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3.1 Complex expression of waves
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. Ufr,) =A(r)exp{-j(wt-#r))}
=Ur)exp(-jwt)
. U(r) : Complex amplitude  #ERIRIE
Ur) =A(r)exp {j 4r) }

. A(r) : Amplitude iz

. #r) : Phase 48

. I(r) : Intensity SRR

Ir)=<|U(r,n) }>=| U(r) = A(r)’
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— Plane wave, spherical wave
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— Coherence, Interferometer
3.3 Diffraction and wave propagation
— Scalar wave propagation theory
— Fresnhel diffraction, Fraunhofer diffraction
3.4 Imaging through a lens system
— Optical Fourier transform, Coherent optical filtering
— Image formation
3.5 Impulse response (PSF) and transfer function of a lens system
— Pupil function, Point spread function
— Coherent transfer function, Optical transfer function, Modulation transfer function
3.6 Resolution of a lens system
— Diffraction limit, Rayleigh criterion, Numerical aperture
Appendix. Geometrical optics, ray-tracing, lens aberration

Plane wave traveling in the z-direction

wavefront
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U)y=Aexp{—-j(wt—kz)}
Ur) =Aexp {jkz}

oty 2
k: wave number K% k:7ﬁ




Plane wave traveling along wave vector k BEATRIL

Uc(r9 t):A(r) exp{—j( wt— ﬂl‘))}
gr)=k-r=kx+tkytkz
k=(k, k, k.): wave vector, - : inner product

Wavefront

PR

(Surface of equal phase)

Vectors normal to the wavefront

Ur)=A(r)exp( jk-r)=A(r)exp{ j(kx+ky+kz)} = Light-rays
AXx
x-z plane .
k=k(sin 8 0 cos 0) #x, y, z,) : Phaseat z=z,
~
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" Complex amplitude at z =z 7
Ulx, y) = A(x.y) exp { j dx.y) }
/ -
Ulr) =Aexp{ jk(zcos @+xsin 0) } zZ=1zg
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Spherical wave E(2) Complex amplitude modulation &R IR1EZ
ij? E 5& object Transmittance #(x, y)
> |
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U,exp{jkr
Ur)=—" pr{J ! ur) U = (x, ) Ur)

Point source/ /

F=yr=x,) +(r=3,)’ +(z-2,)°

Incident light
|
Amplitude modulation

transparent object Transmitted light

Distorted wavefront

d(x,y)=2ndAxy)/ A
U(r) Ulr) =dexp{j(kzy+ Axy))

v

Incident light
(ex. Plane wave) A : optical path length

Phase modulation

Amplitude transmittance #(x,y) —>—  U(x,y)=1x,y) U, ) ‘




3.2 Interference
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» Interference of two wavefronts
Ulc(l‘, 1) :A1(r) exp {-j( o t- ¢1(r) )}
U, ) =Ay(r) exp { -j (@, 1 - §,(r) ) }

I(r) =<|U,(r,0)+ U, (r, ) |*>
=A,(r)? +4,(r)
+2A4,(r) Ay(r) <cos { (@, - ®,) t—($(r) - ¢(r)) } >

Interference of two plane waves
I= A12 + Azz +24,4, cos{(k, —k)r—(¢,—4)}

kir=kz, /
k,r =kxsina+kz,cosa

Constant

(ky—k)r=hxsina +kzy(1-cosa) —

Coherence /\/\/\/\N\/\
aE—L VR, Fibtk /\/\/\/\/\/\/\

c ifw, #w,, <cos{(w-w,)t+¢}>=0

for the observation time >> 2w/ w

I(r) =A,(r)>+A4,(r) —— W\ \———
— incoherent (temporal) — WV
—— N\ \——
_,v\,\/\/\/\/\/\,\,\,..___

* ifw,=w,, — coherent
I(r) =< | Ulc(ra t) + Uzc(ra t) |2 >

= | Uy(r) + U@) A M

=A,(r)?+A4,(r)*+ —— N\ N\—

2 4,(r) Ay(r) cos (#(r) - A1) —— N\

» (Partially coherent)

