6.1 The Role of Statistical Interface in Engineering

/

I Real World i
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Data Collection

: .

Statistical Estimation of Parameters
Inference | Choice of Distribution Function

&

Calculation of Probability

8

Design or Decision Making
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6.2.1. Random Sampling and Point Estimation

Statistical Inference Infinite Population  # -Population Mean

W o : Population Variance
/

—— Real World i

AT~ T

Theoreti(xal/ Sampling
Randomly

Random variable: X Sample {xy, X,, ..., X}
M ean U=X Parameter
. 2 2 <
Varlance o¢° =S, Estimate

Distribution Function: f,(X)

Inference
<
R fx(X)




Desirable Properties of a Point Estimator

*Unbiasedness E(Y) = U

-Consistency lim X = u
N—00
*Efficiency 0, is more efficient if Var(0,) <Var(0,)

Sufficiency all information in a sample




Sample Distribution of Infinite Population

1
n

Point Estimates
Suppose an infinite population

X Sampling . 2
1 =E(X;):Mean :> = (X; —X)

i=1

X=—)> X (6.1)

i=1

2 .
o =Var(x;):Variance n 1 N
sample size >0 EZ(Xi —X) (6.2)

i=1

.. 1 _
Characteristic Formulas S, = E(Z X; —nx*)  (6.3)

1) E(x) =p

2)Var(X) = %

i=1

— 1 & 1 1
1) E(X) = E[H;xij:H;E(xi):Hxnuzu (6.11)

| |pvaco- Var(%ixij = ET(x-10°1 = E{C > %) -11°]
3) E(S ) _ T—GZ =1 =1

1 _ 1
=— E[( Xi—nu)z]z—z E(x; —w)°
4) E(s,’) =o” T v o

2

1 1 , O
:?EVar(xi)z?xnc :7 (6.12)
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Moments Method
Normal Distribution
1
f — 2\ o
x (X) pyu e

Mean =X Variance ¢ =s_

2

Log Normal Distribution

_l(unx_x)"‘
2\ o©

fx (X) = \/ECX €
u:E(X)=exp<z+§;2> _x

Var(X) = g2 (e -1) =s,>

2 Sn2 V2 1 2
¢ :In(1+? /I:Inx—Eg

Poisson Distribution

Px (X) = (ﬂ;()l e’

Mean E(X)=4Az=X

Variance Var(X) =1z sn2




Ex. 6.1

Moment Method: Unbiased

X X2 MQXZE”X_MO_

=" _56

1 56  31.36 N 25

§ 5'2 28'22 o’ =5’ = niZ(xi ~X)? = ﬁ[inz —nxizj =2—14(794.52—25><5.62) =0.4383

4 44 1936 Bl =

5 55  30.25 . .

6 5 7 32,49 Biased Varlim:e » 1

7 3] 36 2 a2 N\2 _ 2 S2 | 2\

g 56 3136 6> =5 nizﬂ:(x‘ X) n(;xi N >X j = (794.52 — 25x5.6%) = 0.4208

9 71 5041

10 47  22.09 f (X

11 55 3025 x Observed Relative]Norm Dist Moment[Norm Dist Max. Likeli

12 59 3438l 0 0 0 0.007832 0 0.006822

13 64 40.96 4 1 0.04| 0.007832 0.01696( 0.006822 0.015711

14 58  33.64 43 1 0.04| 0.024791 0.040677| 0.022533 0.039057

15 6.7 4489 46 1 0.04| 0065468 0.079721] 0.06159 0.078683

13 5';1 29'22 4.9 2 008|0.145189 0.127677] 0.140272 0.128468

18 cs 3364 5.2 3 0.12| 0.272866 0.167105| 0.268741 0.170003

19 5o a8 55 8 0.32| 0.439971 0.178735| 0.438743 0.182335

20 56 3136 5.8 5 0.2| 0.618706 0.156233| 0.621078 0.158504

i o0 3940 6.1 1 0.04| 0.774939 0.111602| 0.779582 0.111677

” £9 3181 6.4 1 0.04| 0.886541 0.065149| 0.891259 0.063772

23 c4 2916 6.7 1 0.04| 0.95169 0.031078| 0.955031 0.029513

" 51 2601 7 1 0.04| 0.982768 0.012114| 0.984544 0.011068

o5 57 3249 73 0 0| 0.994881 0.005119] 0.995612 0.004388
Total 140  794.52 25 1 1 1 1 1




