S, =20

F
BV NBV bfs NBV=0
X, X, $,S, $=S5,=0,x=X,=20 E
X,S %,S X,=S,=0,%=30,5=10 C
X,S, X,,8 X,=85=0,% =40,5,=-20
X,,S; X%,S, X =S,=0,5=-20,X,=60
X,,S, X%,S, X% =85 =0Xx,=40,5,=20 B

=
I

S,S, X, X,

30 40

0,
 =X,=0,5,=40,5,=60 F

X1



4.3 Simplex Algorithm

Maximization problems

Step 1 Convert the LP to standard form.

Step 2 Obtain bfs (if possible) from the standard form.
Step 3 Determine whether the current bfs is optimal.

Step 4 If the current bfs is not optimal, determine which
nonbasic variable should become a basic variable and which
basic variable should become a nonbasic variable to find a new
bfs with a better objective function value.

Step 5 Use ero’s to find the new bfs with the better objective
function value. Go back to step 3.



Convert the LP to Standard Form

max z =60x, +30x, +20x, Standard form
S.t. 8x, +6X,+Xx, <48

4x, +2X,+1.5%, <20
2%, +1.9%, +0.5%, <8 *
X, <9
X(s Xoy X3 20

8X, +6X, +X;+5, =48
4%, +2X,+1.5%,+5, =20
2% +1.9%, +0.5X; +5; =8
X, +S, =95
X(s X5, %3,5,,S,,55,5, 20

Non negative

Canonical Form 0O

BV
Row0 z-60x —30%,-20x, =0/ Z=0 gy _f4 5 5 s,
— 19119219319y

Row1l 8X,+ 6X,+ X;+8 =48] 5,=48 Ny = (X, Xy, X, |
Row 2 4%, + 2X,+1.5%,+s, =20 s, =20

Row 3 2% +1.5X,+0.9X;+S, =8 | S, =38 Coefficient of BV = 1
Row 4 X, +S,35| S, =5




Determine the Entering Variable

z +30x, + 20X,

What limits how large we can make x,?

Most positive coefficient

48
81—48—8X120f0”<1§§—6 Right-hand side of row

20 Ratio = — : : :
s, =20—4x, >0 forx, <—=5 Coefficient of entering variable in row
4

8 : : :
s, =8-2x >0 forx < 5= 4 Winner of the ratio test: How much increase Xi

s, >0 for all values of x,
ero step: Gauss-Jordan Method

Pivot in the Entering Variable

Canonical Form 1 BV

Row0" Zz+15x, —5X, +30s, =240 Z=240

ROWlI -X3+Sl_483 :16 81:16 BV :{21811821X1184}

Row?2' -Xx,+0.5%;,+5S,—2s, =4 s, =4 NBV = {s,,X,, %, |
M3 21 3

Row3" X, +0.75x, +0.25%, +0.5s, =4 X, =4
Row4' X, +s, =5 S, =9



ero step: Gauss-Jordan Method (A XD HZEX)

Pivot term: X1 from most positive coefficient
Pivot row: Row 3 from ratio test

Row0 z-60x —30x, —20x, =0 Z=0

Row1 8X, + 6X,+ X;+S =48 s, =48

Row 2 4%, + 2X,+1.9%,+s,=20 s, =20 Enter X: into the basis (x: become
Row 3 @@H.Sx2 +0.5%,+s,=8 s5,=8 BV), leave Ss from the basis (Ss
Row 4 X, +s,=5 s,=5 become NBV).

To make new Canonical Form 1

erol Row3’ X, +0.75X, +0.25%, +0.5s, =4 (Row3+2)

ero2 RowO0' z +15X%, —5X%,;+30s, =240 (Row0+Row3x30)
ero3 Rowl' — X, +5,—4s, =16 (Rowl—Row3x4)
ero4 Row?2' —X,+ 0.5%,+s,-2s,=4 (Row2-Row3x2)

Row 4’ X, +5,=5



Iteration L Most positive coefficient
z = 240-15x, 45%, —30s,
fromrowl"s, =16 +X, 4
fromrow2":'s, = 4-0.5x, RowZ:o—=8  Winner
from row3": x, =4 —-0.25x,
fromrow4"s, =5

Rowl"noratio X5 : Negative coefficient

Row3" i =16
0.25

Row4": noratio X;: Nonpositive coefficient

_ ero step
Canonical Form 2 BV Optimal (Max Problem)
Row0" z+5x,+10s,+10s, =280 z=280 Z+5X,+10s,+10s, =280
Rowl' -2x,+S,+2s,-8s, =24 s =24  Z=280-5%,—10s,-10s,
ROW 2" -2% +X. +2s. —4s -8 x =8 Nonnegative coefficient

