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ra
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2.
1
N
TU
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ra
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er
is
tic
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nc
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D
efi
ni
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n
2.
1.
1.
An
N
TU
co
al
iti
on
al
ga
m
e
(N
,F
,V
)i
sg
iv
en
by

1.
a
se
tN
of
pl
ay
er
s,
#N
=
n,

2.
a
se
tF
of
at
ta
in
ab
le
ou
tc
om
es
,F
⊆
�
N
,a
nd

3.
a
co
rr
es
po
nd
en
ce
V
fro
m
N
=
2N
in
to
�
N
su
ch
th
at
th
e
fo
llo
w
in
gs
ar
e

sa
tis
fie
d
fo
re
ac
h
S
∈N

.

a
V
(S
)i
sa
no
ne
m
pt
y
cl
os
ed
su
bs
et
of
�
N
;a
nd
V
(∅)
=
∅.

b
V
(S
)i
sc
om
pr
eh
en
si
ve
,i.
e.
,i
fx
∈V
(S
)a
nd
y
≤
x
th
en
y
∈V
(S
).

c
If
x
∈V
(S
)a
nd
x i
=
y i
∀i
∈S
,t
he
n
y
∈V
(S
)

d
Th
e
se
tQ
(S
)=
{x|
x
∈V
(S
),
an
d
x
�
in
tV
({i
})
∀i
∈S
}is
a
no
ne
m
pt
y,

bo
un
de
d
su
bs
et
re
la
tiv
e
to
th
e
su
bs
pa
ce
�
S
;t
ha
ti
s,
th
er
e
is
a
nu
m
be
r

M
su
ch
th
at
x i
≤
M
fo
ra
ll
i∈
S
an
d
al
lx
∈Q

(S
).

e
F
is
cl
os
ed
,a
nd
∀x
∈V
(N
),
∃y
∈F

w
ith
x
≤
y.
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R
em
ar
k
2.
1.
1.
Th
e
se
t-v
al
ue
d
fu
nc
tio
n
V
is
ca
lle
d
an
N
TU

ch
ar
ac
te
ris
tic

fu
nc
tio
n
of
ag
am
e(
N
,F
,V
).
W
ew
ill
de
no
te
by
(N
,V
)a
ga
m
e(
N
,F
,V
)w
he
re

F
=
V
(N
).

D
efi
ni
tio
n
2.
1.
2.
An
N
TU
co
al
iti
on
al
ga
m
e
(N
,F
,V
)i
ss
up
er
ad
di
tiv
e
iff

V
(S
)∩
V
(T
)⊆
V
(S
∪T
),
∀S
,T
⊆
N
w
ith
S
∩T
=
∅.

D
efi
ni
tio
n
2.
1.
3.
An
N
TU
co
al
iti
on
al
ga
m
e
(N
,F
,V
)i
sc
on
ve
x
iff

V
(S
)∩
V
(T
)⊆
V
(S
∪T
)∪
V
(S
∩T
),
∀S
,T
⊆
N
.
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2.
2
Th
e
C
or
e

D
efi
ni
tio
n
2.
2.
1.
A
co
al
iti
on
S
ca
n
im
pr
ov
e
up
on
a
pa
yo
ff
ve
ct
or
y
iff
th
er
e

is
an
x
∈V
(S
)s
uc
h
th
at
x i
>
y i
fo
ra
ll
i∈
S.

D
efi
ni
tio
n
2.
2.
2.
Th
e
co
re
C
(N
,F
,V
)o
fa
ga
m
e
(N
,F
,V
)i
st
he
se
to
fp
ay
off

ve
ct
or
si
n
F
th
at
ar
e
no
ti
m
pr
ov
ed
up
on
by
an
y
co
al
iti
on
,t
ha
ti
s,

C
(N
,F
,V
)=
F
−
⋃

S∈
N
\{∅
}in
tV
(S
)

E
xa
m
pl
e
2.
2.
1.
Le
tV
be
gi
ve
n
by
:N
=
{1,
2,
3},
0
≤
w
<
1
an
d

V
(N
)=
{u
∈�

N
|u 1
+
u 2
+
u 3
≤
2
+
w
}

V
({i
,
j})
=
{u
∈�

N
|u i
≤
1,
an
d
u j
≤
1},
∀i,
j∈
N
,
(i
�
j)

V
({i
})
=
{u
∈�

N
|u i
≤
w
},
∀i
∈N
.

