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3.1 Random Variables and Probability Distribution

3.1.1 Random Events and Random Variables

Random Variable:
An event may be identified through the values of a function

Sample Space S E,
E

El U E2
' — ' = = =

A rule that maps events in a sample space into the real line



3.1.2. Probability Distribution of a Random Variable

Probability Distribution:
The rule for describing the probability measures associated
with all the values of a random variable

Discrete Random Variable:
Probability is defined for certain discrete values of X
Probability Mass Function (PMF)
Cumulative Distribution Function (CDF)

Continuous Random Variable:
Probability is defined for any value of x
Probability Density Function (PDF)
Cumulative Distribution Function (CDF)



X: Discrete
Probability Mass Function (PMF)
px(X) 1t o
7 [ S Px (X;) = P(X=X;)
0 <px(x)<1
, Z p(x) =1
172 3 4 5 6
Cumulative Di?strit?)utic?pn Function (CDF)
P00 T b
L S B S s B — FX0=PX=<x) (31

— Z px(xi) (3-2)

all x; <x




X: Continuous

Probablllty Density Function (PDF)

x(X)

dF, (X) (3.5

f fx (X) — X
dx
,[\ \\ o B020 [ f()dx=1

b

Fy(X) 2

R

F(0)

Cumulatlve DIStI’IbUtIOﬂ Function (CDF)

F (X) = P(X <X) = j f (X)dX (3.4)
P(a< X <b)= j f, (x)dx (3.3)
=F(0)-F (@) (3.6)
X (i) F(—0)=0and F(x)=1

(i1) F«(x)>0 for all values of x and
non-decreasing with Xx.
(il1) Fx(x) continuous to the right with x.



CDF

PMF Py(x) = F(x)
PDF fx(xX) = Fx(x)
fo () = S

dx



Continuous Random Variable
Probability Density Function (PDF) Cumulative Distribution Function (CDF)
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fx(x)dx = P(x < X <dx) >
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o o
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Discrete Random Variable
Probability Mass Function (PMF) Cumulative Distribution Function (CDF)
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PDF & CDF of Normal Distribution

PDF CDF
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3.1.3 Main Descriptors of a Random Variable

1. Central Value
Mean (Expected Value), Mode, Median
2. Measure of Dispersion
Variance, Standard Deviation,
Coefficient of Variance
3. Skewness Measure

Skewness Coefficient



1. Central Value

Mean or Expected Value

s, =E(X) = 2 % Py (%)

all x;

wu, =E(X) = j_fo xf., (x)dx

Mathematical Expectation:

Mode X

Median x

1, = E[g(X)]= zg(x)px(x)
w1, =E[g(X)]= I g(X)f (X)dX

above and below it are equally probable
F(x,)=05

(3.7a)
(3.7b)

(3.93)
(3.9b)

. the most probable value of a random variable

+- the value of a random variable at which values

(3.8)



15

11

¥

Example: Household Income Distribution
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2. Measure of Dispersion

Variance: Var(X)=E[(X - 1,)°]= > (X — 1) p,(x) (3.10)

all x;

_ j_i(x_ 1.)*  (X)dx (3.10b)

Var(X) =E(X?) - u (3.11)

Standard Deviation:

o, = Var(x) = E(X?) -, 2 (3.12)

Coefficient of Variation (COV):

_ 5x
COV = " (3.13)



Coefficient of Variation

Month Wine Beer
January 8.9 13.8
February 9.1 16.2

March 10.6 20.3

April 9.2 24.3

May 9.0 28.3
June 7.6 28.4
July 8.8 36.8
August 7.5 33.6
September 6.9 22.8
October 0.8 20.9
November 10.0 19.8
December 25.2 32.2

[liter/household]

Mean

SD

COV

Wine 10.22
Beer 24.78

Wine 4.63
Beer 6.84

Wine 0.453
Beer 0.276



Effect of varying parameters (1L & ©)

Tx(X) v T for C
_ AB o v forB




Characteristics of Mean and Variance

E(aX+b) = aE(X) + b
E(X+Y) = E(X) + E(Y)