Lo ’ of NBV in Row 0

Row3" x +1.25%,-0.5s,+1.5s5,=2 X =2
Row4" X, +s, =5 s5,=5 BV ={z,5,X,%,S,}

NBV ={s,,s,,X,}



Representing Simplex Tableaus

Z+ 3%, + X, =6
X, +S =4
2% +X, +S,=3

. =

Simplex Tableau

Z X X, S S, rhs BV
13 100 6 z



Exercise 1 @&

Xi: INDERE, X, NLDERE, X3 EO5NALT50ER=

*REXBDERE.

*BRIEZDEE.

min z =3X, + /X, + X, max / min HAHE

S.t. 10x, + 20x, +3x, > 3000 4G S DAL
1.3X, +2.59X, + X, =2 70

0.4x, +1.8X, + X; =12

0¥ %20 I B D ERE.

HFDHTDELELY
[THFEIT



Exercise 2 Initial Tableau (Canonical Form 0)

ID Name
Z X X, X; S S, rhs BV

max z=Xx +9X, +X,
S.t. x +2x,+3x,<9
3X, + 2X, +2X, <15
X[y X5, X3 20

First Tableau = Optimal Tableau

Ratio Test
Z X X, X, S, S, rhs BV




Exercise 2 _Initial Tableau (Canonical Form 0)

Pivot
max z=x+9x,+x, M z\x1’® X, s, S, rhs BV
1 -19-1000 z=0
Pvol 9 102)3 1 0 9 5=9
Row
0322 0115s5,=15

S.t. X +2x,+3x,<9
3X, + 2X, +2X, <15
X[, X5, % 20

Ratio Test
Rowl: % =45 Winner

First Tableau = Optimal Tableau
Z X X, X, S, s, rhs BV
ROWZ:%:TS 1(35012.54.50)40.5 2 =40.5

. Lt e s 00541505045 x,=45
ero step (HDRADHER) i
020-1-116 s,=6

1. Rowl’=Rowl = 2 z=40.5

2. Row2’=Row2 — Rowl :
Nonnegative _ _ .
3. Row0’=Row0 + Rowl X 4.5 coeffic?ent X = 0, X, = 4.5, X3 = 0

s =0,s,=6



Finding the Feasible Solution

X2A

100 \B Z=3X1+2X
(4) s.t. 2%, + X, <100 (2)

D X +X,<80 (3)
x, <40 (4)
X, X, =20

isoprofit line Binding
Nonbinding
Convex Set
Extreme point

> X1

H 40 50 60 80



Initial
Tableau

H

First
Tableau

Second
Tableau

F

Z X X, S S, S;rhs

1 -3-2 0000

0
0
0

OO O O +— N

o O O B+~ N

2110 0100

1101080
1 000 140

S,
X

Optimal
Tableau

G



4.4 Simplex Algorithm to Solve
Minimization Problems

min z =2x, —3X, N Method 1
s.t. X +X,<4 max -z =-2x, +3Xx,

equivalent

X, —X, <6 st. X +X,<4
X, X, 20 X, —X, <6
X, X, 20
Nonnegative
Initial Tableau Optimal Tableau (Max problem)

-7 X, X, S S, rhs BV -7 X, X, S, S,/ths BV
12-3000 -z=0 1 12 -z2=12
011104 s =4 01110 4 x,=4

01-1016 s,=6 02011 10 s,=10
Zz=-12




Method 2 Initial Tableau

min z =2x, —3X, Z X X, 8 S, rhs BV
s.t. x, +X, <4 1-23 00 0 z=0
X, —X, <6 01110 4s=4
X, X, 20 01-1016s,=6

Nonpositive

Optimal Tableau Optimal (Min Problem)

L X X3 5 S BV Nonpositive coefficient
1 12 7=-12 of NBV in Row 0

01110 4x,=4 7-5x ~ 35, =12
02011 10s,=10 z=-12+5X +3s




4.5 Alternative Optimal Solution

max z =60x, +35X, + 20X,

Optimal 2 % X; X3 S, S; S35, rhs BV

Tableau 1 0 0 0 0 1010 0 280 z=280
00-201 2 -80 24 s,=24
00-210 2 -40 8 Xx,=8
0112500-05150 2 x =2%
001000 01 5 s,=5