Interference fringe

ARZi

I=A+ A5 +2A A4, cos{kxsina — ¢}
@y =kzy(1-cosa) = (4, —¢,)
Intensity of interfered light

ksina

kdsinazzﬂd¥:27r —> Jdsina=A1




Michelson Interferometer

Reference
Mirror

3.3 Diffraction and wave propagation

3.3 St BT LRk

EC ) ||

Extendod Beam Splitter Mirror
; Image
light source Optical Path Difference (OPD) R g
| Interference Signal Object ~
————————————
Lens
0 OPD
When white light source is used, interference signal can be observed
only when OPD ~ 0
Exercise 5 Diff . Grati
Let us consider to capture the interference pattern of two plane waves U, 1ffraction ratlng
and U, using a CCD sensor. U, is a plane wave traveling in parallel to z-axis, IEI *ﬁ*ﬁ?
and the incident angle ofU, onto the CCD plane P is a.. The wavelength of
the light is assumed to be A.
(1) Derive the light intensity pattern (interference pattern) on the plane P, and ol
draw it graphically.
(2) Derive the range of o that can correctly capture the interference pattern,
when the pixel pitch of the CCD is d. N / 0
Uy(r) | z d
o - dsin 0=m A
Uy(r) P ccb

If sinusoidal grating,

dsin =0, £1




2-D Fourier transform
G(u,v)= ”g(x, vyexp{—j2z(xu+ yv)}dxdy

"2 8 — x G(1ty,vy)
AL
’— !‘ : :
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xG(u,,v,)

< G(uk+l H vk+1)

Scalar diffraction theory
AAZ—[EH EH

1 .
U(xy30) == [[ Ux, 31) explkry, M, dy,
JAz %S

i Yo

X
X0

Aperture

Superposition of sinusoidal gratings

Decomposition to sinusoidal gratings

6,

High frequency components in an image
correspond large diffraction angle.

Object
W2 P —wy: weights

Fresnel approximation, L% JLiT{El

Ifxy —x)| <<zand [y, -y | <<z

o1 :\/(xo _x1)2 +( _y1)2 +(z, _Zl)2

:z\/l+(x0 _xl)z +(y0 _y|)2
z z

1 x,—x 1 y,—vy
EZI-F*MZ"F*MZ
[ 2( z ) 2( z )}

=) Paraxial approximation

Spherical wave is approximated by quadratic wave:

Spherical wave i

U(xoayo):MeXp{j [(xo_x1)2+(y0_y1)2]}
JjAz 2z

Fresnel diffraction ‘

U, 30) = 22 [0y yexp 2 (o, = 3,)° + (v = 1) Tidy
jAz % 2z




Rewriting the Fresnel diffraction equation

(x4, ) = jh(xo =X, Yo — Y S (x5 y))dx dy,
:f(xo’yo)*h(xo’yo)

exp{ jkz}
jAz

Convolution

k
h(xg,Y03%1, Y1) = eXp{]g[(xo_X1)2+(J’0_Y1)2]}

exp{ jkz)

Ul(x,, =
(X905 ¥0) Az

.k T
explj - (%’ +y02)}jiij(xl,yl)
.k 27
eXp{jZ(xlz + Y12)}eXp{_JZ(xox1 + Yoy }dx,dy,

Fourier Transform of U(x,,y,) exp{jzi(xlz +y,>)} * Phase Term
z

3.4 Imaging through a lens system

34 LUYRXRIZEKBHEE
Pl

Ll L2 P2

Ul 0) Uil y) YU s 1) U(xy.p,)
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P,—L, Fresnel Diffraction

exp(jkd,) ¢ ¢ k
U/(x,y,)= L])J J. U(xy, y)expij—[(x _x1)2 +(, _Y1)2]}dx1dy1
jAd, 9 2d,

L L Phase modulation by lens Transformation of wavefront ~ Spherical wave — Plane wave
1 2

Spherical wave — Spherical wave

k
U/'(x,,y)= Ul(xlayl)P(xl:yl)eXp{_Jg(xlz +J’/2)}

L,—P, Fresnel Diffraction

exp( jkd %  k
U(x,,y,)= MJ J U, '(x;,y)exp{j —I(x, _x1)2 +(, —yl)z]}dx,dyl
JjAd, 9 2d,

Fraunhofer Diffraction

759 RT77—RE
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=
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6, Far field

diffraction

=
_

_

Wavefront U 1
| it

Wi
w, W3

[ Fourier transform of U ] * Phase term

Light intensity = [Fourier transform of UJ?

