
Electron Transport 

(1) Phase velocity and group velocity 

Convolution of two slightly different waves with ω±Δω and k±Δk is,

U = U0[e
i[(k+Δk )x−(ω+Δω )t ] + ei[(k−Δk )x−(ω−Δω ) t ]]

U = U0e
i(kx−ωt )

Wave is represented in general

= U0e
i(kx−ωt )[ei(Δk ⋅x−Δω⋅ t) + e−i(Δk⋅ x−Δω⋅ t )]

= 2U 0e
i(kx−ωt ) cos(xΔk − tΔω)

Velocity of the original wave
(Phase velocity)

v =
Δx
Δt

=
Velocity of the envelop

(Group velocity) vg =

A lump of wave 
(wave packet) moves by vg.

ω
k

Δω
Δk

vg

One electron

Beating

Electricity and heat are carried by free electrons in metals. (2) From energy band E(k)

vg =
∂ω
∂k

=
1
h
∂E (k)
∂k EF

vg
Tangent of the 
energy band

vg =
1
h

(
∂E (k)
∂kx

,
∂E (k)
∂ky

,
∂E(k)
∂kz

)

For 3D

Normal to the 
Fermi surface

E = hω

Differentiated by t
∂vg

∂t
=

1
h
∂ 2E (k)
∂k 2

∂k
∂t

External field ε during δt gives rise to work δE=ーeε vgδt
force moved distance

impulse

But leads to giving
δE = (

∂E
∂k

)δk = hvgδk ーeε vgδt =h vgδk h
∂k
∂t

=

Thus ∂vg

∂t
=

1
h2

∂ 2E (k)
∂k 2 (−eε)

−eε

Alternately, differentiate p＝hk
∂p
∂t

= h
∂k
∂t

= F = −eε
加速度

ma=F
力1/m*

1
m*

=
1
h2

∂ 2E(k)
∂k 2

よって
有効質量 effective mass
＝ curvature of the energy band

E(k) =
h2k2

2m*
General energy band is 
approximated by free electron
and the coefficient gives m*

Acceleration of the wave packet
under a certain force (electric field)

m* small → light electron→ vg → mobile

m* large→ heavy electron →vg → inmobile

vg

large

small

←bandwidth

←bandwidth

large

small

E(k)

π/a−π/a

m*

E(k) = α + 2β coska

∂ 2E
∂k2 =

m* = −
h2

2βa2 coska

−2βa2 coska

m*<0 for upper half of the band: hole
The wave packet is accelerated in the opposite 
direction as like a positively charged particle. 

Effective mass of
1D tight-binding band 

Nearly occupied band

ー ＋
ε

Hole moves

Electron moves E(k) =
h2k2

2m*
= −

h2k2

2 | m* |
< 0

The upper, the more stable
like a balloon.

Hole：m*<0, E<0, a particle with positive charge



(3) Electric conduction
Equation of motion under electric field ε (classical mechanics!)

m
dv
dt

+
m
τ

v = −eε

加速度 摩擦力 電場による力

1) Remove the force, so ε=0 leads to
dv
dt

= −
v
τ v = v0e

− t
τ τ：relaxation time

Electron is scattered to v=0 within time τ. 

2) Steady state atε≠0 leads to 
dv
dt

= 0

v = −
eτ
m
ε so the current density is j=-nev= andne2τ

m
ε

conductivity is σ =
j
ε
=

ne2τ
m

or using mobility to affordμ =
eτ
m

σ = neμ

Resistivity Only τ is temperature dependentρ =
1
σ
∝

1
τ

1
τ
=

1
τ ph

+
1
τ i

In reality

Phonon scattering Impurity scattering (independent of temperature)
1
τ ph

= Cv ⋅ T

Lattice specific heat：const. at high T (Dulong-Petit's rule)

1
τ ph

∝Tat high T above room T

Resistivity ρ

T

Cv→T3 and becomes slightly steeper around 50K.

ρ ∝
1
τph

∝Tat high T (>100 K)1
τ ph

→ 0at low T
thus
ρ ∝

1
τ i

= const.

Constant resistivity from impurity scattering (残留抵抗 residual resistance)
Resistivity of metals decreases at low temperatures, 

and becomes constant at very low temperatures.