E(XY) = E(X) E(Y) X, Y: Independent

Var(X)  =E(X?) - {E(X)}?
Var(aX+b) = a2 Var(X)

f(X) f(X+b)

\ﬁL\ Var(X+b) = Var(X)

Xy,  Xptb
f(X | f(aX)

5(0 },HE‘G aXOE au+ac;



#, = E[9(X)] =2, g(X) T, (X)dX

E(aX+h) = [ (aX+b) f(X) dX
= [ aX f(X) dX + [b f(X) dX
= a [X f(X) dX + b f(X) dX
=a E(X) +b

E(X+Y) i1 OX+Y) £ (X,Y) dYdX

= I X F(X,Y) dYdX+ Y f(X,Y)dYdX
=[X f (X) dX+] Y £, (Y) dY

= E(X) +E(Y)

E(XY) JIXY f(X,Y) dYdX

IIXY £ (X) fy (Y) dYdX
=X £,(X) dX -JY f, (Y) dY
= E(X) E(Y)

X, Y: Independent



Var(X) = E[{X-E(X)}“]
= E [X2-2XE(X)+ { E(X) }¥]
= E(X 2) -2E(XE(X))+E({ E(X) }?)
= E(X 2) -2 E(X) E(X)+ { E(X) }?
=E(X?) H{E(X)}

Var(aX+b) = E [{ aX+b - E(aX+h) }7]
= E [{ aX+b - aE(X) -b) }?]
= E [a¥{ X- E(X) }]
=a? E [{ X- E(X) }¥]
= a* Var(X)




Ex. 3.5

fr(t): PDF of tolerance period of welding machine

f (t)=2re™ (t>0)

t

F (1) = Lt re dt = [— e ]0 =——-e M _(-)=1-e"

ur =E(T) = jowt e dt=—te ] + j:e‘”dt = —%[e”];; = %

Var(T) = [ t*- de™dt — uf = [t’e ] + jow 2t-eAdt — 12

0

oo 2 1. 1 1
t-lefdt— 2 ==(2)-(2)° ==

O = — Median?



Ex. 3.6

P: Probability of projects being completed as schedule

X: Number of jobs completed among 6 future jobs
P(X=X)=p,(X)=6CP*(1-p)*™

6 6
b, =E(X) =) xp,(x) =D x:,C,0.6*0.4°~
x=0 x=0

=1, C,0.6'0.4° +2,C,0.6%0.4* +3,C,0.6°0.43
+4,C,0.6°0.4% +5,C.0.6%0.4" +6,C,0.6° = 3.6

x=0,1,2,....,6

PMF

6 6
_ 2 2 _ 2 X 6-x 2
Var(X)_XZ_;x P, (X)—p? XZ_:?X sC.06°0.4 7" —

=1.44

COV — J Var(X)

Hx

- v1.44
3.6

=0.3333

0.3500
0.3000
0.2500
0.2000
0.1500
0.1000
0.0500
0.0000




3. Measure of Skewness

Asymmetry =
Third Central Moment

E(X _lux)3 = > (X; — )3 Py (X;)

all X;

E(X — 1y )3 = [0 (X — gy )3 fy (X)dX

Skewness Coefficient:

3
o= BT o

X

Positive Skewness

'x(l)
E (Xg-#5)% > E(X;-#)?
'x,
fx'
0 B
“ Negotive Skewness
fx(l)

E (X, -#)® < E(Xp-4p)?

fx|

1
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3.2.1 Normal Distribution
(Gaussian Distribution)

1 _l(x—_,u)z fx(X)

£ (X) = e 2 © “
X G\/ﬁ —00< X<00
(3.18) f\
N(u, ), or N(u, o) /
b 1 _}(X—_u)z | k

P(a<x<h)= e 2 o dx :

) ja o /272- a b X

Standard Normal Distribution
N(O, 1)

S=—-— fs(s) _




Standard Normal Distribution

1 =
1:X (X) = \/ﬁ e ? S:N(0,1)

fX(x) 0.50

6 X



Standard Normal Variate

O(s) =Fs(s) = j;%e;szds
D(sp) =P
sp=D(p)

{(-s,) = 1 - O(s,) s,=0  (3.19)

s,=®(p) =-O1-p) p<05 (3.20)
[s, = O4(1-p)]