Lens aperture = Pupil function
HE B2

P(x,y,)




Wavefront at P, and P, planes

Ll L2 Pz

476114»470’24»

U(x;,¥,) = AJ. J‘ h(xy, yo5%0, y)U (x1, v )dxidy,

1 k 2 2 k 2 2
h(xy, yp5%, 1) =———exp| j—— (x5 +¥3) |exp| j —(x + 1)
25 V25 %15 M1 ﬂzdﬂ'z 2d, 2t 24, 1t

[ P(x,y)exp[j’;<;+;—jl,)(x2+y2>}
e 1 42

P A ENpY)
exp| — jk{(-+2)x + (- + 22) y} |dxd
Xp{ JE{( 4 4, )x+( 4 d )y}} xdy

3.5 Impulse response (PSF) and transfer function of a lens system

35 LUAZRDRGEAMEREEEES

Imaging by a lens system

Object Image

Optical Fourier transform and Coherent optical filtering

P, L P, L P3
=BT 0
e e e ——>
P,: Input, P,: Filter (Fourier plane), P,: Output

Whend, =fand d,=f,

T 2r
U(xy,,) = A_[ I U(xl,yl)exp{]?[xlxz +y1y2 [dx dy,

—00

u=x,/hf,v=y,/Af
U(u,v)=C F{U(x,, )}

Impulse response of an lens system

< d, > d, 4%y yi);

1 I 1 =&
——t——=— Lens formula Real Image
do di f

dl . .
M =— Magnification

1 7 o
WX, 915%05¥0) =————[ [ PO, p)exp| = j = {(x; + Mx, )x+(y; + My, )y} |dedy
A*d.d Ad,;

i%0 -

> Impulse response = Fourier transform of the pupil function




Transfer function of lens system

L

P(x,y)
* Cobherent transfer function H (u,v)

Xy X, Y X;
PSF u. x-a i :P : ; *ua _717_71 :hc xi’ i *uu _71’_
()= o ) R (- =) = h ) (-

Ad,’ Ad,

i
o

U;w,v)y=H_,(u,v)U,(u,v) “\

L1

+ Optical transfer function (Incoherent) puosad L lasuns
Yi Viy2 s Xi Vi

s u,(—,——
Ad, ﬂdi)| o)

PSF [, (x;, 3,) 1> =| Py (

g(xp, y)=h"(x;, y)* f(x;, ;) I
G(u,v)=H'"'(u,v)F(u,v) I

H(u,v) = H'(u,v) / H'(0,0): Optical transfer function (OTF)

3.6 Resolution of a lens system
3.6 LUXRD 5 ERE

- Rayleigh criterion -

Rayleigh limit 7-122 ﬁgf

EI7ER 5 - fi# 1% PR SR (Diffraction limit)

Impulse response of a circular aperture

X Vi 2
h(x;,y;)=|Py(——, =1
(x;, ) =| /(Mi Mi)|
7tDr:
Ji(—")
2 1 )
D Dri _ 1200

Ad; ‘2 h(r)=0 for

i

2J1(TEZ)/ nz, | le(nz)/nzlz Airy Disk

Estimating the resolution of a lens system

psin f=A

—

| . | :
Object Image

sin 0~0=D/(Q2d,)

U..=1/p.. =sin0/L~D/Q\d,)
A,y gy 2,
DM D

Rayleigh limit (image plane) . =1.22 Ad, — Object plane L =1.22
D M




Example
D
uOmaX =
MD
=20mm
2=0.5 Y

d,=20m

* Lens diameter D=f/F =10mm
=10/(0.5%x 103 x20x 103)=1.0 (mm™")

uO max

* Object larger than = Imm can be resolved.

Defocus / Depth of focus ERIETh HERRE

Depth of field Depth of focus
WERRE P N E'ﬁf’ﬁﬁg & Resolution
’’’’’’ "/’ \\\ ‘\~~ 4
————— — I 5
::’ T D Pl =
\\\\\\\\ Ny 0\ < >
\\\\\\\\ <~ =T
d E di 4d
d, +Ad w5 s

Depth of focus Ad = (20) =~ %(25) =

2tan @ = sin @ :ﬂ
d d,. d’ d’ 2
Depthoffield  Ad, = L (26 %)= % g5y=9e 0 M0
D d,” dD d; tanf  NA
¢ : determined by the diffraction limit, sensor resolution, etc.
EHRA. Lo —BEEGEICEYRED

. . .. _ i _ i 7 A
For § < Diffraction limit, &§=0.61 TR = Ad=c Ay
Demo: http://www.matter.org.uk/tem/depth_of field.htm
Numerical Aperture (5 H£%) Depth of focus
NA = 1 sin 0 A (When d,, is large, 1.e., d;~f)
psin@ =14 P am Depth of focus
LvX -
L1)—R&
1.22 A, = I.ZZL = 0.61i
D 2 NA NA
NA=0.25
= - do
— 0 {E T BE +Z 200 |
B =n (Working distance) l Ad = % 26) ~ % 25)
l p=1.22pm F-number F :%

For 6 < Diffraction limit, (d,=f) &= 1.22% =1.22AF

Depth of focus Ad = 2.44AF




