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Fourier spectrum of sampled image
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* Mathematical expression of image sampling A y d,
Ax,y) : Original image (a) (b)
f{(x,y) : Sampled image comb(d,u) comb(d,v) F(u, v)
fl m, n]:two-dimensional discrete signal. (mm, n : integer) I

— The sampling interval in x and y directions : d,, d,
— Equidistance sampling
Sim,n]=fmd,nd,)
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Sampling of 2-D signal and its Fourier transform

(a) Sampling function : comb(x/d,)comb(y/d,),

(b) 2-D signal f(x,y),

(c) Fourier transform of the sampling function :
comb(d, u Jcomb(d, v ),

(d) Fourier transform of the 2-D signal : F(u, v)

(e) Fourier transform of the sampled 2-D signal
£09)  Fu,v) 6




Aliasing effect and two-dimensional sampling theorem
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Sampling and reconstruction (1-D case)

Band-limited signal : f{x,y) Sim]&x-md)
Flu,v)=0, for|u|zu,,|v|Zv,,
If the sampling intervals are small enough, namely Sampling
< <
c?x <1/2u,,,, -dy <1/2v .0 )= f(x)comb(l) Sfx)
replica of the Fourier spectra of F( u, v ) does not overlap each other. d,
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*  Nyquist condition If the sampling intervals are not small enough, namely
d.<1/2u, ., d<1/2v,. d.>1/2uy, ., d,>1/2v,.,
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Reconstruction filter

1 |u|£iﬁmd\v\sL
H(u,v)= 2d, 2d,
0 otherwise
= rect(d u)rect(d ,v)

F(u,v) = F (u,v)rect(d u)rect(d ,v)

Inverse Fourier transform yields
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f(x,y)=fs(x,y)*{

= { f(x, y)comb(;)comb(dy)} *{
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replicas of the Fourier spectra of F( u, v ) overlap each other.

— Aliasing
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Halftone screened image
(pulse width modulation)

2.3 Nonlinearity of image sensors
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* Tone reproduction characteristics of an image sensor

Linear case:: g=af+b
Nonlinear case g=Y{f} REERBE T
Input light intensity Linear
Output image
signal Nonlinear
Input light intensity

Polynomial expansion of the nonlinear function:
g=ayta fta,f?+a,f3+..
Its Fourier transform

G=aydu,v)+a, F+a,{ F¥*F}+a, { F*F*F}+.. »
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2.5 Sampling in practical imaging systems
2.5 RBOAA—DU TS RTLIZE T BT

» Sampling aperture of the image detector

=

Light source
Object Lens system

» Aperture sensitivity function: r( x, y )

£ 9) = [ (6, ) *r(=x,=y)]- comb(di)comb(dl)
x y

Its Fourier transform yields

F(u,v) =[F(u,v)sinc(a,u)sinc(a,v)]*[d d comb(d u)comb(d ,v)]

If the shape of the sampling aperture is rectangular,
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Aperture size Detector aperture
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=[f(x,)* {rect(al)rect(al)}] : comb(di)comb(dl)
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F (u,v) =[F(u,v)sinc(a,u)sinc(a,v)]*[d d comb(d u)comb(d v)] 29

2.6 2D Discrete Fourier transform
2D DFT

FIKI1=DFT(flmnl} = 3. 3 flmnlexpi-2a(e+ 20
Inverse 2D DFT
P B LM_I N-1 . m7k il
fIm,n]=DFT"{F[k,I]} = N kz(; IZ:F[k,l]exp{]Zﬂ'( o + N)}

2D Fourier transform in continuous space
F(u,v)= ”f(x, y)exp{—j2z(ux+vy)}dxdy

Inverse 2D Fourier transform in continuous space
fl,y)= ”F(u,v) exp{j2z(ux +vy)}dudv
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The influence of sampling aperture

F(u,v)

. . “> F(u,v)sine(a,u)sinc(a,v)
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Dirac Delta function array

* Fourier transform of comb function (period =d )
= comb function (period = 1/d)

* Modulated delta function array
— Fourier transform of a modulated delta function array (7=d )
= Periodic function ( 7= 1/d)

— Fourier transform of a periodic function ( 7= D)
= A modulated delta function array ( 7=1/D)
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Sampling and periodicity in DFT, Number of pixels = N

For example, for an image in NxM pixels, we have NxM Fourier coefficients; F[ , /]