Th
en
th
e
co
re
is
th
e
se
t{
(1
,1
,w
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(1
,w
,1
),
(w
,1
,1
)},
w
hi
ch
is
of
co
ur
se
no
t

co
nv
ex
.
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1
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al
an
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d
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am
es
an
d
S
ca
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s
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re
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D
efi
ni
tio
n
2.
2.
3.
A
fa
m
ily
B
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no
ne
m
pt
y,
pr
op
er
su
bs
et
so
fN
is
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la
nc
ed
iff

th
er
e
ex
is
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os
iti
ve
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gh
ts
(b
al
an
ci
ng
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ei
gh
ts
)δ
S
fo
rS
∈B

su
ch
th
at

∑
S∈
B,
S�
iδ
S
=
1
fo
ra
ll
i∈
N

D
efi
ni
tio
n
2.
2.
4.
A
ga
m
e
(N
,F
,V
)i
s
ba
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nc
ed
iff
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r
ev
er
y
ba
la
nc
ed
fa
m
ily

B,
⋂ S∈
B
V
(S
)⊆
V
(N
).

T
he
or
em

2.
2.
1.
(S
ca
rf
[3
4,
19
67
])
.
Th
e
co
re
of
a
ba
la
nc
ed
ga
m
e
is

no
ne
m
pt
y.

Th
e
pr
oo
fw
ill
be
gi
ve
n
in
th
e
la
st
su
bs
ec
tio
n
2.
5
(G
o
To
p.
38
).
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2.
2.
2
M
ar
ke
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am
es

D
efi
ni
tio
n
2.
2.
5.
An
N
TU
m
ar
ke
tg
am
e
is
a
co
al
iti
on
al
ga
m
e
(N
,V
)d
efi
ne
d

as
fo
llo
w
s:
Fo
re
ac
h
S
⊆
N
,

V
(S
)=
{ ū
∈�

N
∣ ∣ ∣ ∣∃
x
=
(x
1,
..
.,
x n
)∈
∏ i∈N
�
m +

s.t
.
∑ i∈S
x i
=
∑ i∈S
w
i,
an
d
u i
(x
i)
≥
ū i
∀i
∈S
}

w
he
re
w
i
∈�

m +
fo
ra
ll
i∈
N
.
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em

2.
2.
2.
An
N
TU

m
ar
ke
tg
am
e
de
ri
ve
d
fro
m
a
co
nv
ex
ec
on
om
y
E
:

N
→
P c
o
×�
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.
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P c
o
is
th
e
se
to
fa
ll
co
nv
ex
pr
ef
er
en
ce
s
al
lo
w
in
g
co
nt
in
uo
us
qu
as
i-

co
nc
av
eu
til
ity
fu
nc
tio
ns
.T
he
co
nv
ex
ec
on
om
y
m
ea
ns
su
ch
an
ec
on
om
y.
Se
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∈⋂

S∈
B
V
(S
).
Th
en
,f
or
ea
ch
S
∈B

th
er
e
is
an
al
lo
ca
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tio
n,
sa
y
fS
su
ch
th
at
fS
(S
)=
w
(S
)a
nd
u i
(f
S
(i)
)≥
ū(
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fo
ra
ll
i∈
S.
D
efi
ne

th
e
al
lo
ca
tio
n

f(
i)
=
∑

S∈
B,
S�
iδ
S
fS
(i)
,

w
hi
ch
is
a
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nv
ex
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m
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of
fS
(i)
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S
∈B

.B
y
th
e
co
nv
ex
ity
of
pr
ef
er
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en
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s,
w
e
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ve
u i
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(i)
≥
ū i
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ra
ll
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N
.
W
e
ha
ve
on
ly
to
sh
ow
th
at
f
is
a

re
di
st
rib
ut
io
n
fo
rE
.B
ut
,

f(
N
)=
∑ i∈N

∑
S∈
B,
S�
iδ
S
fS
(i)
=
∑ S∈
B
δ S

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝∑ i∈S
fS
(i)
⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠

=
∑ S∈
B
δ S

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝∑ i∈S
w
(i)
⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠=
∑ i∈N
w
(i)

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝
∑

S∈
B,
S�
iδ
S

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠=
∑ i∈N
w
(i)
.

H
en
ce
,ū
∈V
(N
).
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ra
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at
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19
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].
A
no
th
er
w
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ra
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fin
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e
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.
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at
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it
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th
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ro
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ra
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at
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at
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at
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A
um
an
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.
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ol
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N
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,V
)b
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N
TU
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iti
on
al
ga
m
e
w
ith
F
=
V
(N
).
Fo
re
ac
h
i∈
N
,

w
e
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su
m
e
w
ith
ou
tl
os
s
of
ge
ne
ra
lit
y
th
at
th
e
se
tV
({i
})
is
gi
ve
n
by
V
({i
})
=

{x
∈�

N
|x i
≤
w
i]
w
ith
w
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>
0.