B Sample Data
—&— Unbiased

—A— Biased

Relative Freq.

saall T

4 43 46 49 52 55 58 61 64 6.7 7 1.3

Crushing Strength



Maximum Likelihood Method

f(x,0) Density Function
0 Parameter
Xy X5, .y X)) Sample Data

What is the most likely value of 0
that produces the set of observation X, ,---X . ?

n

What i1s the value that will maximize the
likelihood of obtaining the set of
observation?



Assumption

Thelikelihood of obtaining the sample value x.
Is proportioral to the density function f (x;, 6)

f3(“39023)

p(X;~ X +dx) = T(X,)dx
P(X;~ Xy +dx) = T(X,)dx
P(X3~ Xs+dx) = (X;)dx

F——1 % > Xi
Xl X2 X3

Likelihood Function
L=f (X,,0)dx-f (X,,0)dx-f (X,,0)dx

= (X,,0)-f (X,,0)-f (X;,06)  (6.4)
oL oL

o P O  Derivative =0



Likelihood of obtaining a set of (x,, X,,...., X, ), One parameter
L(Xy, X,y X, 10) = T(X,,0) T (X,,0).....T(X,,0) (6.4)
Maximum Likelihood Estimator (M LE)

OL(X{, X5y eeny X, 2 0) 0 (6.5)
00

or
dlog L(X,, X,,...., X, :0)

= -0 (6.6)

In[L(X{, X5, ..oey X, )] =1 T (X, 0)+INf(X,, O).....+Inf (X,

For twoor more parameters
L(X;, Xy, ey X, 104, 6,,....,0.)
=f(x,:06,6,,...,0_)f(x,:6,,6,,....,0_).... T (X, :
oL(X;, Xy, ey X, 10,,0,,....,0.)
00 .

J

=0 (6.8) ]=1.2,....,m



Exponential Distribution

f (t)=ve™ V . mean occurrence rate
Sample Data (t,, t,,...., t)

L(t,t,, ...t 1v)= (ve_th Xve_vt2 )""(Ve_vt” )= yheVtittotetty)

n

i=1

E_Zti:o :1 t. =t cf : Moment Method: lzf
- : V

EX. 6.3 mean interval time (return period)

Headways: 1.2, 3.0, 6.3, 10.1,5.2, 2.4, 7.1

1 1

MLE :— = - (1.2+3.0+6.3+10.1+5.2+2.4+7.1) =5.04
1%

f.(t) =0.198¢ %%



Normal Distribution

fy (X) = %GZ(GJ

Sample Data (X;, X,, ..., X,)

1 1 1
1 o) 1 - S x-w) 1 - ()
L(X,,X,,..., X, 'U,0)=—8 ° e % g 2
(1 X o X HW20) = o 2o 270
B ( 1 jn e—&izé(xi—u)z
V216
InL(X;, X,,..... X, :11,6) =—nIn 2n—nlna—2i2i(xi—p)2
G° il
ou oo
* N 1 n * \2
_Z(I_IU)ZO T *3Z(I_IU)ZO
=1 O O i=1
* n « 1o n « n
i =3% = Ix =X o =23k - f =1 I X7 -x?
i=1 Ni=1 Ni=1 Ni=1




6.4 Confidence Intervals (Interval Estimation)
for measuring accuracy of an estimator

[Confidence Interval of the Mean with Known Variance]

Population X: n, o2 ‘o given

Sample {xy, X,, ..., X}
X = 1Z:xi
n 2
EX)=x Var(X)=2
g n /9 Unshaded 0/2
z=""F N Area=1-o,
(\m) : >
~Kap Kyp 2
Pl —x,, < c;“ <K,, | =1-a (1- o) : confidence level
(ﬁ)
Pl X-x_,, % <pu<X+i,, %) =1-a K., - Critical value for (1-a.)

