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Optical imaging and image processing
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1.4 Mathematical characterization of images

Continuous images

Discrete images

Linear algebra for discrete image characterization
Fourier transform and imaging system

Statistical characterization of images

1.4.1 Continuous images

» A two dimensional function of any kind of the radiometric or photometric
quantities, reflectance, transmittance, density or others can be considered
asa2-Dimage f(x,y)

« f(x,y) may be the projection of 3-D distribution of these quantities.

* f(x,y) may depends on the time and/or the wavelength except when it
corresponds photometric quantities.
f(x,y, t,A)

» The weighted integral of f( X, y, t, A ) over time and/or wavelength.
— If fis the spectral radiance, the luminance image Y(x,y) is obtained by

Y(x y,t) = jv (A f(x,y,t,)dA
— Time average (ex. exposure time)
.

f(xy)=< f(X,y,t) > = m{% Ly f (.t}

1.4.2 Discrete images

— Sampled 2-D signal (sampled image)

T
H;

N
Il
[T

. pixel

fli,j1,i=0..N-1,j=0.. M-1(Nx M pixels)

— Matrix representation of images

flLy  fL2] - fILN]
f21]  f[2.2]

: .. : f[11]
f[M 1] . f[MN] 2]
— Vector representation f=| flLN]

f[M,N]



1.4.3 Linear algebra for discrete image characterization

— Matrix inverse of a square matrix A : A f —— Linear System g

AAL=ATA= H

If such a matrix A exists, A is called to be nonsingular, otherwise N-dimensional vector - M-dimensional vector

A is singular. MxN Matrix
— For nonsingular matrices A and B,

[Al]t=A, [AB]t=B1A1 g:Hf

[KAT=(1/k) At  (forthescalark=0)
— Matrix transpose At

[AT]'=A, [AB]'=B'Al RN RN
— If A'is nonsingular, Atis nonsingular and 9, HyHyp - - H,y, f,

[ATTt=[A] 9 Hy Hy, Hon f2
— Matrix trace of an N x N square matrix F : = = N

N M : M
tr[F]1=> F(n,n) :
"~ . gM HMl HMN :

— If A and B are square matrices, S fy

tr [AB] =tr [BA] 5 N L y,
— Vector inner product (g and f are the Mx1 vectors) 1.4.4 Fourier transform and imaging system

p=gtf In image processing, "spatial frequency" is mainly used instead of temporal frequency
— Two vectors g and f are orthogonal if gt f=0
— Vector outer product (g : Mx1 vector, f : Nx1 vector) — 2-D Fourier transform

A:gft F(U,V)zF{f(X,y)}

where A is an MxN matrix. = [ £ (x y)op{-j27(ux+vy)}dxdy
— Vector norm o = [[ Fx y)op{=i(@x+o,y)}dxdy

| Fl2="ff If | f|| =1, fisaunit vector.
— Matrix norm (F : MxN matrix) . |n.1ag|n§ry unit. —

u, v : spatial frequencies in x and y directions.

| F ||2 =tr[F'F] @, @, : angular spatial frequencies in x and y directions.
— Quadratic form F{} : Fourier transform operator

q=ftAf — 2-D inverse Fourier transform
— Vector differentiation f(x,y)=F{F(u,v)}

(a and x are Nx1 vectors, A is an NxN matrix ) - J‘J‘ F (u,v) exp{ j277(ux +vy)}dudv

t t 1 )
dax]_axal_, == [[Flo.0)e0{i(@x+o,y)odo,
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— The Fourier coefficient F(u,v) is a complex number and it can be written as
F(U,V) = Freal(u’v) +j Fimag(uav)
— Amplitude or magnitude: M(u,v)
— Phase: ¢(u,v)
M(U’V) = {Frealz(uN) + Fimagz(uvv) } 2
¢(U1V) =tan' {Fimag(u’v) / Freal(uav) }
and
F(u,v) = M(u,v) exp{ j #(u,v) }

Complex conjugate
F7(UV) = Freai(UV) = J Fieg(U.V) = M(u,v) exp{ - j u.v) }

— Let R { } and F { } be the 1-D Fourier transforms in x and y directions,
respectively. Then,

