
Lecture Schedule

Soft Material by Takehiko Mori 

Electronic structure of solids.  Band structure of solids, and the practical applications.
I am ready to lecture the following items, from which some will be selected.

(1) Fundamentals of quantum mechanics
(2) Atomic orbitals to molecular orbitals
(3) Extension of molecular orbitals to solids
(4) Free electron model
(5) Fermi Dirac statistics
(6) Tight-binding model
(7) Energy band
(8) Symmetry of crystals
(9) Transport properties of solids
(10) Physics of semiconductor devices
(11) Magnetism
(12) Electron correlation
(13) Organic electronics

General representation of waves:
where,
For example, ac current is real part of 
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Real part at x=0 is:
I( t) = I0cos2πνt

Wave form:
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Phase = const. moves with the
velocity (from the exponent = 0)

Δx
Δt

= νλ moves to the right.

Angular frequency ω= 2πν → φ(x, t) =
Wave number k=2π/λ

φ0e
i(kx−ωt)

Quantum mechanics is derived from  the following two theorems, 
which represent duality of wave and particle.

（１）A wave with frequency ν acts as a particle with energy 
E＝hν(＝hω).

（１）A wave with frequency ν acts as a particle with energy 
E＝hν(＝hω).

（２）A particle with momentum p acts as a wave with 
wavelength λ＝ h/p (de Broglie wave).

（２）A particle with momentum p acts as a wave with 
wavelength λ＝ h/p (de Broglie wave).

(1) Planck's photon → Black body
(2) Photoelectron

(1) Electron diffraction
(2) Line spectra of hydrogen atoms

This leads to the correspondence: Particle（Energy, Momentum）
Wave（Frequency, Wavelength）

Back body
Light with frequency ν has energy with integer times of E=hν.
→ Photon with energy E=hν or  E= h c /λ.

Photoelectron
hν

B.E.

K.E.

hν=B.E.+K.E.

vacuum
level 

work function (of metal)
or ionization energy

hν

Intensity 
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Temperature
E= kBT

1041031021011 K 105

Energy scales visible light

1 eV 〜 1 μm 〜104 cm-1

〜104 K 〜 100 kJ/mol

1 eV = 1.24 μm
= 8065 cm-1

= 11605 K
= 0.96x105 J/mol

1 cm-1〜1 K 〜1 T

E=μBH
magnetic field

room temperature 

de Broglie wave 

For light: λν＝c (wavelength)×(frequency)＝(velocity)
E=mc2 Relativistic energy
E=hν Planck's equation

These relations lead to mc2 =hν＝h c /λ, so that 
mc ＝

For particles, p＝ mv, so we assume mc → p
p ＝

or
λ＝h/p de Broglie equation

h /λ

h /λ

e Electron diffraction
Kinetic energy ＝ giveseV =

p2

2m
=

1
2m

(
h
λ

)2

λ =
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2meV = 1.2265 nm
√V (V) 0.1 nm at

V =150 V

Hydrogen atom
Coulomb 

e2

4πε0r 2 =
mv 2

r
=

p2

mr

Centrifugal force

Circle is integer times of wavelength
2πr = nλ, and λ＝h/p leads to

r＝ n2 ＝a0n2

a0: Bohr radius 0.529 Å
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−
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Line spectra of hydrogen atoms
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General wave is differentiated by x,
to give

φ(x, t) = φ0e
2πi( x

λ
−νt )
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Similarly differentiated by t, to give

φνφπ
∂
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t h
−=−= 2 ∴ (2)Eφ =

We can obtain p and E by differentiating φ by x and t, and 
multiplying h/i (or ih).
We can replace p, E to differential operators:
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When E is independent of time, is 
inserted in Eq. (3), to give,
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Schrödinger equation

Eqs. (1), (2), (4) have a form of [Differential operator M]φ＝mφ
and are differential equations as for φ, which have solutions φ
corresponding to particular m.
Thus the eigenvalue m (固有値) corresponds to
the eigenfunction φ(固有関数).

Eφ

Free electron for V＝０

Schrödinger eq. has an eigenfunction .φφ
∂
∂ E
xm

=− 2

22

2
h φ(x) = eikx

The corresponding eigenvalue is .E =

φ(x) = eikx
is an eigenfunction of at the same time.φ

∂
∂φ p

xi
=

h

The plane wave has momentum p= 

and energy , and is an eigenstate.

φ(x) = eikx

φ(x) = e−ikx has momentum p= and energy
which proceeds in the opposite (negative k) direction,
but has the same (absolute value of) momentum and energy.
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The corresponding eigenvalue is .

E =
h2k2

2m

E

parabola

k∝p

p=hkp=ーhk

right bound electronleft bound electron

０

Wave number k＝2π/λ is inverse of the wavelength.
The number of waves in unit× 2π length.