Table of Ké
Standard Normal Probability




——e 2 ds
27T
®(0)=0.5
d(1) =0.8413

- (2) =0.97725

> P(—1) =1— d(1) = 0.1587
d(4) =1—0.00003167

— 0.9999683

5 4 -3 -2

Figure 3.7
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Probability of Normal Distribution

1 _l(x—_,u)z

b
Pla<x<b)= e 2 o dx
jaa 271
X a —> b
o X H a—,u_)b—y
o} o} o /
ds_1 dx=o ds — .
dx o 3 b N
L TR .
Pa<x<h)=[,7, —==e? ds . (b-u
%\/? P(x<b)=® —

O
O

:cp(b__ﬂj_q)(a—uj (3.21) P(a<x):1—<l)(a_—ﬂj



Ex. 3.9

Annual Rainfall N(1.2, 0.4)

1.5-1.2
0.4

a) P(X >1.5) zd)(oo)—cl)[ j=1—®(0.75) =0.227

1.6-1.2 1.0-1.2
b) P(1.0<X£1.6):CD[ . j—cp( > j:(b(l.O)—CD(—O.S)

= O(L.0) —[L— ®(0.5)] = 0.8413— (1-0.6915) = 0.533

) P(X <x,)= @(X-%O_j'z) =0.90

Xgo —1.2 _ O
0.4
Xoo =1.2+1.28x0.4=1.71

(0.90)=1.28 0-1(0.9) = x?
x: 1.28 — p=0.8997
x: 1.29 — p=0.9014




3.2.2 Logarithmic Normal
(Log-Normal) Distribution

In X: Normal Distribution

> X: Log-Normal Distribution

S L 2 =E(InX)
- > 3.22
" «/ZﬂCX "= | Z( ) ¢ = Var(In X)
1 Inx—
b 1 ——( )?
P(a< X <b) = = dx
( ) L‘ x/Zﬂé’X
(INb—2)/¢ ——s gs s lmx=h ds 1
/ J-(Ina /1)/4’ - C dx CX

Inb— A1 Ina— A1
=@ -0
(4) [4j (3:23)



Shape of Lognormal Distribution

¢ = nos

A=E(nX)=1




AC < U, 6?

1 _l(y_ﬂ,)

u=E(X)=E@E)=[ et (ndy=[ e e <

1,y—4 2 2
y=5 ()" 1 w —a(y-2)?-24%y}
\/74/ _f e ¢ dy= Ne T _f_ooe ad dy
{y —2(A+¢?)y+A%3
\/74.“"‘ e dy
[{y (A+& 2P +A2—(A+¢2)?]
\/74,_" e dy
1 Y- (A+¢%) 2 1 (A4 2)2 1 2
e ° Pdyxe 27 T gahed
19
N(L+C%,C)

/1+C:—2 52
p=eT o a—inu-5  (3.24a) (3.24h)



2 2y *® 2 1 ® zy_%(y;i)z
E(X*)=E(e >=j_weyfv(y)dy=m§j_we ©dy

2y—§(y%l 2=—2—}{(y—z>2—442y}
=—2—;2[{y—<z+252)}2 b2 - (2420
E(X7) = \/i joo e—%[y‘”%zgz)]zdyxe—%wﬁ—(mz:z)zl 2wt
27wg T
o2 =Var(X) = E(X2) = E(X)? = g2+ D gty (e 1)
. o’ =,u2(e§2 -1 = e :Z—2+1

2 2
O

= (L= =
u

¢ r.:cov (3.25)(3.26)
M H
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Median as the central value of a log-normal variate

X

m

| — A
P(X <x_.)=05 or cp[”xz j:0.5

Inx, —A4

=d(0.5)=0
A=Inx_ (327) X =e" (3.28)
4/2
I =In pu-=—
nNx_ =Inu 5
1 o’
Inx, —Inx=-=In(1+—)
2 H
Inx—mzln(1+52)_E sS=cov =2
H M

W= M=xaled (329)



Ex. 3.12 Annual Rainfall Log-Normal (u=1.2, =0.4)

