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Fermi statistics: only one electron can occupy a state. 
Ci

Occupied by Ni electrons

E

D(E)

Ni electrons are in the Ci states with energy E. 
We cannot distinguish Ni electrons, so that the statistical
weight is the number to choose Ni from Ci:

Wi =
Ci!

Ni!(Ci − Ni)!The definition of entropy in statistical mechanics is

S = kB lnW = kB ln Wi
i

∏ = kB lnWi
i

∑ = kB ln
i

∑ Ci!
Ni!(Ci − Ni)!

= kB (Ci lnCi − Ni ln Ni − (Ci − Ni)ln(Ci − Ni))
i

∑

ln N!= N ln N − NStirling' equation

The realized distribution of Ni minimizes the Gibbs free energy
　　F=E-TS-μN　where  E=ΣNiE i、N=ΣNi .
So differentiation of F as for Ni is zero to give,

∂F
∂Ni

= Ei + kBT (ln Ni − ln(Ci − Ni)) −μ = 0

Ci − Ni

Ni

=
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Fermi-Dirac distribution1
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When T=0:
f (E) =

1
e−∞ +1

=

f (E) =
1

e+∞ + 1
=

E < μ

E > μ

EF = μ ：chemical potential

When T≠0, f(E) changes 
continuously from 1 to 0
with the width of kBT.

50000 K for metals
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The real electron number is D(E)×f(E)

Ci ×
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= Ni
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At T≠0, these electrons
are thermally excited.

N

EF

kBT
≈

50000K
300K

>100 → Only <1% electrons are 
thermally excited.



Internal energy of metal electrons

U(T ) = (E − EF)
0

∞∫ D(E ) f (E)dE
Measured from EF = 0.Specific heat

CV =
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= (E − EF)
0

∞∫ D(E)
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T appears only in f(E).
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where gives
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∂f(E)
 ∂T

∂f(E)
 ∂T is nonzero only near EF.

so that approximated to be
D(E)〜D(EF).

CV = D(EF) (E − EF)
0
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= D(EF) (kBTx)
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∞
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Specific heat of metal electrons

or using TF: Fermi temperatureD(EF) =
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Gas constant

T

If free electron is an ideal gas, according to the Dulong-Petit theorem,
the specific heat is Cv=3R.  However, it is less than

T
TF

≈
300K

50000K
≈10−2

Owing to the Fermi distribution, only kBT electrons near
EF are excited, and contribute to the specific heat.

Metal electrons are "Fermi" particles!

Fermi gas cf. Classical gas

At low temperatures (<50 K), the lattice 
vibration (photon) decays as Cv∝T3 so that
Cv＝γT＋βT3

free electron phonon

Cv

T
= γ + βT 2

Cv

T

Only phonons
at high T

Cv/T

T2γ
Experimental estimation of γ→D(EF) from 
the low-temperature (<4 K) specific heat.

Bose-Einstein statistics

Insert Ni particles in Ci levels, allowing
any particles in the same level.

The number to arrange Ni
particles and Ci-1 partitions.

Ci

Wi =
(Ci + Ni −1)!
Ni!(Ci −1)! Ci＋Ni ー1

Ci-1→ Ci gives
lnWi = (Ci + Ni)ln(Ci + Ni) − Ni ln Ni −Ci ln Ci

Put this in F=E-TS-μN, and differentiation as for Ni is put zero to
∂F
∂Ni

=

Ci + Ni

Ni

= e
Ei − μ
kBT

=0



f (Ei) =
Ni

Ci

= Bose-Einstein statistics

T→0
　Eiーμ > 0　e＋∞→ ＋∞　f(E) →0
　Eiーμ ＝ 0　e0→ 1　　　f(E) → ＋∞

μ

E

f(E)All particles go to the lowest level.
Eiーμ → hω gives f (Ei) =

1

e
hω

k BT −1
Planck distribution

Phonon (lattice vibration) is Bose-Einstein particle.
Photon (light) is the same → black body

f (Ei) =
1

e
Ei − μ
kBT ±1

＋　
ー　

Quantum statistics

E-μ>>kBT leads to elarge>>1 f (Ei) = e
−

Ei − μ
kBT

Boltzmann (classical) distribution 
Classical distribution

n1

n2

n3

n4

W =
N!

n1!n2!n3!⋅ ⋅ ⋅

Each i-th state has ni particles, with the 
total N=Σni particles.
The statistical weight is

so
lnW = ln

N!
n1!n2!n3!⋅ ⋅ ⋅

= N lnN − ni ln ni
i

∑

ln N!= N ln N − N
Stirling's equation

Put this in F=E-TS-μN　(S=kBlnW)

F = Eini − kBT (N ln N − ni ln
i

∑ ni)
i

∑ − μ ni
i

∑

Differentiation as for ni is zero to give,
∂F
∂Ni

=

so
f (Ei) = ni = Boltzmann sidtribution

E

f(E)
Fermi distribution：Particles with half-integer spin
 quantum number：electron, proton, neutron, 3He

Boltzmann distribution：classical particles

Bose distribution：Particles with integer spin quantum number：
Light (photon), Lattice vibration (phonon), 4He

0
1 f (Ei) =

1

e
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f (Ei) =
1

e
Ei − μ
kBT −1

f (Ei) = e
−

Ei − μ
kBTμ

Everything approaches to Boltzmann at Ei-μ>>kBT.

=0

One-dimensional metal

E =
h2kx

2

2m
= const. leads to　kx＝kF ＝ const.

(No momentum for ky, kz
＝does not move)
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Occ.
Unoccupied

Fermi surface consists of a pair of planes. 
Unoccupied


