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Public Good Game I

( )
w(S) = max Z wi(y) —c(y)| VS N
y=0 \ieS )
oy>0 : quantity of public good supplied

(equal consumption)
e w;(y) >0 :utility of playeri € N (increasing
and w;(0) = 0)

e c(y) >0 : costfunction (increasing,
and c(0) = 0).



‘ Public Good Game I is convex

Assume V(R) := Z wi®) —c(®) VRC N

IER
Take any S and T,

and assume that y° > y’.

v(S) + w(T)
= Z W;'CYS) — C()’S)

€S
+ O wioD+ ) wio) ")

i€T\S i€eTNS




‘ (continued)

< D Wi+ D wil)=e( )+ Y wih=e()

icS i€T\S ieSNT

= Z wi(y*) —c(y’) + Z wiy') = (")

1eSUT ieTNS
' i
< Z wi(y* V") = c(3”")
eSUT
n Z wi(ySﬂT) _C(ySﬂT)
ieTNS

=S UT)+wS NT)




'Public Good Game I’ (degenerate
case)

( )
v(S) = max O,ZB,-—C VS CN
\ icS J

o C: Cost for construction of disposal plant

o B, : I's benefit from the plant




‘ Game I is Public Good Game I

v(S) = max
y=>0

(

\

D wily) - c(y)

€S

c(0)=w;(0)=0, VieN
cy)=C;, wi(y)=B; Yy>0, Vie N

v(S) = max

OZBC

YS CN

YS €N




Game I’ and the Bankruptcy Game

Let C = ),;.nvd;—E. Then:

v(S) = max|0, Zdi—C VS CN

—

v(S)=max|0, E- ) d;| ¥SCN




‘ Bankruptcy Game 1s Convex

( \
v(S)=max|0, E- ) d;| ¥SCN
\ NS

- E: estate of the bankrupt

- d;: debt to creditor JEN

- E< ZjGN dj
.- V(S): the value S can assure itself




Public Good Game 11

Provision via a Tax System

Income Tax Rate t (0<t<1)

oy=>0

e wi(y) =0

e c(y) >0

om; >0

: quantity of public good supplied
(equal consumption)

. utility of playeri € N
(Increasing, concave)

: cost function (increasing, linear)

: initial endowment of private good

of playeri € N



Feasible Allocations

Income Tax Rate 7 € [0, 1]

Definition (S, 7—feasible allocations) : Allocation (y, x) =
(v, x1)y...,(y,x,)) 18 (S,1)-feasible if y > 0, x; > 0, Vi € S

and
ij+c(y)Sij+t Z m;.

jeSs JjES JEN\S

Remark : (N, r)-feasible allocation i1s simply said to be a

feasible allocation. When § = N, feasible allocations are
independent of 7.



Payofts

Assumption : Ultility U;(y, x) of player i € N for allocation
(v, x) 1s given by the guasilinear tfunction

Ui(y, x) = wi(y) + x;

Remark : By the monotonicity of U;, }};cs U;(y, x) attains its maximum
on the boundary of the set of (S, r)-feasible allocations, so that :

\" IR \" -\
AiJ'xj-+ Cky):::zz.ian'+ A AZ_J H@j

jes jes JEN\S
Remark : max Z Uj(y, x) = max Z (Wj()’) T X j)
jes jeS

=max(ij(y)—c(y)]+ij+t Z m;

jeS JjeS JEN\S



'Public Good Game II
(effectiveness form)

Givent € [0, 1] and (y, x), any S 1s assumed to obtain

WJ(S) = %}%}:{Z Wj())’) — C(y’) + Z n;

JjeS JES
+t » m; ifSCN and >0
JEN\S
= max Z wi(y) —c(y') + Z m;  otherwise
y=0 4 .
JES JES

Remark : When ¢ = 0, this is strategically equivalent to
public good game I.