Spatial domain: _ .
Sampling pitch (intervals of delta functions) = d, . N= D (k. D) QO) (k)= (N-1,0)
Image size (period) = D T4
J(x) DFT
| I I T ‘ T I I I D, ‘
[R3B Trret ] TFfrert .
D d » D
¥y
Fourier domain (Frequency domain): D, 1
Sampling pitch (intervals of delta functions) =d,,, D D (k, [)=(N-1, M-1)
Period in frequency domain = D, — N-= d“ *
u rearrangement ‘
Fyu)
DM
ol I ‘OIXN /Tﬁ] I T 1 I I ™
d, d D=1 a4-1-L15 (k, ) = (0, 0)
d’ D Nd
The frequency components obtained by DFT and those in the continuous space The periodicity in DFT

Flk, 1) = DFT{fm,nly = 3, 3 flmnlexpi-j2a(e+ 0}

F(u,v) = [[ £,y exp{=j 27 (wx +vy) ydxdy

k k
u=—=——
D, Nd,

k=0,1,..N-1 —

or,

DFT
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(a) Original image

(d) DFT is considered as the Fourier
transform of the periodic function like
this figure.

(b) DFT of (a) (c) zero Frequency centered.

(e) DFT of (d). The frequency spectra
are also periodic. The square region
surrounded by [ corresponds tos¢c).




2.7 Fourier analysis of linear shift-invariant imaging system

+ 2-D linear system in continuous space
g(x,y)= ”h(x, yix', )y dx'dy'
+ Shift-invariant (space-invariant)
ge,y) = [[hGe=x',y=y) f (', y)x'dy'
=/ (x,y)*h(x,y)

— Convolution B
h( x, y ): Impulse response, point spread function (PSF) A1 LRI
o ’ R MR

* 2-D linear shift-invariant imaging system with additive noise
g(r,y) = [[he =",y =) f(x' y)dx' dy'+n(x, y)

* Fourier transform of 2-D shift-invariant imaging system
G(u,v)= H(u,v) F(u,v)
G(u,v)=Hu,v)F(u,v)+ N(u,v)
H(u,v) : Transfer function 1=ER . BLREF S 40

0O<m<M-1 0<m-m< M,-1
0<mw< N-1 0<n-nw<N, -1

=) 0< m<M+M,-2
0< n<N+N,-2

glm,n]
(M+M,-1)x(N+N,-1) pixels

cres = conv2( double(img), double(ci) );
imagesc( cres );

2-D Linear, shift-invariant system in discrete space
Discrete convolution B#f=f=3:27

glm,n] = S{f[m,n]} = Z'h[m —m',n—n']f[m',n']

= h[m,n] *f[m,n’]

’ h,[m,n]

s M,xN, pixels

Discrete signals within a finite region

| folm,n]

. imagesc( img ); 41
250 : ‘ ‘ J MxN pixels 1mag ¢ .g)
50 100 150 200 250 imagesc( ci );

Discrete convolution by using DFT

Circulant convolution
Folk,l]=DFT{f,[m,n
H,k,[]=DFT{h,[m,n
gplm,n]=DFT{G [k,I1} = DFT " {H ,[k,I] F,[k,I1}

]} T Discrete signals within a finite interval
Iy

Consider
folm,n]= fylm—kM,n—IN]
h,[m,n] = h,[m—kM,n—IN] Periodic functions

g,m,n]=g,[m—kM,n—IN]
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res = ifft2( fres ) / (256*256);
imagesc( real(res) );

imagesc( imag(res) );
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+ cres = conv2( double(img), double(ci), 'same' );
* 1imagesc( cres );
+ imagesc( real(res) );
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cres = conv2( double(img), double(ci) );
imagesc( cres );

50 100 150 200 250 300
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Modulation transfer function

Transfer function : H
Modulation transfer function : | H |
Phase transfer function: arg{ H }

MTFDR®HA (1)
ANMET A, + A, cos 2nupx 4
HAES 4+ A4,cos(2mupx + ¢) }_' | H(up, 0) | =4,

H(u, v) SHRERE: ERAELVNCEERA D&

%
Transfer function

u

_uo ”()
Spatial frequency of Input signal 55




Causes of image degradation
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Defocus ’5 3FHh

— Spherical aberration

— Coma

Astigmatism
— Curvature of field
— Distortion

Diffraction 11m1t
Sampling aperture :
B A
Sampli
PLrSonT
Distortion

==

Noise —=*

Transfer function of a defocused optical imaging system

o« F{circ(r)}=J(27np)/p
(Fourier-Bessel transform)
— J, : Bessel function of the first kind, order 1.

y v

Impulse response Transfer function
Point spread function

Large Small

Size
Small Large 64

Impulse response of a defocused optical imaging system

Coherent (wave optics model) case: see “diffraction and image formation.”

Incoherent model

(Geometrical model) circ function

X

2D object: (Approximately) shift-invariant
3D object: Shift-variant
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