Theorem 6.5 Let f be a continuously differentiable function. The following conditions are equiv-
alent:

1. fe FYR").
2. flax+ (1 —a)y) <af(x)+(1—a)f(y), Ye,yeR", VYael0,1].
3. (f'(x) - f(y),z—y) >0, Vo,y € R".
Proof:  Left for exercise. '

Theorem 6.6 Let f be a twice continuously differentiable function. Then f € F?(R") if and only
if
() = O, VxeR"

Proof: Let f € F*(R"

~—

, and denote ; = x + 78, 7 > 0. Then, from the previous result

0 < Siflwn) ~ f@)wr — ) = (@) - (@), 9)
L[ "(x + \s)s, s
=+ [ U@+ as)s s
_ F(1) - F(0)

where F(7) = [ (f"(x 4 As)s, s)d\. Therefore, tending 7 to 0, we get 0 < F'(0) = (f"(x)s, s),
and we have the result.
Conversely, Vo € R",

1 T
f@) = f@)+{(f(@)y - )+ /0 /0 (2 + My —2))(y — 2),y — x)drdr
> f@) + @)y - ).
1

Corollary 6.7 Let f be a two times continuously differentiable function. f € F %1(R”) if and only
ifO =< f"(x) X LI, VxeR"

Theorem 6.8 Let f be a continuously differentiable function in R", x,y € R", and a € [0,1].
Then the following conditions are equivalent:

1. feF R,

2. 0< f(y) — f(&) = (f'(x),y —x) < 5z —yl3.

3. flx) +(f(2),y —z) + 5 | f'(x) = F(W)I5 < f(y)-

4. 0< [l (=) = @) < (f'(=) = ['(y), = —y).

5.0 < (f'(x) = f'(y),z —y) < Lz —ylf3-

6. flaz+(1—a)y) + “Z2 | (@) - @) < af(x)+ (1 - a)f(y).

7. 0<af(x) +(1-a)f(y) - flax+ (1 - a)y) < a(l - )5z -yl
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Proof:
1=2 It follows from the definition of convex function and Lemma 3.4.
2=3| Fix € R", and consider the function ¢(y) = f(y) — (f'(x),y). Clearly ¢(y) satisfies 2.

Also, y* = x is a minimal solution. Therefore from 2,

2
¢@>::¢wws¢<y—2dwﬁfwmn+§Hiw@>
= 6+ 5 10 @)IB - 716 W)IE = 6() — 5719w
Since ¢'(y) = f'(y) — f'(x), finally we have

fl@) = (f(),z) < fly) = (f'(z),y) - i\lf’(y) - f'(@)II3.

0, ~ 70 W)

2

3=4| Adding two copies of 3 with x and y interchanged, we obtain 4.
4=1| Applying the Cauchy-Schwarz inequality to 4, we obtain || f'(z) — f'(y)|2 < Lljz — y||2.
Also from Theorem 6.5, f(x) is convex.
Adding two copies of 2 with & and y interchanged, we obtain 5.
5=2

1
fy) = fl@) = (f'(x),y—z) = /0<f'(w+7(y—«’13))—f'(w),y—w)dT

! 2 L 2
< [ rtlly = alar = 5y -l

The non-negativity follows from Theorem 6.5.

Denote x,, = ax + (1 — a)y. From 3,
fl@) = f®a)+ (f'(®a), (1 —a)(@— )> ||f( ) = f'(@a)l3
fly) = f(®a) +({f(za),aly — =) + Hf ( ) = f'(@a) 3

Multiplying the first inequality by «, the second by 1 — «, and summing up, we have

"(y) — f'(@a)lI3.

af(xz)+(1—-a)f(y )>f(:va)+*Hf( ) = ()13
Finally, using the inequality
allb—d|f + (1 - a)e —d|3 > a(l - a)llb— c|3

we have the result.

—a(l = )b - ell§ = —a(1 - a)(|lb - dl2 + [lc — d)3
Therefore

alb—dll5 + (1 - a)|lc—d|l3 — a(l —a)(|b—d|2 + [lc — d]]2)?
= (allb—dl2 = (1 = a)c—d[2)* >0

Dividing both sides by 1 — a and tending « to 1, we obtain 3.

From 2,
@) < F@a)+ (@), (- a)@—y) + £ (1 - 0le —yl3
F) < F(wa) + (' (ma) aly — @) + Zo?a -y

2
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Multiplying the first inequality by «, the second by 1 — «, and summing up, we have

L

af(@) + (1 -a)f(y) < f(@a) + 5 (a1 =a)*+ (1 - a)a?) [lz - yli3.

The non-negativity follows from Theorem 6.5.

Dividing both sides by 1 — a and tending « to 1, we obtain 2. The non-negativity follows
from Theorem 6.5. ]
6.1 Convex Functions

Theorem 6.9 f ¢ F(R") if and only if its epigraph E := {(,y) € R"" | f(z) <y} is a convex.

Proof:
Let (x1,y1), (x2,y2) € E. Then for any 0 < a < 1, we have

flazi + (1 —a)ze) < af(z1) + (1 — o) f(z2) < ayr + (1 — a)y2

and therefore (ax; + (1 — a)za, ay1 + (1 — a)y2) € E.
Let (x1, f(x1)), (2, f(x2)) € E. By the convexity of E, for any 0 < a <1,

flox: + (1 — a)xz) < af (@1) + (1 — @) f(x2)
and therefore, f € F(R"). 1

Theorem 6.10 If f € F(R"), then its A-level set Ly := {x € R" | f(x) < A} is convex for each
A € R. But the converse is not true.

Proof:

For any A € R, let ¢,y € Ly. Then for Vo € (0,1), since f € F(R"), flax + (1 — a)y) <
af(x)+ (1 —a)f(y) <al+ (1 —a)\ = A. Therefore, ax + (1 — a)y € L.

For the converse, Ly = {z € R | f(z) = 3 < A} is convex for all A € R, but f ¢ F(R). 1

Theorem 6.11 (Jensen’s inequality) A function f : R” — R is convex if and only if for any
positive integer m, the following condition is valid

n
X1, To,..., Lm ER
1,02, ...,0, >0

Zai =1 (122; ) ;
i=1

Proof:
Left for exercise. I

Example 6.12 The function —logx is convex in (0,+00). Let a,b € (0,400) and 0 < o < 1.
Then, from the Jensen’s inequality we have

—log(aa + (1 — a)b) < —aloga — (1 — a)logh.
If we take the exponential of both sides, we obtain
a®b' ™ < aa + (1 — a)b.

. . . . . a+b
For a = %, we have the arithmetic-geometric mean inequality: vab < —
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