2
&% =1In (% +1)=0.105 ¢=0324 A= In1.2—%0.3242 =0.130

In1.5-0.130
0.324

a) P(X>15) :1-@( jzl—CD(O.SS) -0.1977

P(LO< X<1.6) = cb['”1'6‘0-13())_@('”1-0—0-130

0.324 0.324
= d(L.049) — (1- d(0.401)) = 0.5085

b) jz @ (1.049) — d(-0.401)

In x,, —0.130
0.324

In x4, —0.130
0.324

In x,, =0.130+1.28x0.324 = X, =e"**=1.72

C) P(X <Xg) =cp( jzo.go

— ®*(0.90)=1.28



3.2.3 Bernoulli Sequence and Binomial Distribution

Bernoulli Trial
1) Two possible outcomes: occur or not occur.
2) The probability of occurrence: constant
3) The discrete trials: statistically independent

Binomial Distribution
probability that the event occur exactly x times among n trials

P(X=X)= [Zj P A-p)" = (2] pg" x=0,1,2,...,n (3.30)
p: probability of occurrence of the event in each trial
q=1-p: probability of nonoccurrence

(nj __nt_n(-D)...(n-x+1)_ o

X) X(n=x)! X!




Let X = no. of bulldozers operative

GGG —— X =3 PXpXp -~
GGB -~

GBG >~ X=2  3pxpx(1l-p)
BGG -

BBG ~

BGB »~ X=1  3px(1-p)x(1-p)
GBB -

BBB X=0 (1-p)°

P(X = X)

>= @ p*(1-p)””

N\

3!

X1(3—x)!

binomial coefficients



Example Dice
P(X =Xx) =©px(1— p)™ =@pxq“

5 trials, to occur spot 1, p = 1/6

P(X = 0):500(%)0(2)5 — 0.401878
1., 5.,

P(X =)=,C,()'())" = 0401878
1,2,9\3

P(X =2)=,C,(5)*)* = 0.160751
1., 5.,

P(X =3)=5C,()*()* = 0.032450
1., 5,

P(X = 4)=,C. ()" C)' = 0.003215

P(X = 5)2505(%)5(2)0 _ 0.000129

P(X)

0.4
0.3
0.2
0.1

0.4
0.3
0.2
0.1




Mean and Variance U =np

E(X) = fo _Zx( jp 1-p)" o° = npdg
\ n(n 1) (n X+1) X N=X _ \ (n-l)....(n-l-(x-1)+1) X=1pn ~N-1-(x-1)
_Z x(x -1)......2:1 P _;n (x-l) ....... 21 P PA

E(X?) :Zx2 f, :Z{x(x—l)+x}fX :Zx(x-l) f, +foX =R+np

R = Zx(x 1)f, _Zx(x 1)( )p 1-p)"*

\ n(n l) (n X+1)xnx (n 2) (n22+l)z n—-2-7

:XZ:;‘X(X ) X(x -1)......2-1 =n(n- 1)IOZ z(z-1)......2-1
n-2 _2
=n(n—1)p22( ] ]pz(l p)"** =n(n-1)p

E(X*)=n(n-1)p° +np
o’ =E(X*)-u* =n(n-1)p* +np—n°p* =np—np* =np(1-p) = npq



Ex. 3.14 Operation life of graders: Log-Normal (n=1500, COV=0.3)

=2 -CcovV=030 A= m-%gz =In 1500-%0.302 =7.27

Y7,
(1) One grader malfunction within 900hrs

0 = P(T <900) = d(" 90003_07'27) _ d(—1.56) = 0.0594
(2) 2 of 5 grader malfunction

P(X =2) = (2)0.05942(1— 0.0594)° = %0.059420.94063 = 0.0294

(3) One or more graders malfunction
P(X >1)=1-P(X =0)=1—(1—0.0594)° =0.2638

(4) No more than 2 graders malfunction

2

P(X <2) = Z[ij(0.0594)k(o.9406)5k

= (gj (0.0594)°(0.9406)° + GJ (0.0594)*(0.9406)* + @j (0.0594)2(0.9406)°

= 0.0981



3.2.4 Geometric Distribution
P(N=1)=p@ld-p)"*=pg" n=12,..... (3.31)
p: probability of occurrence of the event

First Occurrence Time:
the number of time intervals until the first occurrence of an event

Recurrence Time:
the time between any two consecutive occurrences of the same event
= First Occurrence Time

Return Period: T = E(T)
the mean recurrence time



P(T=t)=p@d-p)~" =pg" t=1,2,....0,....