(4) Hall effect
x//: apply current jx,
z//: apply magnetic field B
y//: measure the generated voltage Ey.

V

jxEy

B

No current //y leads to

F = e(v × B+ E )

Fy = evxB −eE y = 0

Electrons in electric and magnetic fields feel  

Put this in  jx=-nevx and

force of electric field

Ey = vxB

Lorentz force

Ey = jxB−
1
ne

RH：Hall coefficient  cf. hole
Hall coefficient RH >0 hole

RH <0 electron

RH → carrier concentration n gives
σ = neμ

μ =
eτ
m

移動度
mobility

Hall

(5) Thermal conductivity (of metals is due to free electrons)
Thermal conductivity carried by free electrons
in analogy with thermal conductivity carried by phonons (lattice vibration)

κ =
1
3

CvvF lF

electron heat capacity velocity (at EF)

mean free path (at EF)1/3 for x, y, z
directions lF = vFτ

κ =
1
3
π 2

3
D(EF)kB

2T ⋅ vF ⋅ vFτ

D(EF) =
3N
2EF

=
3N
mvF

2
EF =

1
2

mvF
2

=
π 2NkB

2Tτ
3m

κ
σ
=

π 2NkB
2Tτ

3m
Ne2τ

m

=
π 2

3
(
kB

2

e
)2 T

κ
σT

= L Lorenz number＝const.
(Wiedeman-Franz law)

κ

T
κ∝T

κ∝1/T

κ=const.

High T →

Intermediate →

Low T →

σ∝1/T2

σ∝1/T

σ =const.

κ=

κ∝

κ∝

const.

1/T
T



Heat conductivity of various materials
(6) Cyclotron oscillation Electron moves circularly under magnetic field.

Equation of motion under electric and magnetic fields B//z

v

dp
dt

= m
dv
dt

= ev × B

Thus

For magnetic field B//z
dvx

dt
= −

eB
m

vy = −ωcvy

dvy

dt
= ωcvx ωc =

eB
m

Cyclotron frequencyElectron moves circularly in the xy plane
vx = v0 cosωct
vy = v0sinωct

Lorentz force

x = −
v0

ωc

sinωct

y =
v0

ωc

cosωct

v

k

ky

kx
x

y
v

Fermi surface

Reciprocal 
spaceReal space

90°behind 
the reciprocal space

where
| r |=

v0

ωc

=
m
eB

v0 =
| p |
eB

and dE(k)
dt

=
dE
d p

d p
dt

= v ⋅ (ev × B) = 0

Exterior product of v and B is ⊥v. Its inner product is 0.

Electron moves on a constant energy surface (= Fermi surface).

ωc =
eB
m

Absorbs the microwave with
Cyclotron resonance

B

Microwave absorption
hωc=const.

heavy electron
light

Experimental estimation
of  m*

Cross section of H⊥surface and the Fermi surface

(7) Quantum Oscillation
Circular motion is quantized just like a hydrogen atom.

(circle)＝(wavelength) × (integer) Bohr's quantization condition

2πr = nλ = n
h
p

r ⋅ p = nh

Using for circular motion

＝

this area

Sk =
2πeB

h
n

Sk is quantized as
integer times of の

2πeB
h

n=3
n=2
n=1

The area has
the same interval. 

Sk = π(kx
2 + ky

2) using the area of this circle
E =

h2

2m
(kx

2 + ky
2 + kz

2 )

Kinetic energy

=
h2

2m
2

eB
h

n +
h2

2m
kz

2

n +
h2

2m
kz

2hωc

| r |=
| p |
eB

p
eB

⋅ p = nh

k2 =
eB
h

n

=

ωc =
eB
m



n=1 circle＝λ E=hωc

n=2 circle＝2λ E=2hωc

n=3 circle＝3λ E=3hωc

B
In three dimension

n=1
2 3

Fermi surface

Orbit is restricted to these circles (also circle in the real space).

Landau tube：cylindrical slices of the Fermi surface 

h2

2m
kz

2

z direction motion

remains →

Spiral in the
real space

D(E)

EF
E

hωc

2hωc

3hωc

4hωc

5hωc

B=0
D(E)

B≠0

E
Interval of the Landau levels is 0
at B = 0, and increases 
with increasing B.

hωc =
heB
m

1D energy band for z has
density of dates, D(E)∝E-1/2

with a peak at E =0.