Hydrogen-like atom

[−
h2

2m
(

∂ 2

∂x2 +
∂ 2

∂y 2 +
∂ 2

∂z2 ) + V ]φ = Eφ

Schrödinger equation r

nucleus
+Ze

-e electron

Put Coulomb force as V = −
Ze2

4πε0r

[⋅ ⋅ ⋅] = H = −
h2

2m
∇2 −

Ze2

4πε0r
Go to polar coordinates (x, y, z) → (r, θ, φ)

φ = Rnl (r )Ylm (θ ,φ) = Rnl (r )Θ lm (θ)Φ m (φ)

Radial part Angular part
The radial part follows the differential equation:

d2R
dr2 +

2
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+ [
2m
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When l=0, show is a solution ofR(r) = e−ζr
Problem
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R(r) = e−ζrSolution Put into the above equation, to give,
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32π 2ε0
2h2 = −Z 2Rhc

Rydberg constant
13.6 eV

The term of 1/r is 0, leading to
00
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h Bohr radius

0.529 Å

rlerrR ζ−=)( is another solution at nonzero l.

Other solutions at l＝0:

R(r) ∝e−ρ / 2
1s

R(r) ∝ (2 − ρ)e−ρ / 2

R(r) ∝ (6 − 6ρ + ρ2 )e− ρ / 2
2s

3s

ρ = 2ζr =
2Z
na0

r

Associated Laguerre polynomials

1s, 2s, 3s orbitals have 

works to be 1s, 2s, 3s.. orthogonal

nodes in the radial direction, 
and the shape is . 

0 1 2

sphere

φ ∝e−ζrYlm(θ,φ) Slater orbital

ζ =
Z
a0

increases as Z increases (and the orbital size decreases).

The "outer most electron" is screened by other "Z-1" electrons
from the Z+ nuclear charge.
If the screening is complete, it feels Z = 1 charge, but the screening
is incomplete, because the focused electron is not always out of
other electrons, so that the effective Z* is 1<Z*<Z.

Laguerre polynomials guarantees orthogonality of 1s, 2s, 3s orbitals,
but complicates molecular orbital calculations.
They are not important in the usual distances of chemical bonds,
so that we neglect them to

Accordingly changes as shown in the next page.ζ
C N O＜ ＜
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Slater orbitals
φ ∝e−ζr

ζ

Atomic number

1/ζH

Li

FO
N

C
B

Be
Na

Mg
Al

Si
P

S Cl

H

Li

FON
C

B

Be
Na

Mg
Al

Si
PS Cl

large orbital

small orbital

1s

2s
2p 3s

3p

2s
2p 3s

3p

1s

Due to the imperfect screening, going right leads to
atomic orbitals.

Covalent and ionic radii also become .
small

small

Atomic number

φ = Rnl (r )Ylm (θ ,φ) = Rnl (r )Θ lm (θ)Φ m (φ)Angular part

−ih
∂Φ
∂φ

= μΦΦ part : has soln: Φ m(φ) ∝ eimφ

μ = hm Angular momentum
around z

m=0, ±1, ±2,,,

1
sinθ

d
dθ

(sinθ
dΘ
dθ

) + [l (l + 1) −
m2

sin 2θ
]Θ = 0Θ part:

Problem: Show
is a solution of the above equation.

Θ10(θ) = cosθ

−
1

sinθ
d
dθ

(sinθsinθ ) + 2 cosθ = 0

Put l=1, m=0, and

−
2sinθ cosθ

sinθ
+ 2 cosθ = 0

This leads to φ = Rnl (r )Θ lm (θ)Φ m (φ) ∝ re−r / a0 cosθ ∝ ze−r / a0

E = −
Rhc
n2
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Energy levels of a hydrogen atom

2s 2p

n=1

n=2

vacuum level

(1− r)e− r / a0

xe−r / a0

ye−r / a0

ze−r / a0

e−r / a0

1/4

1/9 n=3
3s 3p 3d

xye− r / a0

yze− r / a0

zxe−r / a0

(x2 − y 2)e−r / a0

z2e−r / a0

l=

m=-2, -1, 0, 1, 2
|m|≦l したがって 個

m=-1, 0, 1
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Molecular orbital theory 

(1) One-electron Schrödinger equation

(2) LCAO-MO (Linear Combination of Atomic Orbitals)

φ = ciχ i
i

N

∑

Put one electron in the arranged nuclei.