T =p=E() =it fi =it pq*
t=1 t=1
=p[1+29+39g° +49° +.......... ]
gE(M=p[ qg+29°+39°+.......... ]

1=q)E(T) = p[l+q+ Q2+ ] =—— T =p=E(T)

E(T?) =Yt pa* =Y {tt-D +1} pa"* = R

t=1

R=>t(t-1) pq™ =p[2-19+3-29° +4-30° +
t=1

gR =p[2:19°+3-20° +4-39" +.......... T—

+u

(1-9)R =2pq[1+2q+39° +......... 1=2qu R =
E(T2)=2—(3+1=1+2q GZ:E(TZ)—szlJFZq_ -
P p P P



EX. 3.16 E(T) =50, p =1/50 =0.02

(a) Probability of excess for the first time on the fifth year?
P(T=5) = (0.02)(0.98)* = 0.0184

(b) Probability of the first wind within five years?

P(T <5) = i(o.oz)(o.ga)t—1 — 0.096

The event of at least one wind in five years: 1-(0.98)°> =0.096

(c) exactly one wind in five years

@ (0.02)(0.98)* = 0.092



P(Occur in T) = 0.632 if T large enough

P(no occurrence in T) = (1-p)’
T(T -1 T(T-1)(T -2
(T-1) 52— (T-1)(T-2) ot
2! 3!

= T, T
_1-Tp+zp —Ep Frreenn,

(1-p)" =1-Tp+

e =¢"’=0.368
P(occurrence in T) =1- P(no occurrence in T) = 0.632

T =5years
P(occurrence in 5 years)=1-(1-0.2)° =0.672
T =10 years
P(occurrence in 10 years)=1-(1-p)" =1-(1-0.1)*° = 0.651



P(occurrence in T) =1-P(no occurrence in T) = 0.632

P(T) os
0.75 @
0.7 &
2 2
L
0.65 \
0.632
Asympt%tée
| 0 50 100 150 200
Error

3.00%

-
-
>
2.00% 2
1.00% _*
0.00% : . .

o 30 50 100 150 200

—|



3.2.5 Negative Binomial Distribution

Time until subsequent occurrence of the same event

n-1 n-1
P(T, =n) = [k ] J p (- p)p= (k i J pg™ =k k+l.....(3-33)

_oo n-1 k 4Nk C (n l)(n 2) (n K — 1) k yNn-k
“‘Z”( qu Lk 21 P

k &n(n-1)(n-2)- (n S kK
‘p§ k(k-1)(k-2) --2-1 ‘E%U p

E(T?) = Zn f, _Z(n(n+1) n) f, _Z(n+1)nf —an
(k+ DK > (+9n(1-D(1-2)-- (1=K g (k1

R= —
p° = (k+Dk(k-D(k-2) ---2-1 b1 p°
k+1)k k k° k 1- K
O_ZZE(TZ)_IU RIUIUZ ( 2) o ( zp): (l

P p p’ P P



Binomial Distribution

Probability that the event occur exactly x times among n trials
P random variable

Probability of success = occurrence of the event

Negative Binomial Distribution

To know the number of trials n to complete in order to achieve
k time success random variable

— n-1
o (0 a1 =1
k-1 : number of successes time

n-k : number of failures time e o :
n-k=f Geometric Distribution

P(f)=(ki:1jpkqf P(T=t)=pq"



Ex. 3.18 Continued Ex.3.16

Probability that third wind occur exactly on the tenth year?

101
P(T, =10) = ( o ] (0.02)*(0.98)°® = 0.00025

P(T,<5) = 25:(2:3(0.02)3(0.98)”3

= @j (0.02)°(0.98)° + @j (0.02)°(0.98)" + (:) (0.02)°(0.98)°

=(0.000078



3.2.6. Poisson Process and Poisson Distribution

Poisson Process
1) An event can occur randomly at any time (or any point).
2) The occurrence is statistically independent
3) The probability of occurrence in a small interval At is v At,
and the probability of two or more occurrences in At is negligible.

