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1.6 2D Discrete Fourier transform

2D DFT
M-I N-1
Flk,1]=DFT {f[m,n]} = F[m, nJexp {— 12”(_+_|)}
m=0 n=0
Inverse 2D DFT
M-1 N-1
f[m,n]=DFT *{F[k |]}_L Fk |]exp{j27r(m—k+n—|)}
MN = 1=

2D Fourier transform in continuous space
F(u,v)= H f(X,y)exp {—j2z(ux+vy)}dxdy
Inverse 2D Fourier transform in continuous space

f(x,y)= J'J' F(u,v)exp { j27z(ux +vy)}dudv

Dirac Delta function array

* Fourier transform of comb function (period =d )
= comb function (period = 1/d)

* Modulated delta function array
— Fourier transform of a modulated delta function array (T =d )
= Periodic function (T =1/d)

— Fourier transform of a periodic function (T=D)
= A modulated delta function array ( T=1/D)

Sampling and periodicity in DFT, Number of pixels = N

Spatial domain:
Sampling pitch (intervals of delta functions) = d,
Image size (period) =D
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Fourier domain (Frequency domain):
Sampling pitch (intervals of delta functions) =d,, D
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Period in frequency domain =D, — N=—
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The frequency components obtained by DFT and those in the continuous space

The periodicity in DFT
1 f S j2r (MK,
F[k,1]1=DFT {f[m,n]} = m, n —j27(—+—
[ =DFT (flm.} = 3. 3 fim.nlexp 2+ 10} . .
F =||f -j2
V) J.J. (% Y)exp {=)27(Ux+vy)jxdy (a) Original image (b) DFT of (a) (c) zero Frequency centered.
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(d) DFT is considered as the Fourier (e) DFT of (d). The frequency spectra
DFT transform of the periodic function like are also periodic. The square region
5 this figure. surrounded by [ corresponds to ¢c).
For example, for an image in NxM pixels, we have NxM Fourier coefficients; F[ k, | ] 1.7 Fourier anaIYSiS of linear Shift-invariant 1maglng System
(k,)=(0,0) (k, I)=(N-1,0) + 2-D linear system in continuous space
N

g(x, ) = [ hox, s X, y) (X, yx dy'
+ Shift-invariant (space-invariant)
g(x.y) = [[h(x=x',y—y) f (x y)dx'dy’

=f(X,y)*h(x,y)
— Convolution

N l‘\%
) h( X, y): Impulse response, point spread function (PSF) :;\?é 53\) ;ﬁ?ﬂ&
D (k, )= (N-1,M-1) * 2-D linear shift-invariant imaging system with additive noise

rearrangement ‘ 9(x,y) = H h(x=x',y—y) f(x'y)dx'dy'+n(x, y)

* Fourier transform of 2-D shift-invariant imaging system
G(u,v) =H(u,v)F(u,v)
G(u,v)=H(u,v)F(u,v)+N(u,V)
k, )= (0, 0) H(U,v) : Transfer function  {ZiERE%. B &S ’



2-D Linear, shift-invariant system in discrete space

Discrete convolution BEkT=f=dr2
g[m,n]=S{f[m,n]} = > h[m-m',n—n']f[m',n']

h o[m,n]
> M xN,, pixels

Discrete signals within a finite region

: fo[m,n]
=y . . £ J MxN pixels
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imagesc( img ); 10
imagesc( ci );

0<mM<M-1 0<m-m< M,-1
0<n<N-1 0<n-n<N, -1

=) 0< m<M+M,-2
0<n<N+N,-2

g[m,n]
(M+M,-1)x(N+N,-1) pixels

cres = conv2( double(img), double(ci) );
imagesc( cres );
50 100 150 200 250 300 11

Discrete convolution by using DFT

Circulant convolution

Folk,11=DFT {f,[m,n]}
H [k, 11=DFT {hy[m,n]}
gD[man] =DFT* {GD[kaI]} = DI—_I__l{HD[k,l] FD[kal]}

Discrete signals within a finite interval

Consider
f,[m,n]= f,[m-—kM,n-IN]
h,[m,n]=hy[m—-kM,n—IN]
g,[m,n]=g,[m-kM,n-IN]

Periodic functions

* fim = fft2(double(img));
» imagesc( real(fim) );
» imagesc( imag(fim) );
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imagesc( log(abs(fim)) );

cil = zeros(256,256);
cil([97:1601,[97:160])=ci;
imagesc(cil);

scil = fftshift(cil);
imagesc(scil);
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o fscil = fft2( scil);
» imagesc( real( fscil) );

» imagesc( imag( fscil) );

» mesh( real(fscil([1:8:256],[1:8:256))) );
» mesh( fitshift( real(fscil([1:8:256],[1:8:256])) ) );
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* imagesc( log( abs(fscil) + 100 ) ); » cres = conv2( double(img), double(ci) );

o fres = fim .* fscil; » imagesc( cres );

* 1imagesc( log( abs(fres) +1)); x 10°
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e res = ifft2( fres )/ (256*256); » cres = conv2( double(img), double(ci), 'same' );

* imagesc( real(res) ); » imagesc( cres );

* imagesc( imag(res) ); » imagesc( real(res) );
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Modulation transfer function
Transfer function : H
Modulation transfer function : | H |
Phase transfer function: arg{ H }
MTFDRHFA (1)
ANEE A +A cos 2nux As
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1.8 Causes of image degradation
BE{RLEETDREA

Defocus wRIETh

Image blur

Lens aberration 42z (approximately shift-invariant)

— Spherical aberration
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— Coma Image blur
. . (shift-variant)
— Astigmatism
— Curvature of field ) )
] ] Resolution degradation
— Distortion

Diffraction limit <
147 R
Sampling aperture

Distortion

Distortion Aliasing artifact
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Impulse response of a defocused optical imaging system
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* Incoherent model v
(Geometrical model) circ function

2D object: (Approximately) shift-invariant
3D object: Shift-variant

Coherent (wave optics model) case: see “diffraction and image formation.” .

Transfer function of a defocused optical imaging system

« F{cire(r)}=3(2zp)/p
(Fourier-Bessel transform)
— J, : Bessel function of the first kind, order 1.
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Point spread function
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