D(E)

E

D(E)

E
EF EF

large B
Changing B

Occupied upper most Laudau level
＝ Most outer orbit
＝ Equator of the Fermi surface 
＝ (In general) extremal cross section
When this crosses EF by changing B, D(EF) makes peaks.
The periodicity is

Sk =
2πe

h
Bn n =

2πe
h

Bn +1(n +1)
Erasing n from this to give

1
Bn+1

−
1
Bn

= Δ(
1
B

) = 2πe
hSk

Δ(
1
B

) =
2πe
hSk

Many properties of metals oscillate when B is scanned at low T.
The periodicity is

Magnetic field
Electrical Resistivity Shubnikov-de Haas oscillation
Magnetic Susceptibility de Haas-van Alphen oscillation
Specific Heat

B

This area

D. Shoenberg, Magnetic Oscillations in Metals, Cambridge (1984).
J. Wosnitza, Fermi Surfaces of Low-Dimensional Organic Metals and
Superconductors, Springer (1996).
M. V. Kartsovnik, Chem. Rev. 104, 5737 (2004).  

Fermiology
to investigate Fermi surface

Shubnikov- de Haas Oscillation inβ-(BEDT-TTF)2I3

Oscillation of electrons rotating around 
the Fermi surface is observed at low T (< 1 K)
and under strong magnetic field (> 10 T).

Hatched 
Area

Periodicity

Magnetic Field

Δ(
1
B

) =
2πe
hSk

100 mK

Magnetic Field

R
es
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ta
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e

Fermi surface is 50%
of the 1st Brillouin zone.

1 electron
per unit cell

Kang, et al. Phys. Rev. Lett. 
62, 2559 (1989).



Shubnikov- de Haas Oscillation in κ-(BEDT-TTF)2Cu(NCS)2

En
er

gy

EF

SFS/SBZ
=18%

磁場

磁場

Fine oscillation SFS/SBZ=100%

Magnetic Breakdown

Superconductivity 

電
気

抵
抗

R
es

is
ta

nc
e

4 molecules in a unit cell → 2 electrons in a cell → SFS/SBZ=100%

SFS/SBZ
=18%

Oshima et al. Phys. Rev. B 38, 938 (1988).

Quantum Hall Effect 
Amplitude of Shubnikov-de Haas oscillation grows to reach R→0.
At large B, near the quantum limit （n → 1 ）.

GaAs MOS FET 0.35 K

抵抗＝0

Hall effect ＝ const.
抵抗標準

Angular Dependent Magnetoresistance Oscillation (ADMRO)
Measure resistance by 
titling the magnetic field.

tanθ =
n π

c
kF

ckFtanθ = nπ

θ-(BEDT-TTF)2I3

Kajita oscillation (Yamaji oscillation)

Kajita, Solid State Commun. 70, 1189 (1989).
Kartsovnik, JETP Lett. 48, 541 (1988).
Yamaji, J. Phys. Soc. Jpn. 58, 1520 (1989).

Interval of peaks positions of kF
θ

θ

tanθ =
n π

c
kF

ckFtanθ = nπ

β-(BEDT-TTF)2I3

Angular Dependent Magnetoresistance Oscillation (ADMRO)

Measure resistance by 
titling the magnetic field.



Magnetic Field

Open orbit

B

Close orbitB
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Δρ＝B2

[110]

[111]

[001]

Saturation

B

I//[110]

①

②

③ ① ② ③

Magnetoresistance does not saturate at
the angles when the orbit is closed.

Conventional ADMRO due to the Fermi surface of Cu Lebed oscillation in the open 1D Fermi surface

Rotate magnetic field in the plane
parallel to the Fermi surface.
Magnetoresistance makes peaks
when the orbit is periodical.

c
b

tanθ = p
q

rational number
（p , q： integer）

This method does not give such 
quantity as kF, but proves the existence 
and direction of the planar Fermi surface.