X +K, ), %) (6.19) <p >, :confidence interval of the mean p

2




EX. 6.8
Yield Strength of Rebar

n =25 samples
X =375 (ksi)
o =3.0 (ksi) given in advance

95% confident interval of the mean ?
1-a =0.95 a=005 = Kyu:= ®(0.975) =1.96

=1.96 x 3.0

a/2 \F F

<l >y=(37.5-1.18, 37.5+1.18) =(36.32, 38.68)

=1.18




[Confidence Interval of the Mean with Unknown Variance]

A

Population X: u, o2 ‘o unknown

Sample {xy, X,, ..., X}
_ 1 ! v
X==D'X s, = n—1z(xi X)

EX)= 1 Var(X)=> /2 Unshaded /2
% ! Area=1-a
T="5" t-distribution " ' P
(\/”ﬁ) a/2,n-1 a/2,n-1
X-p -
tipps S g Stpa | =1-0 (1- o) : confidence level
( \m)

P(Y — Ly Sy o LS X+t %J =1-a t,»n : Critical value for (1-a)

L X+t %) (6.20) < x>, : confidence interval of the mean u




Student t-distribution

T[(f +1)/2] Lt
O = it a @ —) (6.13)

f=n-1: degrees of freedom

I'(f)= O(j:x ~1e=dx: gamma function

0,45

—k=1
—k=2
k=5
k=10 Normal

sl Distribution

0,4
0,35
0,3
0,25
0,2
0,15
0,1

0,05




EXx. 6.9

n =25 samples
X =375 (ksi)
s, =3.5 (ksi)

05% confident interval of the mean ?
1-a =0.95 a=005 = ts,, =—2.064,t,,, =2.064

< 1>y = (37.5-2.064 ) 37.5+2.064=) —(36.06, 38.94)

J25' J25

n=120

< pU>44=(37.5- 1980£ 375+1980£) = (36.87, 38.13)
V120 V120

Note n>50 Kuo =1y



[One-Sided Confidence Limit of the Mean]

Unshaded
Area=1-a

v

Area=1-a

Unshaded

Normal Distribution
P[X(;“ <k, ]=1-a
(\m)
P luzi—/caijzl a
n
<u),,=X-k,—— lower confidence limit
. I (621)
P[X(;_’u >-x ]=1-«
(\m)
(>.,=X+xK, % upperconfidence limit
n
(6.23)
t-Distribution
<)y, =X-t, ., —~ lower confidence limit
Vno T (6.22)
(w>.,=X+t, ., —~  upperconfidence limit
" (6.24) - K

v



EXx. 6.10 Specimens Test

n =100 samples
X =2,200 (kgf)
S, =220 (kgf) Reasonably Large > Normal Distribution

95% lower confidence limit of the mean ?
1-=095 =005 = Kx,,=D(0.95)=1.65

< 1), o = 2,200—1.65-2 =2 164

V100



6.4.3. Confidence Interval of the Variance

(n-1)s,” = Z[(xi 1)~ (X = i(xi 1) (X~

(n- 1)s H) —n(X M) _

—Hy2 2
=R (617)

X, N(u, o) and X N(u, ﬁ)

2
% =2, : Chi-square distribution with n-1 degree of freedom
e)
2
Pl Xwona < " _128” < Xa/z’nlj =1-a (1-a):confidence level

(0-1)s," _ o (n-D)s;’

Xa2n-1 Xi-a2n-1

(n '1)5 (n 1)5” ) (6.30)<G° >, ..-confidence interval of the variance o°
Xa2n-1 Xl a/2,n-1

j =1-0  Yuonas Xranna - Critical value for (1-a)

<o’ > =(




Chi-square distribution r Standard Normal Distribution
X —
X, ==

o)

When X;,X,,.....X. follow N(0,12) independently,
Xz(n) - X12+X22‘|—. - ‘|‘Xn2 — ZXIZ _ Z(Xi _,U)z
i=1 i=1

O
> 1 > T = >
f.(x")=— (x*)2 e 2 x*>0  (618)
: 251“(1]
2 f = degrees of freedom
E(x)=f

Var( 2 = 2f o —
o

Q2F |
f

|
015




[One-Sided Confidence Limit for the Variance]

Lower Confidence Limit

n-1)s °
<o?),, = T (6.31)
1-a, n-1
Upper Confidence Limit
n-1)s °
(6" >, = (D5, (6.32)
o, N-1
EXx. 6.15
(c° - (25-1)0.36 _0.624