F{f(xy) } = FAR{f(xy) } } = F{R {f(xy) } }
— For the separable function: f(x,y) = f,(x) f,(y)

and F,(u) = F,{ f,(x) }, F,(v) = F,{ f(y) }, then we have
F{fy) 3= R0 £,0) 3 = FLEX) T R ARG 3 9

e Properties of 2-D Fourier transform
aand b are constants.
(1) Linearity
F{af(x,y)+bg(xy)}=aF{f(xy)}+bF{g(xy)}
(2) Similarity (Scaling)
1 uv
ab

|ab|
(3) Shift

F{f(x—a,y-b)}=F(u,v)exp{—j2z(au-+bv)}
FYF(u—-a,v-b)}= f(x, y)exp{j27(ax+by)}
(4) Complex conjugate
F{E (% y)}=F (~u,~v)
FH{f (6 y)}=F (uv)
£ (x, y) =F{F (u,v)}
f (~x,~y) =F {F"(u,v)} 10

(5) Convolution

F0)*g00) = [ [ FEmate—&y—ndéds
FIT (X, Y)* 906 Y} = FUVG(U,Y)

FoIF UG- (X Y)g(x,Y)

FLF(x V)X Y)} = FU1) *G(U,v)

(6) Parseval's theorem

T TI f(x,y)[* dxdy = T T| F(u,v) [? dudv

—00—00 —00—00

(7) Correlation

FO G 00y = [ [ FEmY € - x-y)dadn

(8) Autocorrelation theorem
Loy £ FUv F
FILE(00) Y= [ [F (uo)F (s u,0+v)dudo

—o0-0 11

(9) Fourier Integral theorem

FIFH{i(xy) F=F{F{f(xy)}=f(xy)
Similarly,

FFLE(xy) 3= PR y) 3 =X -y)

(10) Spatial differentials
F{ﬁf (x, y)} = j27uF (u,v)
OX

F{af >, y)} — j2vF (V)
oy
— Laplacian of an image function:

12



(2) rect function
1 |x|<1/2
rect(x) = .
0 otherwise

(2) Dirac delta function
j_°° f (x)5(x—a)dx = f (a)

o x=0
0 otherwise

5(x) ={
fg&(x)dx =1 forany&>0

o(x) = lim Nrect(N x)
N—o0
2-D Dirac delta function

S(x,y) =6(x)5(y)
o(x,y)=0 x=0,y#0

J:I:é (x,y)dxdy =1

(3) sinc function

sinc(x) = sin nx / mx

(4) comb function

comb(x) = ié(x -n)

n=-w

(5) circ function
1 r<1
circ(r) = .
0 otherwise

r=(x2+y2)12

(6) A function

1-|x]  |x[K1
A(X) = .
0 otherwise

» Some useful functions for optical imaging and image analysis

1| rect(x)

=12 0 12

rect function

AX%Y)

J

2D Dirac delta function

13

NC(X)

14

o Examples of Fourier transform

F{exp(jzx)}=08(u—-1/2)
F{a(x)}=1, F{1}=5(u)
F{sinzx}={8(u-12)-8(u+1/2)}/2j
F{coszx}={d(u-1/2)+d(u+1/2)}/2
F{ rect(x) } =sinc(x), F {sinc(x) } =rect(x)
F{circ(r)}=3(27p)!p (Fourier-Bessel transform)

J, : Bessel function of the first kind, order 1.
F{ comb(x)}=comb(u)
F{exp(-nx2)}=exp(—nu?)
F{ A(X) } = sinc?(u)

* Note: rect(x) * rect(x) = A(x)

15

rect(x) rect(y) sinc(u) sinc(v)

16

circ(r) J1(p)2np



“sorgon LTI

n=—oo

For a positive constant d,

comb(= )_25(——n) dZﬁ(x nd)

N=—o0

- S(ax) = = 5(X)

@
F{comb(g)}: d comb(du) =d 3 5(du—n)= 3" 5(u —g)

[Proof]
F(u)= jcomb( Yexp(— j2aux)dx = d j Zé(x nd) exp (— j2aux)dx

N=—o0

=d Z exp (- j2zndu) = Z 5(u——) d comb(du)

N=—o0 N=—o0

-+ See next page 17

For the periodic function f(x)= ia(x -nd)

where the fundamental period is d, its Fourier Series expansion becomes

f(x) = i5(x—nd)
= 3¢, 00(1 750
C, - % [ f0ep(-] ZT’”“ X)dx
- % " nig(x —nd)exp(-] zTﬂmx)dx

1 pdi2 . 27m
:E.[mé(x)exp(—JTx)dx

Then we have

& 1& . 27m o . 13 n
25(X—nd)=aze)<p(lTX) or zeXp(JZ”maX)=g 25()(—5)

m=—x
18

1.4.5 Statistical characterization of images

f(n,".n,")

p{f}
f(ny, ny)
A set of images
/ J
£ Z 7 Probability density f t'f
ya 7 ropaniii ensity tuncton
‘ -t 7 (pdf)
- - p{i(n,,n,). ;" n;)}
/) //
y: - i

/»

f(n,', ny") f(ny.n,)
Joint density function19

Random field 5> % 415
— Probability density function

p{fixy t}
p{f}=p{f(1).1(2), ... 1(Q)}
where Q =N x M for the image in N x M pixels.