2μH

Magnetic Susceptibility of 
Metal Electrons （Pauli paramagnetism）

D(E)状態密度

μH

1
2

D(E)
E

↓ is more stable than↑ under magnetic field.

E↑ =
h2k 2

2m
− μH

E↓ =
h2k 2

2m
+ μH

Magnetization is
M = μ(N↑ − N↓)

= μ
1
2

D(E) × 2μH
Susceptibility 

χ =
M
H

= μ 2D(EF)

γ =
π 2

3
D(EF)kB

2電子比熱係数 leads to χ
γ
=

3μ2

π 2kB
2 = const.

Wilson比
Ratio of χ and γ does not change depending on m*.

T 温度

Susceptibility

Pauli paramagnetism
is χ> 0 and T
independent.

Optical Properties of Metals （Plasmon） E
x

hν

When light is irradiated, how the ac electric field enters.
D(ω)＝ε0E(ω)＋P D(ω)＝εε0E(ω)

These lead to
ε(ω) =

D(ω)
ε0E (ω)

=1+
P(ω)
ε0E (ω)

Eq. of motion vibrated by the electric field E: m
d2 x
dt2 = −eE

E, x ∝ eiωt leads to          ーmω2x＝ーeE → x＝
eE

mω 2

P＝ーnex＝ −
ne2 E
mω2

Put this in the above eq. to ε(ω)＝ ＝1−
ne2

ε0mω
2 1−

ωp
2

ω 2

Plasma frequency

Maxwell eq. with to giveμ0
∂ 2D
∂t2 = ∇ 2E E ∝ei(Kr−ωt )

μ0ε0εω2＝K2 → ω2ーωp
2＝c2K2

1/c2



ω2ーωp
2＝c2K2

ωωp

1−
ωp

2

ω 2ε(ω)＝
ε(ω)

ω＜ωp → K imaginary

Diminish as E ∝ eーKr in metals
Light cannot enter, and is reflected: metallic luster. 
ωp：near ultraviolet in ordinary metals near infrared in organics

ω＞ωp → K real
E ∝ eーiKr Metals are transparent to UV.

ω＝ωp → D＝0 → E = −
1
ε0

P =
nex
ε0

m
d2 x
dt2 = −

ne2

ε0

x d2x
dt2 + ωp

2 x = 0→

Characteristic oscillation of electron ωp
：plasma oscillation

P

longitudinal rarefaction wave

(TMTSF)2PF6

反射率～100%

ωp

反
射
率



Conduction
Band

Valence
Band

Energy gap
(Band gap)

C 5.47 eV
Si 1.12 eV
Ge 0.66 eV

Energy band of Ge
Semiconductor

Semiconductor Device

1

e
Ei −μ
kBT +1

f (E ) =

1
f(E)

EF

E

0

EV

EC

Because EC - EF >> kBT, 
the Fermi distribution reduces to

→ e
−

Ei −μ
kBT

the Boltzmann
distribution.

Electron number
Ne = D(E) f (E)dE = Ne

0e
−

EC -EF
kBT∫

Hole number
Np = Np

0e
EV -EF

kBT

lead to
N e ⋅ Np = N e

0Np
0e

EV -EF
kBT

−
EC -EF

kBT = N e
0Np

0e
−

Eg

kBT Eg=EC-EV

At given T and Eg, a decrease of hole # pushes up EF, and increases electron #.
Ne＝Np in the intrinsic semiconductor, so if Ne

0＝Np
0 

(the same electron and hole mass)

EFーEV＝ECーEF → EF =

Fermi level is located at the center of the energy gap.

Ne = N p = Ne
0N p

0 e
−

Eg

2kBT

Conductivity σ is given by σ＝Neeμe＋ Npeμp∝e
−

Eg

2kB T

Conductivity of semiconductor depends on the carrier number, and decreases at low T.

σ

T

ρ

T

lnσ

1/T

This slope gives
Eg.

Impurity B, Al in 
3 electrons： acceptor

B

Si Si

Si Si

hole
EF

Majority carrier Np >> Ne minority carrier P型半導体
Positive

acceptor level

Doping

Impurity P, As in Si
5 electrons： donor

P

Si Si

Si Si

Extra one electron is thermally 
excited from the donor level
and moves around.  
→ to increase σ by several orders. 

