
LiteratureLiterature A ti D l TU G (N ( )*)Anti-Dual TU Games (N, (-v)*)

• v* is a dual of v ：

• (-v)* is the anti-dual of v• (-v)  is the anti-dual of v
：= the dual of (- v )( )

Airport game vA 
and bidder collusion game vC

v and v are anti duals each othervA and  vC  are anti-duals each other



continued… continued Airport game v is convexAirport game vA is convex

Anti Dual ConvexityAnti-Dual Convexity



Proof of anti dual convexity：Proof of anti-dual convexity： Anti Dual CoreAnti-Dual Core

Anti Dual NucleolusAnti-Dual Nucleolus

• (- v)* is the anti-dual of v 

• the nucleolus of v ： μ(v)• the nucleolus of v ： μ(v)
• If v and (- v)* are both super additive, then

Proof ofProof of

-x is a pre-imputation of anti-dual (-v)* .
H th t f di ti f ti iHence, the vectors of dissatisfaction in 
game v and (-v)* coincide each other.g ( )



μ(v ) = μ( v )μ(vA) = -μ( vC)

d b h• vA and vC are both convex; 
hence super additivehence,  super additive

∴ μ(vA)  =  -μ(vC)

Public good gamePublic good game

 Bi > 0 : i’s utility

 C > 0 : cost of the public good

Bankruptcy gameBankruptcy game

• E： estate of a bankrupt
• dj： debt to j∈N

• v(S): amount guaranteed to S

Strategically Equivalent Anti DualStrategically Equivalent Anti-Dual
dº is an additive game such thatg
dº(S)= ∑i∊S di (for all S⊆N)

For public good game vp and bankruptcy game vB  :

HenceHence，



Public good game vPg g P
and Bankruptcy game vB

• vP and vB  are convex; 
so that super additiveso that super additive

∴ μ(vP) = μ(vP – dº ) + d∴ μ(vP)  μ(vP d )  d
= μ((-vB)*) + d = - μ(vB) + d

Anti Dual Shapley ValueAnti-Dual Shapley Value  

Anti Dual Shapley ValueAnti-Dual Shapley Value  



Airport game vA 
and bidder collusion game vC

Shapley value 
of airport game vA

Shapley value of airport game vA : 
Interpretation

Shapley value of airport game vA : 
Application

Sharing a taxi fare



Sharing the taxi fare c1 among n 
passengers

Sharing the taxi fare c1 among n 
passengers (2)

Shapley value 
of bidder collusion game vC

Shapley value 
of bidder collusion game vC



Shapley value 
of bidder collusion game vC

Proof of φ(v )Proof of φ(vA)

Proof (continued)Proof (continued) Proof (continued)Proof (continued)



Big Boss GamesBig Boss Games Example of Big Boss GamesExample of Big Boss Games

Anti-DualAnti Dual 
of Big Boss Games

Nucleolus  
of Big Boss Games and Leader Games



Nucleolus  
of Big Boss Games and Leader Games

The Nucleolus and the Shapley Value p y
of Convex Big Boss Games

The Bankruptcy Game and the Self-
Duality of the Nucleolus

Dvision Rule from the Talmud

(a) Equal division (c) Proportional division

(b) Unknown(b) Unknown

The Nucleolus
Water

The Nucleolus
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The Bankruptcy GameThe Bankruptcy Game

• E： estate of the bankrupt
• dj： debt to creditor j∈Ndj： debt to creditor j∈N

• vE;d(S): amount S secures for itself

The Bankruptcy Game and the SelfThe Bankruptcy Game and the Self-
Duality of the Nucleolusy

The Nucleolus of the BankruptcyThe Nucleolus of the Bankruptcy 
Game