Another Z X X, X; & S, S s, rhs BV

Optimal 1 0 0 0 0 10 10 0 280 z=280

Tableau o0 16 0 0 1 1.2-56 0272 5, =27.2
0160 1 0 1.2-1.6 0112 x,=11.2
008100-0412 0 16 x,=16
0-080 00 0 -1.2 1 34 s,=34



4.6 Unbounded LPs

max z =36Xx, +30x, —3X; —4X, Initial Tableau

S.t. X, +X,—X; <5 Z X X, X3 X, S S, rhs BV
6, +5%, —X, <10 1-36-30 3 4 0 0 0 z=0
X Xp X, Xy 20 01 1 -1010 5 s=5

0 6 5 0 -101 10 s,=10

First Tableau Second Tableau

ZX X, X, X, S S, rhs BV Z X X, X3 X,8 S, rhs BV
10 0 3 -2 0 6 60 z=60 102 -90 12 4 100 z=100

0016-1161-1/6 10/3s=10/3 0 0 1|-6{1 6 -1 20 x,=20
0156 0-1/6 016 53 x=53 011(-1/010 5 x=5
Impossible to do ratio test
mm) Arbitrarily large z values



4.10 How to make Standard Form (Big M Method)

min z =2x, +3X, z—2%, —3%,=0
S.t. 1/2x +1/4x,<4 1/2x +1/4%, +s, =4
X +3X, 2 20 ‘ X, +3X, —e, =20 Excess variable ')1;1 « —0
X, +X, =10 X, + X, =10 Equality e
How solve?
X[, X, 20 X, X,,8,,8, =20
Z2—2% —3%,=0

Y2x, +1/4x, +s, =4 Art_|f|C|aI
‘ variables
X, +3X,—e,+a, =20

X, + X, +a, =10 But, z_artificial \_/ariables s.hould be
zero in the optimal solution.

a2’a3

X1y X9,5;,€, =0



4.11 Two-Phase Simplex Method

z—2% —3%X, =0 Phase | LP
1/2x +1/4x,+s, =4 min W'=a, +a,

X1+3X2—ez+a2:20 f‘> S.t. 1/2X1+1/4X2+Sl:4
X, +3X, —€,+a, =20

X, + X, +a, =10
X,,X,,S;,8, >0 X, +X, +a; =10
New Row 0 W42X, +4X, —e, =30

*eliminate artificial variables from Row 0

v

Phase Il LP

Eliminate column of artificial
variables from optimal tableau of
phase | and continue simplex method




Initial Tableau of Phase | Next Tableau of Phase |

ZW X X, S e a,8, frhs ZW X, X, S, € a, a, Trhs
Rowz 10-2-30 00 02z=0 Rowz 10-1 00 -1 1 0 z=20
Roww' 0124 0-10 Ow=30Roww 0123 00 1/3 -4/3 0 w'=10/3

00121/41 0 0 0s,=4 005120 1 1/12 -1/12 0 s,=7/3

0013 0-110a,=20 0013 1 0-1/3 13 0 x,=20/3

0011 0 001a,=10 0023 0013 -1/3 1 a,=10/3

Optimal Tableau of Phase | Initial Tableau of Phase I

ZWXX,S € a a8, [Ihs ZWXX,S e rhs
Rowz 10000 -1/2 12 32 z=25 Rowz 1 00 00 -1/2 z=25
Roww' 010000 -1 -1 w=0

00 0O01-1/8 s,=1/4

0000 1-1/8 1/8 -5/8 s,=1/4
00010-1/2 1/2 -1/2 x,=5
0010012 -1232 x=5

00010-12 x,=5
0010012 x=5



4.12 Unrestricted-in-Sign Variables (urs)

max z =30x, —4x, X, = X; —Xg
S.l. 5x <30+X, max z = 30X, —4X, +4X.