Donor level

several meV

Majority carrier Ne >> Np minority carrier

EF goes up
just below Ec.

N型半導体
Negative



PN junction
NP

＋
＋
＋＋
＋ー

ーーー
ーPotential surface bends

so as to make EF ＝const.

Majority carrier is depleted
around the junction to have
net positive charge. 

→欠乏層
(Depletion Layer)

Np

Ne
’ Np

’

Ne

Junction polarizes so as to
have opposite charges
to the majority carriers. 

Most resistance come
from the depleted
junction.

eVD

＋
＋
＋＋
＋ー

ーーー
ー

＋
＋
＋＋
＋ー

ーーー
ー

＋
＋
＋＋
＋ー

ーーー
ー

+

ー

+ ー ー +

+

ー

Forward bias Reverse bias

＋− attraction leads to current flow

ホール注入
hole injection

電子注入 electron injection
No current flows

Potential is lowered 
to VD-V.

EF
EF

P N

Ne = N e
0e

−
EC -EF

k BTMajority carrier in N

Minority carrier in P Ne '= Ne
0e

−
EC -EF + eVD

kBT Ne '= N ee
−

eVD
k BT

Under bias V, this leads to Ne '= Nee
−

e(VD−V )
kBT

Majority carrier transport from N to P (electron diffusion current) ∝ Ne

Minority carrier transport from P to N (electron generation current) ∝ Ne’

Total current I ∝Ne '−N e = I0 (eeV / kBV −1)
(The same equation for holes)

I0 = N ee−eVD / k BT does not depend on V.)(

I0
V

I

reverse bias
バイアス

順方向
forward bias Current flows only for forward bias。

(Diode)

P N

Diodes for specialized uses

ホール注入
hole injection

電子注入 electron injection

Light Emitting Diode
Recombination of injected
carriers at forward bias
generates light. 

hν

EL：Electroluminescence

hν depends on Eg.

Eg

Zener Diode
Standard voltage
at the reverse bias. 

V

I

Zener Breakdown



N金属

Metal-semiconductor junction

EF EF

Metal EF ＜ EF in N型半導体

＋
＋
＋＋
＋

Adjust EF

Depletion layer

Shottokey Diode

+ ー Forward
+ー Reverse

Meta EF ＞ EF in N型半導体：Ohmic contact

ー

ーーー
ー

EF

Accumulation layer
in majority carrier

Current flow for
both biases.

Shottokey Barrier

Work function of Metals (Position of EF) 
cf. Ionization potential for semiconductors 

Na 2.36 eV

Ca 2.9 eV
3 V

4 V

5 V

φ

In 4.09 eV
Ag 4.26 eV
Al 4.28 eV

Au 5.1 eV

Pt 5.64 eV

Cu 4.65 eV

K 2.28 eV

Mg 3.66 eV
Zn 3.63 eV

W 4.6 eV
Fe 4.5 eV

Pd 5.55 eV

Co 5.0 eV
Ni 5.15 eV

Hg 4.4 eV
Ga 4.3 eV

化学便覧 13.1

Pb 4.25 eV
Sn 4.42 eV

n-Si (Gate)

SiO2
Source

 (A
u)

Semiconductor

Dra
in 

(A
u)

＋＋＋＋＋＋
ーーーーーー

A

FET：Field Effect Transistor

Transistors

Bipolar (Junction) Transistor

NPN

NP P

Two PN junctions with
a thin base.
NPN and PNP
for large current, analog circuit.

Base
Emitter CollectorN-channel and P-channel 

for low current, digital circuit.

Junction FET
MOS-FET (Metal Oxide)

Gate

Source

Drain
Base

Collector

Emitter
PNPVG

ID VD

SiO2
Source

 (A
u)

Semiconductor

Dra
in 

(A
u)

A

トランジスタ

VG

VD

ID

ID VD

VG

ID

ーVG

VD=一定

P-channel

ID =
WμC

L
((VG −VT )VD −

1
2

VD
2 )

Pinch off

Mobility

L
W

C：capacitance

VT

FET：Field Effect Transistor

N-channel and P-channel 
for low current, digital circuit.

Junction FET
MOS-FET (Metal Oxide)

Gate

Source

Drain