— Ensemble average E{} £4&TH
— Mean

w1 () = E{F(x, Y)}= jf(x y) pEf ;X y3df
f=E{f}=[E{f (., n)}]

— Correlation function, correlation matrix (autocorrelation) *HEARE%k. #8RE1T 3

2nd-order joint probability density p{f,, f,,n,n,,n',n,’} (BB
Ry 06y X, y) =E{F(x ) F (X', y')}
R, (n,n,;n',n,")=E{f(n,n,)f (n',n,")}

=[] fn,n) £ (0 un, ) pER,, fm ', Yo df,
R, = E{ff "}=[E{f(n)f (n")}] 21



— Covariance function, covariance matrix (autocovariance) 4 &A%k, £ &1T51

* . (H A8 — Spatial average ZERA Ty
Ky (% Y5 X', y') = ELLF (X, y) = a2 (6 WI-LE (X Y') = e (X, Y3 7R
=Ry (X, VX', y') = e (X, V) ety (X', Y")

.1
m, =lim < jj f (x, y)dxdy

Ky (n, 0,50 ") = E{[f(n,n,)—E{f (n,n,)}-[E{f (n',n,")—E{f "(n,',n,")]} Where X is a bounded region in the xy-plane and S is the area of X.
= E{T (0, ) (', 3 ELF (n,)YECT (', 0} ~ Spatial correlation SRR
K, = E{(f—F)(F —F)}=E{ff"}-FF =R, —FF" R (a, B) = [[ £ (%, V) T (x+a,y+ B)dxdy
z

— Variance, standard deviation NEL EERE

a2 (%, y) =KX, y; X, y)
o 2(n,n,)=K(n,n,;n,n,)

— Ergodicity IILI—FE
(Stationary process)
If m; = w(x,y), i.e., constant, the random field is called "ergodic

— Gaussian density distribution (ex. random noise from an electronic sensor) with respect to the mean.
o{fxy = —1 exn [_{f Yy, —ui (%, y’t)}z] If R (@, ) = Ry(e f3), the random field is called “ergodic with
N2ro 252 respect to the mean.
f f

For Q-dimensional vector f
_ _ 1 _
p{f}=(27)°"| Ky | v eXp{_E(f —po) Ky l(f 1)}

22 24

— If f, and f, are independent ML

¢ Linear operations on random fields
ol £} = p{t.} pif} P

g(x,¥) = [[ h(x=x,y=y) £ (x', y)dx'dy

— Stationary process EEBRE
4 (X, y) =y, :constant independent of (X, y) — f(x,y) and g(x,y) are the random fields.
Ry (X, ¥;X',¥) =Ry (X=X, y=y) =Ry (e, ) E{g(x, )} = E{J[ h(x=x', y=y") f (x', y")dx'dy}
The autocorrelation becomes = H h(x—x',y—y)E{f (x',y")}dx'dy’
Rip (e, ) = BT (x ) T (x+a,y+ B} — If the random field f(x,y) is stationary,
Also in the discrete case, E{g(x, Y)}= H h(x', y")dx'dy' = g,

4, (n,n,) = u, :constantindependent of (n,,n,)
— For the spectral densities of f(x,y) and g(x,y), Sg(u,v) and Si(u,v);

Rff (nlinz;nlllnzl) = Rff (nl_nll7n2 _nzl) = Rﬁ (j,k) )
SeeUV) =S4 (U, V) [H(u,V)|

— Spectral density, or Power spectrum
(stationary process) — When 9(x,¥)= ﬂ h(x=x',y—y") f(x', y")dx'dy'+n(x, y)
S(u,v) =F{Ry (o, £)} ARIMVEEIXHEIR B DT —) T Sy (UV) =Sy (UV) [ H(U, V) F +S, (u,v)

S(u,v) =F{R (1,K)} 23 26



Additive noise: g=f+n .
1

e, iiKziK R, ) .
Uncorrelated noise: < n-f>=0,<n.n>=0fork=1 ! ° Kkzzl'g ’ Kkzzl:n Fourier SpeCtrum of Sampled Image
%ij‘kj >=%g<(nk)2 >=o-?2