Poisson Distribution

probability that the event occur exactly x times in t

P(X: = X)_(Vt) _k'e x=01,2...n  (3.34)
X!

V. mean occurrence rate per unit time
J :mean occurrence time in t

X—1
VEOV) " g _ My — 1)
X (x=D! X

P(Xt=X)=
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Mean and Variance

E(X) = fo _ ZX (vt) i V;[)((Vt)l)l_l

E(X?) = (vt)® + vt
c% = (vt)? + vt—(vt)® = vt




Shape of Poisson Distribution

—A/\m
f@) = —
Jix)
0.47 1=1
0.31 | 222
\ =3
0.2 "l A=

0.0

0.11

o 5 10 15



The Binomial Distribution and The Poisson Distribution

An average of 60 cars/hour makes left turns at an intersection.
What Is the probability that exactly 10 cars will makes left turns
In a 10-minute interval?

Approximate Solution
1. Divide the hour into 120 30-second intervals.
2. Calculate the probability of a left turn in any 30-second interval.
p=60/120=0.5
3. If we assume that no more than one car can make left turns in
the interval, the problems is reduced to the binomial probability
of 10 events in 20 trials.
P(1OLT in 10min.)=,,C,,(0.5)1°(1-0.5)%%-10 = 0.176
4. Change the interval to 10-second interval
p=60/360=1/6
P(LOLT in 10min.)=¢,C,,(1/6)1°(1-1/6)%%-1° = 0.137




Approximate Solution
5. Change the interval to t-second interval

0=60/(3600/t)=t/60
P(10LT in 10min.)=¢y,,,C1,(t/60)°(1-t/60)800/-10

6. Generalize the above equation,

where
n: the number of intervals 600/t-sec
X: the number of events that occurs intimet 10 Left Turn
A: the average number of events in time t 10/10min
T: the time when the events happen 10min
p=A/n

P(x LT in T)=,C, (An)X(1- A/n)"



Bernoulli ----> Poisson v.occurrence per

) t ‘ unit time
l l | | l l l vt: average in t
1 2 3 n-1-n 0 vt A
P(x eventsint) n n
- n—x n 7\4 X 7‘* n—x
=I|m( Jp 1-p) —Ilm( j(—) (1——)

gy N(n=1)....(n—x+1) A - Ainex
_Ir!m X(x-1)...2-1 ( S )

10—y a-*=Y

. - n n X _& n—x
_Ir![l;] X(x-1)...2-1 ()7 )

—Ilm (1——) ——Ilm (1——)
X 2 3 X X
=K—(1—7L+7L——K—+ ....... ):x—e‘k:(\’t) e M
pd 21 3 X1 X1



Ex. 3.20 4 rainstorms per year in last 20 years

NoO rainstorms next year

0
P(xt=0)=(4xll) e = 0.018

4 rainstorms next year
P(Xt = 4) = (D) o« _ 0105

2 Or more rainstorms next year
(4><1) L 4%

P(Xt>2)= Z

0 1
—1—4—e —4—e 4=0.908
0! 1!



3.2.7 Exponential Distribution

P(T, >t) = P(Xt=0 int) (V) ot _ g ° L T2 t
> 1) = = [ = = >
' 0! P S
Fr(t)= P(T,<t)=1-P(T,>t)=1-e™ (3.35)  T_: first occurrence time
£ (D)= dF (1) _ oo (3.36) (recurrence time)
dt
Mean Recurrence Time (Return Period)
o o 1 1.0 FT(t) ........