X0.05, 24

()

Ao n-1 X1-a, n-1 X
7J0.624 =0.790



General procedure for establishing
the confidence interval

1. Choose the confidence level (1- ¢)

2. Determine the value x,,from a table of probability: Standard
Normal Probability, t-Distribution, x” Distribution

Two-Sided «,, = @‘1(1—5) tyona(P=1-0/2)
One-SidEd K, = q)_l(l—Ot) ta,n—l Xa,n-l’ Xl—a,n-l

3. Apply the following equation using sample mean estimated
from the observed sample of size n

<H> X_l_Ka/Z%)

V2 O
la (X_KaIZ ﬁ’



6.3 Testing of Hypotheses

What is Hypothesis Test?
Improve quality of a Product

Sofar =165 o0=2.2
New system n =30
X=176 s =24

n

New System
jt Improve or Not ?

Scenario 1 Not Improve Scenario 2 Improve

Same Different
population population

16.5 17.6



6.3 Testing of Hypotheses

Statistical Test

Ho: Null Hypothesis

If Horejected, then

H. accepted Rejection Rejection
Y Acceptance
H.: Alternative Hypothesis
04
a : level of significance — a/2
: : Rejection
(1-a: confident interval) reqion

Critical value: K ort
one-sided (-tailed) test or

p-value : two-sided (-tailed) test
observed significance level of the test




Ex. 6.5 Test of Mean with Known Variance

Ho: #= 4
One-sided test Hi: u< 4

X -
Test Statistics Z= Gﬂ °
(ﬁ)
Level of Significance « =5%
H,:u=pu,:38.0
X =37.5,6 =3.0,n=25
37.5—-38.0
/ 30 —0.833

-1.65

-value:
0.833 P vaue

-0.204 (20.4%)

Z(-0.833) > k, . (~1.64)

Ho IS accepted
1 =38.0



Test of Mean with Known Variance

Ho: 4= Ky
Two-sided test Hi: u=# 4,
X - 44
O
( \M)
Level of Significance o =1%
EX.
Hy:u=pu,:16.5
X =17.6,6 =2.2,n =30

17.6-16.5
= 5o 2.74

J30

Test Statistics Z=

-2.58 2.58
2.74
Z(2.74) > 1<, 405(2.58) p-value:
Ho is rejected ((())(:)32? /i)
H: is accepted
u#16.5



Ex. 6.6 Test of Mean with Unknown Variance
Ex. 6.7 Test of the Variance

Ho: u=u, Ho: o°=0%,:9.0

One-sided test Hi: u < One-sided test Hi: ¢° > o7,
— lower-tailed
X - ( )

Test Statistics T =

. n-1)s °
Sy Test Statistics % _(n-Ds,
(—=) 2

N O

Level of Significance o =5%

X =37.5,5, =3.5,n =25 X =37.60,s =3.75,n =41
37.5-38.0
T= =—0.714 2
Rl y2 =D 65 59
J25 9
T(-0.714) < T.95.24 (—1.711) Xz (6250) > X§.975,40 (5934)

Ho is accepted Ho Is rejected, H: is accepted



General procedure of hypothesis test

Define the null H, and the alternative hypotheses H,

. Specify the significant level & (generally, 5% or 1%)

Define the critical value from a table 9f probability: Standard
Normal Probability, t-Distribution, £ Distribution

Kap = q)_l(l—%) (two-sided test )
. Apply the following equation testing the null hypothesis

X-’u<—]( or x <ﬂ ] ) :
o .~ w27 Telz= 5 Hols rejected, then H. Is accepted

(ﬁ) ( In

Ho is accepted



Error of Hypothesis Tests

Type  Error True False
Rejecting the null hypothesis when it is true.

Type Il Error Accept O Type Il
Accept the null hypothesis when it is false. | Reject | Typel | O

Gold content in one coin

H,

H,

Type Il Error Ho: 1 =1.00mg
Type | Error One-sided test Known Var.
c=0.05n=5
a=5% ¥Ky45=1.64
A-1.00
0.05 -1.64

Gold Content'

A=0.9633