1

f.(xy)=f(xy)s(xy)

s(%,y) = comb(di)comb(dl)

x y

F (u,v)=F(u,v)*S(u,v)

S(u,v) =F{s(x, )}

Average of two images X y
bim = imread('C:¥+ * - ¥Momiji-small.png’); = F{Comb (d7) Comb (?)}
imshow(bim);A X y
e
forkets =d,d,comb(d,u)comb(d,v)
n=randn([256,320]);
noise(:,:,k)=(n-0.5)*25.5;
imn(:,:,:,0) = im + noise;
2;3 » F(u,v)=d,d, F(u,v)*{comb(d,u)comb(d,u)}
imhonom(C 1) k |
imm2 = (i
ﬁ?low((ﬂa(immz»; = z Z F (u - V- 7)
imm10 = mean( imn(:,:,:,[1:10]), 4 ); k | d X d y

imshow(uint8(imm10));
imm20 = mean(imn(:,:,;[1:20]),4); 27 29
imshow(uint8(immz20));

Average of 10 images

Average of 20 images

1.5 Image detection and digitization
1.5 EHR DR ETO2IL1E

1.5.1 Image sampling BBOY T
¢ Mathematical expression of image sampling
f(x, y) : Original image
f,(x, y) : Sampled image
f[ m, n] : two-dimensional discrete signal. (m, n : integer)
— The sampling interval in x and y directions : d,, d,
— Equidistance sampling
f{m, n]=1f(md, nd,)

Ms
[Ms

f(x,y)= f[m,n]é(x-md,,y-nd,)

Sampling of 2-D signal and its Fourier transform

(2) Sampling function : comb(x/d,)comb(y/d,),

(b) 2-D signal f(x,y),

(c) Fourier transform of the sampling function :
comb(d, u)comb(d, v),

(d) Fourier transform of the 2-D signal : F(u, v)

(e) Fourier transform of the sampled 2-D signal
f.oxy) 1 Fy(u,v) 30

m=—oon

0

8

I
Ms

f(md,,nd,)5(x-md,,y-nd,)

m

Sty S S S(x-md,,y-nd,) = f(x y)comb(dl)comb(dl)

y

-—00N);

Mm=—con=-w

28



Aliasing effect and two-dimensional sampling theorem Sampling and reconstruction (1-D case)
IA)TOUT E2RTERILTEE

Band-limited signal : f(x,y) f[m] 5(x-md,)
F(u,v)=0, for|u|>ug | V][>V )
If the sampling intervals are small enough, namely Sampling
< < fi
qx <1/ 20, .dy <12V 00 £ = f(x)comb(i) (x)
replica of the Fourier spectra of F( u, v ) does not overlap each other. d,
sy ‘I’ x=md, ;X
4V
y | P R e _
" % \_ " Reconstruction
Unax g t \Z/ — g
1/d, i 1 .
v — *| " _qj -
T Tl T T f(x)=f,(x) {dx smc(dx)}
Coud,
31 33
» Nyquist condition If the sampling intervals are not small enough, namely
d,<1/2up,, d <172V, d,>1/2u.,, d >1/2v,,,
replicas of the Fourier spectra of F( u, v ) overlap each other.
 Reconstruction filter BEEI/LE— — Aliasing
1 |u|§iand |v|si
H(u,v) = 2d, 2d,
0 otherwise
= rect(d,u)rect(d,v)

F(u,v) = F(u,v)rect(d u)rect(d,v)

\4

LN
£
5

Inverse Fourier transform yields / u @
umax
l//\m l/dy @

'

£ y) = (%, Y) *L ld sinc(dx)sinc(dy)}
xUy X y

- [ f(x, y)comb(dx)comb(dy)}*{

sinc(i)sinc(l) v,
X y

dxdy dx dy 32 34



 Sampled image f(x,y) =f(Xx, y) comb(x/d,) comb(y/d,)
* Interpolated image fi( X,y ) =f.(x,y) *R(X,Y)
* R(x,Yy): Interpolation function #ifEE%%

Zero-order interpolation (Nearest neighbor)
p =f,, where k = arg iEnax( [ 1) e

First-order interpolation (Linear interpolation)

4

- d,—|A
pzlz{d* 8%, 9,18 '}fk G Z
45 d d

X y

I = (4%, 4yy)

Interpolation function R(x,y)
(IfR(x,y) = 0 for [x|>d,, [y[>d, )

4
p=> R(AX, Ay, f, 36
k=1

Original image (3x3 pixels)