— — — -vt _ = ' //d

u=E)= [ thod=[ tverdt== "l CDE- 1 () o

E(T3) = [t . (tdt = % (3.37)

PDFf_(t) = ve™

1% Vv Vv . > {

T



Ex. 3.25

16 earthquakes, 125 years

v=£=0.128

125
P(T<2)=1—e %1282 _ 0,226

P(T >10) = e 22810 _ 0,278

Return Period

E(T) = % = 7.8 years

Event occurrence within return period
1

P(T, <E(T,))=1-e ™" =1-¢ v =1-¢™
=0.632



Shifted Exponential Distribution

PDF () ={
0
_a-v(t—a)
COF F.(t) =
0
1.0

-v(t—a)

v

CDF

PDF

t=a
3.40
t<a ( )
>
t=2a (3.41)
t<a
1
H=——+a
v
1
2
G —
V2




Theory of Reliability
EX. 3.26

4 identical diesel engines

At least 2 engines must start during an emergency
1

E(T)

Mean of operational life: 15 years Mean life =

Probability that any engine start without any problem within four years
P(T > 4) = “?®2 =0.8574

Reliability of the backup system within 4 years

P(T >2) = i(i] (0.8574)"(0.1426)* "

—1- (g] (0.1426)" — (fj (0.8574)'(0.1426)° = 0.990



3.2.8 Gamma Distribution (Erlang Distribution)

1:1 t2 t3 ......... tk
O O O O O O O
o o o o o o o

0 T, T, T; T4 T,

T, : the time till kth event occurs
P(T,<t): Probability that k or more events occur in time t

P(T, <t) = F (t) = > P(Xt = X)

_ i (V)t(?x e—vt _1_ k-1 (V)t(?x e_Vt
(0= e (344
=K
| %
o’ = k(i2



Derivation of PDF

(Vt) ) B P R < GO
X! 0! xl X! x1 X!
f (t)_dF—(t) ve—vt_le(xv(‘;(tl) —Vt_l_( )( ) )
L0 ()
- eV (T )
= —e "V ((‘3 _(V]t_') )+((V]t_|) _(‘2 )+ ((Vt) (T )}
S ! (k-2)t (k-1)!
— et —e™ <( _(Vt)k 1
=" —e v\(l )+ ( )4+ ( (k—l)!)}
ey (O
(k =1)!
£ ()= 20



Ex.3.28

Fatal accidents: once every 6 months

First accident

1 .
fT (t) — ge e
Second accident

f () =5 (e

Third accident

1 1,t
f t — . (_ Ze-t/6
r()=2-32)

0.5

04 K

o3 b |

V=—
6
PO
f ()= e T
1 (k —1)! k=5,6-05 —
0=v
T-I__Iﬁr II?-




3.2.9 The Hypergeometric Distribution

n—X

[mj N _mj N: Number of items
P(X =x) = Nj m: Defective sample (3.46)

n: Number of samples

P(X=0)=P(????=0 O O O)
=3C0 7C4 1 10C4
P(X=1)=P(????=0 O O %)
=3C1 7C3 1 10C4
P(X=2)=P(????7=0 O X X))
=3C; 7C5 1 10Cy
P(X=3)=P(???7=0O X X X)
_ =3C37C1 110Gy
X : Defective m=3 P(X=4)=P(? ?2?7= X X X X)
O : Good N-m =7 =0

*Sampling without Replacement




Ex.3.31 Concrete cylinders N =100, n =10, m/100 = d (%)

P(X >1) = 1-P(X<1)=1-

d = 5%

P(rej.) =

)

_|_

(100d

0

|

100(1—d)

10

)|

100d

)

100(1—d)j

9

s,

|

100
10

J

100
10

).

|

100
10

J

d = 29 P(re}.) =

=0.077

1—

) i)

10

[100

J

|

|

100
10

J |

100
10

J

=0.0091



Random
Variable

The number of

occurrence

The number of
trials/ time of
occurrence

O

Interrelation of Probability Distributions
Hypergeometric Normal
A Not Statisticall% -

/ Independent z1/2/ T\Z—)oo \
. | Binomial 2 | | Poisson
............................................. PN

Two possible Occurrence S
ouitcomes atiany time
Geometric Exponential
e e T | E
ccurrence || occurrence occurrence || occurrel
Negative Binomial Gamma

\ Bernoulli trial J

carce
event

1CE

Poisson Process



Central Limit Theorem: gy &R & I

X,, X,,...., X_: Random variable with mean p and variance c*

(Any probability distribution)
X :E(Xl+ X, o+ X))
n

N — o0

X : Normal Distribution N(uge =n,04 :i)

Jn