X <9 j> s.t. 5% <30+X, X}

X, 20, X, urs X, <5

X, X5, X5 >0

Initial Tableau Optimal Tableau
Z X, Xy X5 8 S, rhs BV Z X X5 X5 8 S, rhs BV
1-30(4 -40 0 0 Z=0 1 0 0 0 4 10 170 Z=170
0 5/-1 1)1 0 30s5=30 00-111-505 x;=5
01/00015 s=5 010001125 x-=5

always X, =Xo — X, =0-5=-5
opposite sign



Exercise 3 ID Name

Solve the following problem by Simplex method and Graph ().
max z=2x,+3X, Initial Tableau

s.t. X +2%,<14

X, +X, <8
3X, +X,<18
X;, X, =0

First Tableau Optimal Tableau




Exercise 3
Solve the following problem by Simplex method and Graph.

oy <14 L X XS S, S Most affected
s.t. X1+ X2_ Rowo 1 -2|-3|0 0 0 O Z Winner of
X, +X, <8 Rowli 0 12 0 14 s, Ratio Test
3X, +X,<18 Rw2 0110 108 s,
xl,xzzo Row3 0 3 1 0 0 118 s,

1. Row0’=Row0 + Rowl X 1.5

2. Rowl’=Rowl =+ 2

3.  Row2’=Row2 — Rowl =+ 2 : rhs must be non negative
4.  Row3’=Row3 — Rowl- 2 :rhs must be non negative

First Tableau Optimal Tableau

Z| X, |X, s, S, s;rhs BV
11-0.50 1.5 0 0 21 z

X, X, S S, S;rhs BV
001 10227z

0051050 0 7 x 011-106 x z2=22
0/0.5/0-05 1 0 1 s, L0 120 2 x aT2%=05=0
' S1’32:0

O O O b N

0250-05 0 111 s, 002 516 s,



6.1 Graphical Introduction to Sensitivity Analysis
X2 A 2-4

100 max z :@Xl + 2 X2

s.t. 2%, +X, <100 (2)
X +X,<80 (3)
x, <40 (4)

80
60 |

Isoprofit line
slope = - 3/2

(3) slope =-1

> X1

80



120 Right-hand side change

80-120
maxz=3xt+2Xx2 S.t 2x +X, g (2)
100 ) X, +X, <80 (3)
(2) (4) x, <40  (4)
a0 1A 20
00 z =180, x1 =20, x2=60
S50 \B

60 ¢ Shadow price

2X, +X, <100+A (2)

D X, =20+ Aand x, =60—-A
(3) z=3(20+A)+2(60—A) =180+ A
20 C Shadow price of constraint (2) is $1

= coefficient of A

> X1

20 40 50 60 80



6.2 Important Formulas

max z=C,X +C,X, +---+C.,X. max z =60x, +30x, + 20X,
S.t. aX +tapX +-+aX, =b +0s, +0s, +0s;
Ay Xy + 85X, o+ Ay X, = bz S.L. 8X1 + 6X2 +X;+S, = 48

4%, +2X, +1.5%, +5, =20
8, % +a,,X, +--+a,, X, =b,

2% +1.9%, +0.5%; +5; =8
x>0 (i=12,...n)

X(s X0y X3,5,S,,S, 20

XBVl B 7] B 7]
X Sy X
| "Bv2
BV, NBV Xov = Xgy = | X3 Xngv = | S2
| Xgvm _ X 53

Definition Csy :1xm row vector of the objective function coefficien ts
Cyay - 1x (n—m)row vector of the objective function coefficients
B :mxm matrix of jth column for BVj
N :mx(n—m)matrix of the column for NBV
a; :column for the variable x; in constraints

b : mx1column vector of right - hand side of constraints



Standard Form Constraints of Optimal Tableau

.
.
.
.
.
.
.
.
.
o*
.

S.1. = . . .
BXgy + NXygy =b B‘laj column for x; in optimal tableau's constraints

> ) i i i
Xy 1 Xnpy = 0 B'b right - hand side of optimal tableau's constraints

Row 0 of Optimal Tableau
Cgy Xgy TCgy B_lNXNBV =Cpy B~b
+) Z—Cgy Xgy —CnavXnay =0

Z+(Cgy BN —Cygy )Xygy =C5, B7D

Coefficient of x; in the optimal tableau’s row 0

Cav B_laj_cj =Cj Cj : column of C
Coefficient of s;(a,) and e in the optimal tableau's row O
ith element of ¢, B™ - (ithelement of c,,B™) Derivations not been easy.