Definition (71— allocation) :  Allocation (y, x) =
((y, x1),...,(v, x,)) 1s said to be a r—allocation if it
1s feasible and

sz(l—t)mj, YieN

Definition (r—optimal allocation) : r—Allocation
(v, x) = ((y, x1),...,(y,x,))1s said to be a r—optimal
allocation if 1t 1s Pareto optimal, 1.e.,

VIN) = ) wid) =) + ) m;

JEN jEN



'Core of Public Good Game II
(effectivenes form)

Assumption Initial allocation (y, x) = ((0, m,), ..., (0, m,))
1S not Pareto optimal..

Definition : Let O < ¢ < 1. Then, feasible allocation (y, x)
1s said to belong to the 7-Core if

> (wi) +xj) 2 vI(S) S SN
JjES

> (wi) + xj) < VN

JEN




Proposition 1. (y,x) € t — Core
—

(v, x) 1s a Pareto optimal allocation satistying
that x; < (1 —)m; (Vie N)

Proof : <) Initially, we show that for any S C N,

2, (wi) +x))
JES
zzwj(y)—f:(yHZmJH Z m;

JES JES JEN\S




By the Pareto optimality and the assumption, we
have that

® ) ienXjt c(y) = 2jenm;

¢ — ZjeN\S Xj > _(1 — f) ZjeN\S m

Hence,
Z wi(y) + x;) ZW,(y)—c(y)+Zm, Z
jes jes JEN JEN\S

Zij(y)—c(y)+ij+t Z m;

JES jeSs JEN\S



Next, 1f we show that
ij(y) —c(y) + Zm,- +t Z m; > (S), YS CN
jes j€S JEN\S
then we will have that
> (wi) + xj) 2 v(S), VS CN
jes

which, by the definition of /—Core and its Remark, com-
pletes the proof of ).



If, on the contrary, v"/(S) were greater, then we have

VIS) = > w0 ) =P + Y mp+t Y m,

s s JEN\S
>ij(y)—c(y)+2mj+1‘2mj
jes jes JEN\S

so that by 7 > 0 and by the definition of v**(S), it follows
that yS P,

Then, by the monotonicity of w;, we have w;(y) < w j(yS ),
sO that

wi+H Y wi) -] < w0+ > wi(y) = ()
2. 2 2

JEN\S jeS JEN\S jeS

which contradicts that (y, x) 1s Pareto optimal.



Proof of =): Suppose that (y, x) 1s Pareto optimal and that
for some i € N we have x; > (1 — t)m;, then for some
nonempty S ¢ N, we must have that

Y oxp>A-n ) m;

JEN\S JEN\S
By this condition and the fact that (y, x) 1s feasible, we have

ij+c(y)<ij+t Z m;.

JjeS JES JEN\S

Then, there exists an (S, )-feasible allocation (y’, x"),
it follows from the monotonicity of w; that

WIS) > ) (W) + x).
JES

Hence, (v, x) ¢ t — Core.



Corollary 1 : Any t—Pareto optimal allocation
belongs to the +—Core.

Corollary2 : O0<r <t & t-Core D t'-Core

Remark :
ot ~(0 = t—Core# ()

e 1 = 1 = not necessarily r—Core# 0.
Allocation ((y,0),....(y,0)), with y = ¢™'( X jen m;)

1s generally not Pareto optimal.




Endogenous Tax Rate

c(y)
jeN M;j

Definition : e-Core := {(y, x) | (y, x) € t(y) — Core}

Proposition 2 :
e-Core = {t(y)-Pareto optimal allocation }

Allocation (y, x) = Tax rate #(y) = 3

Proof. By Proposition 1, z-Pareto optimal allocation be-
longs to the #-Core. Non-Pareto optimal allocations are dom-
inated with respect to N, and allocations not #(y)-optimal al-
low for some player i € N with x; > (1 — #(y))m;, which, by
Proposition 1, shows that #(y)-Core does not include it.



‘ Illustration for 2-person case

% PP : set of Pareto optimal allocations.

segment OM : set of t—allocations

P t—Core = square NPP
t(y)—Core = {Z}

/ZM =m,m) Z =, x1),(,x2))

X1+ x2+c(y) =mp+my

c(y) =y