0|12 _

im=[012;122;0117;
1 2 2 out = interp2( im, [1:0.25:3], ([1:0.25:3])", 'linear" );
0 1 1 outs = interp2( im, [1.5:1:2.5], ([1.5:1:2.5])", 'linear" );

Interpolated image (upsampled, 9x9 pixels)

0.00 |0.25 |0.50 |0.75 [1.00 |1.25 150 [1.75 |2.00
0.25 |0.50 |0.75 |1.00 [1.25 |1.4375]1.625 |1.8125|2.00
0.50 |0.75 |1.00 |1.25 |1.50 |1.6250|1.75 [1.875 |2.00
0.75 |1.00 |1.25 [1.50 |1.75 |1.8125|1.875 |1.9375|2.00
1.00 |1.25 |1.50 |1.75 |2.00 | 2.00 [2.00 [2.00 |2.00
0.75 |1.00 |1.25 [150 |1.75 175 |1.75 1.75 |1.75
0.50 |0.75 |1.00 |1.25 [150 [150 150 [1.50 [1.50
0.25 |0.50 |0.75 |1.00 [1.25 125 125 1.25 |1.25
0.00 ]0.25 ]0.50 ]0.75 [1.00 |1.00 |1.00 [1.00 |1.00

Interpolated image (downsampled, 2x2 pixels)

1.00 [1.75
1.00 [1.50

1.5.3 Nonlinearity of image sensors > —®D FEfEFZ 14

» Tone reproduction characteristics of an image sensor
Linearcase:: g=af+b
Nonlinear case g=Y{f}

REER A IR
Input light intens Linear
Output image
signal Nonlinear

. . . Input light intensit
Polynomial expansion of the nonlinear funcl%lon:g y

g=a,+ta f+a,f2+a,f3+..
Its Fourier transform

G=a,8u,v)+a,F+a,{F*F}+a,{F*F*F}+..
39

Consider a sinusoidal signal f(x,y)=1+cos(2nax)
F(u,v)=08(u)d (v) +(1/2){d(u-a)+d(u+a)}d(v)

F*F=205u)d(Vv)+ (1/2){d(u-a)+du+a)}o(v)
+(1/2)[d(u-a)d (v) + (L/2) {d(u—2a) +5(u) }d (V)
+(1/2) [s(u+a) s (v) + (L/2) {d(u)+d(u+2a)}d (V)]

= Higher order spectra appears by the sensor nonlinearity

I 1% T Tff“

-a 0 a -a 0 a 2a 3a

Fourier spectrum of input image Fourier spectrum of the image captured
by a nonlinear sensor.

40



1.5.5 Sampling in practical imaging systems
EEDAA—D UG ORTLIZE TR S T)0T

e Sampling aperture of the image detector

=
Light source

Object Lens system

e Aperture sensitivity function: r( x,y)

X
£, (6Y) =1 (6, ¥) *r(-x.-y)]-comb( = )eomb(-")
X y
e Its Fourier transform yields

F (u,v) =[F(u,v)sinc(a,u)sinc(a,v)]*[d,d,,comb(d,u)comb(d V)]

If the shape of the sampling aperture is rectangular,

Loy)= S S f[m,nls(x—md,)3(y - nd, )

M=—00 N=—00
X y X y
=[f(x,y)*{rect(—)rect(-—)}]-comb(—)comb(——) 4
a, a, d, d,
Aperture Si;e Detector aperture
] AT EEEEEE
HEEEEEEERE fmn= [ [fx-md,y-nd)dxdy
EENEENENEDN ~a/28,/2
EENEENEEDN X—md y—nd
= || f (x, y)rect )rect Yydxd
EEEEEEEN I e yreat ™= yreat(= = ddy
EENEENENEDN
{; EEEENEN
Samplingintervals«—! . . . . . .

d

x

Loy)= 3 S f[m,nls(x-md,)s(y-nd,)

M=-o N=—o

= J'J'f (X, y')rect(xl_amdx Yrect( y'—an

dy)dx'dy‘ i i&(x—mdx)ﬁ(y—ndy)

y M=-c0 N=—00

- [[rex, y')rect(%)rect(%)dx'dy‘ 3 3 5(x-md,)3(y-nd,)

=[f (% y)*{rect(Drect(2)}- comb(di)comb(dl)

X a)’ y

F (u,v) =[F(u,v)sinc(a,u)sinc(a,v)]*[d,d,comb(d,u)comb(d V)] 43

The influence of sampling aperture

// F(u,v)

~~ F(u,v)sinc(a,u)sinc(a,v)

-1/d

X

1/d

X

44