Right - hand side of optimal tableau's row 0
cy,, B7'b



optimal value z =

Example 1 -1
P Cey B D rhs of optimal tableau’ row 0
max z=Xx +4x,
S.L X +2X,<6 X, +2X,+S =6 Cov B3, —;
2% +x. <8 Oy 4% _ coefficient of Xj in the optimal
P XX +8, =8 tableau’s row 0
X11X220 BV :{XZ’SZ} C B_1
BV
L (Y2 0 B= 20 coefficient of Sj in the optimal
B~ = 11 ,
-2 1 tableau’s row 0
2 016 . o
Co B0 =[4 0] 1 _19 N, BV of opt_lmal solution =
-1/2 8 rhs of optimal tableau
ceyBa,—C; =[4 0]{]/2 0 }{1}—1:1 g column of Xj in the optimal
) _]()/2 1|2 9 tableau’s constraints
CeyB1=[4 0] F/ }: [2 0]
-Yy2 1 Optimal Tableau

Blbzr/z O}ﬂzﬂ Z+X, 125, =12
Yz 18] 15 0.5x +X,+0.5s, =3

. 2 0717 [05] g1 —|¥2 O |1]_|05 B j
Bal{l_/yz JM:L_J ; 31{—1/2 1}{0}{_05} 1.5x, 0.55, +s,=5



6.3 Sensitivity Analysis
max z =60x; +30x, + 20X,
S.t. 8x +6X, +Xx, <48
4X, +2X, +1.5%, <20
2%, +1.5x, +0.5%, <8

Initial Tableau Parameter Change

z—60x, —30x, —20x, =0 o _ .
1. Objective function coefficient of a NBV
8X, + 6X,+ X;+S, =48

A%, + 2X, +1.5%,+5, = 20 2. Objective function coefficient of a BV

2%, +1.5x, +0.5%, +5, =8 3. Right-hand side of a constraint
Optimal Tableau 4. Column of a NBV
Z+9X, +10s, +10s; = 280 5. Add a new variable or activity

—2X,+5,+2s,—8s, =24
—2X, + X, +25,—4s, =8
X, +1.25%x, —0.5s, +1.55, =2

BV :{Sl’XB’Xl}’ NBV ={X2,82,53}



1. Changing objective function coefficient of a nonbasic variable

Supposec, is changed to30+A

c if A<5 c, >0 remains optimal
Co=c, Bla,—c,=5-A>0 TA=S 20 p

if A>5, ¢ <0 no longer optimal

If BV remains optimal after a change in a nonbasic variable’s
objective function coefficient, the values of the decision variables
and the optimal value remain unchanged.

If BV will no longer be optimal, this is not optimal solution
(suboptimal).

The reduced cost for a nonbasic variable is the maximum amount by
which the variable’s objective function coefficient can be increased
before the current basis becomes suboptimal and it becomes optimal
for the nonbasic variable to enter the basis.

z = 280—Bx, —10s, —10s,



2. Changing objective function coefficient of a basic variable

1 2 -8
Supposec, is changed to60+A ¢y, =[0 20 60+A] B*=|0 2 -4
0-0515

Coefficient of each nonbasic variable {XZ, S,, 53} in in the optimal tableau’s row 0
X,, C2=CyBa,—C,=5+125A>0 A>-4
S,, Cgy B =10-0.5A>0 A <20
S, Cgy B =10+1.5A>0 A>-20/3

Range of value on c, for which current basis remains optimal

—4<A<20 Value of the decision variables do not change, but

56<c, <80 z-value does changed. If ¢, =70, what is 27

If any variable in row 0 has a negative coefficient, the current basis is no longer optimal.

If ¢, =100 ¢,=5+1250=55 Proceed simplex and find
s,=10-05A=-10 s,tobeBV the new optimal tableau.

s, =10+1.5A =70 Table 5in p.264.



3. Changing the right-hand side of a constraint

Supposeb, is changed to20+ A Current basis
_ S i} remains optimal
48 24+ 2A A>—12
B'b=B20+A|=|8+2A |20 A>_-4 —4<A<4
8 | [2-0.5A] A<4 m 16<b, <24

If the right-hand side of each constraint in the tableau remains nonnegative,
the current basis remains optimal. If the right-hand side of any constraint is
negative, the current basis is infeasible.

Change of values of optimal solution (z-value) and the value of BVs
new value of z=c,,B*(new b) new value of BVs =B~ (new b)

Cas_e of current ¢ of Obj.Fun. NBV Not Change Not Change
gaii'fn;elmams C of Obj.Fun. BV Not Change Change
P rhs of constraints Change Change



4. Changing the column of a nonbasic variable

It the column of a nonbasic variable is changed,
the current basis remains optimal. if ¢c;=>0

the current basis is no longer optimal if c; <0

Price Out: Calculate the new coefficient of x in the optimal tableau row 0

5. Adding a new activity
Addition of the new column (new decision variables)
cs=c,,BMa, —c,
the current basis remains optimal. if ¢c;>0

the current basis is no longer optimal if c¢j <0