N：total number of atomic orbitals

+Ze
-e

+e +e

H2O

E =
φ * Hφdτ∫
φ *φdτ∫

(3) energy minimum i=1〜N∂E
∂ci

= 0

α11 − E β12 0 ......
β 21 α 22 − E β 23

0 β 32 α 33 − E
= 0

(4) Secular equation N×N

Diagonal：Energy level of i-th AO
αii = χ i

*Hχidτ∫

Non diagonal： resonance integrals

βij = χ i
*Hχ jdτ∫

[−
h2

2m
∇ 2 −

e2

4πε0

Zn

rnn
∑ ]φ = Eφ

(5) N-order equation of E

(6) N energy levels of E (固有値)

(7) N-set of ci (固有関数)＝Molecular orbital (分子軌道)
Simultaneous equation for ci

-e
+e +eHydrogen Molecule

(2) LCAO-MO φ = cAχA + cBχB

(4) Secular Eq.

(6)

α+β

α-β

α − E β
β α − E

= 0

φ = χA + χ B

φ = χA − χ B

φ

Bonding

Antibonding

Stabilization due to the covalent bond is 

2(α+β)ー2α＝ 2 β

Polar bond
(2) LCAO-MO φ = cAχA + cBχB

(4) Secular Eq.

(6)

αA − E β
β αB − E

= 0

3pz 1s

HCl

αA

αB

Bonding

Antibonding

Large on A

Large on B

-13.6 eV-15 eV

Clδ-Hδ+Large αA
→ Electronically negative atom

E =
αA + αB

2
±

1
2

(α A −αB )2 + 4β 2 →
αA + αB

2
±

αA −α B

2
(1+

2β 2

α A −αB( )2 )
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3s

3p

原子番号

Due to the imperfect screening, going right leads to
ionization energy, and atomic orbital.

Going right leads to electronically negative.

E ∝−ζ 2

large deep

Diatomic molecule like N2

N 1s＋2s＋2p×3 → 5AO×2＝10 AO

-e
+Ze +Ze

α1s − E β1s

β1s α1s − E
α2s − E β 2s

β 2s α2s − E
α2p − E βσ 0 0 0 0

βσ α2p − E 0 0 0 0
0 0 α2p − E β π 0 0
0 0 β π α2p − E 0 0
0 0 0 0 α2p − E β π

0 0 0 0 β π α2p − E

= 0

z

1s
A B A B A B A B A B

2s 2pz 2py 2px

=0

orthogonal

φ = c1χ1s
A + c2χ1s

B + c3χ 2s
A + c4 χ2s

B + c5χ2pz
A + c6χ2pz

B + c7χ2py
A + c8χ2py

B + c9χ2px
A + c10χ 2px

B

α1s

α2s

α2p

α1s+β1s

α1s-β1s
α2s+β2s

α2s-β2s

α2p+βσ

α2p-βσ

α2p+βπ

α2p-βπ

N2
7×2=14 electrons |βσ | >|βπ |

Electron configuration 
O2 F2

Bond order = [(#Bonding orbital)ー(#Antibonding orbital)]/2

Bond order is
3 2 1

π-Electron System Hückel Method

(1) σ and π-orbitals are orthogonal.

(2) β for nearby C＝C is nonzero.  Others are zero.
(3) All overlap integrals are S=0.

σ

π

0

0
=0

Consider only this part.

Example   ethylene

H
C

H

H
C

H1 2 α − E β
β α − E

= 0

α+β

α-β

φ = χA + χ B

φ = χA − χ B

Bonding energy is

2(α+β)ー2α＝ 2β



Hückel Method for Complicated π-Electron Sytems

(1) Number carbon atoms with π, the total is N.
(2) Wright a N×N secular equation, with all diagonal terms αーE.
(3) Nondiagonal terms are β for bonded i-th and j-th carbons,  

and zero for non bonded carbons.
(4) ｜determinant｜=0 leads to N-th equation of E, which is solved

to obtain N energy levels.
(5) Put electrons from the bottom.  (#Electron)=(#Carbon)

C

C C

C

H

HH

H

1 2

34

Wright the secular equation of cyclobutadiene.

α − E β 0 β
β α − E β 0
0 β α − E β
β 0 β α − E

= 0

The solution is

α+2β

α-2β

α

Bonding energy is 
2(α+2β)＋2αー4α＝ 4β

There is no energy gain compared with two double bonds
2×2β＝4β

1
2

3
4

5

6
α − E β 0 0 0 β

β α − E β 0 0 0
0 β α − E β 0 0
0 0 β α − E β 0
0 0 0 β α − E β
β 0 0 0 β α − E

= 0

The solution 

α+2β

α-2β

α+β

α-β

Bonding energy is
2(α+2β)＋4(α +β) ー6α＝ 8β

Compared with three doublebonds
3×2β＝6β, there is 2β energy gain
(delocalization energy).
4n+2 membered ring delocalization aromatic
4n membered ring   no delocalization

(Hückel rule)

Wright the secular equation of benzene.