Le
tA
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)-
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m
pl
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el
y

A
=
{ a
∈�

N
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a i
=
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≥
0
∀i
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∈A
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iz
e
h
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)
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≥
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i
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S
⊆
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S)
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e
m
ax
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h
if
it
ex
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ts
.
Th
e
pa
yo
ff

to
ea
ch
pl
ay
er
i∈
N
is
gi
ve
n
by
h(
a,
N
)a
i
vi
a
th
e
pr
ob
le
m
P(
a,
N
).
A
pa
yo
ff

ve
ct
or
(h
(a
,N
)a
1,
..
.,
h(
a,
N
)a
n)
is
in
di
vi
du
al
ly
ra
tio
na
li
fh
(a
,N
)a
i
≥
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i
fo
r

al
li
∈N
.
A
po
in
ta
∈A

w
ill
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lle
d
a
sh
ar
e
ra
tio
.
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em
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a
2.
3.
1.
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r
ea
ch
S
⊆
N
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,S
)h
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e
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so
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tio
n
iff
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>
0

fo
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om
e
i∈
S.

Pr
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≥
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∃u
∈V
(S
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S
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≥
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i}i
sn
on
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y
an
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pa
ct
. �

D
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tio
n
2.
3.
1.
A
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ar
e
ra
tio
a
∈A

is
in
di
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du
al
ly
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tio
na
li
ff

a
∈A

IR
=
{a
∈A
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(a
,N
)a
i
≥
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i
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∈N
}.
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e
w
i
>
0
fo
ra
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i
∈
N
by
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m
pt
io
n,
h(
a,
S)
is
w
el
l-d
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d
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ll
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⊆
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ni
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n
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3.
2.
Th
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S
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de
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a
∈A
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is
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ve
n
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e(
a,
S)
=
∑ i∈S
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a,
S)
−h
(a
,N
)) a

i

w
he
re
e(
a,
S)
=
0
fo
rS
th
e
em
pt
y
se
t.

Fo
re
ac
h
a
∈A
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et
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a)
be
th
e
2n
-d
im
en
si
on
al
ve
ct
or
of
ex
ce
ss
es
ar
ra
ng
ed

in
th
e
no
ni
nc
re
as
in
g
or
de
r,
i.e
.,

θ(
a)
=
(θ
1(
a)
,.
..
,θ
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))

w
he
re

θ
j(a
)≥
θ k
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)
if
j<
k.

D
efi
ni
tio
n
2.
3.
3.
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ar
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∈A
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to
be
a
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ra
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if
it
m
in
im
iz
es
θ(
a)
in
th
e
le
xi
co
gr
ap
hi
ca
lo
rd
er
.T
he
pa
yo
ff
ve
ct
or

(h
(a
∗ ,
N
)a
∗ 1,
..
.,
h(
a∗
,N
)a
∗ n)

w
he
re
a∗
is
a
nu
cl
eo
lu
ss
ha
re
ra
tio
is
ca
lle
d
an
N
TU
nu
cl
eo
lu
s.
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T
he
or
em

2.
3.
1.
(S
ch
m
ei
dl
er
[3
5,
19
69
])
Ev
er
y
TU

co
al
iti
on
al
ga
m
e
ha
s
a

un
iq
ue
nu
cl
eo
lu
s.

Pr
oo
f.
Ex
is
te
nc
e
is
pr
ov
ed
in
th
e
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xt
su
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ec
tio
n.

Fo
r
un
iq
ue
ne
ss
,
se
e

Sc
hm
ei
dl
er
’s
pa
pe
r.
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2.
3.
2
E
xi
st
en
ce
of
N
uc
le
ol
us
S
ha
re
R
at
io
s

L
em
m
a
2.
3.
2.
Fo
r
ea
ch
S
⊆
N
,t
he
fu
nc
tio
n
h(
·,S
)
is
co
nt
in
uo
us
on
th
e

in
te
ri
or
A◦
of
A.

Pr
oo
f.
It
is
cl
ea
rt
ha
tt
he
fu
nc
tio
n
m
in
i∈S
{u i a i
}is
co
nt
in
uo
us
on
V
(S
)×
A◦
,a
nd

*2
In
N
TU

ga
m
es
,t
he
un
iq
ue
ne
ss
is
no
tg
ua
ra
nt
ee
d.
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h(
a,
S)
ca
n
be
re
pr
es
en
te
d
by h(
a,
S)
=
m
ax

u∈
V
(S
)m
in
i∈S
{ u i a i

} .
Th
en
,i
tw
ill
be
ea
sy
to
se
e
th
at
th
e
fu
nc
tio
n
h(
·,S
)i
sb
ot
h
up
pe
rs
em
ic
on
tin
-

uo
us
an
d
lo
w
er
se
m
ic
on
tin
uo
us
di
re
ct
ly
fr
om
th
e
de
fin
iti
on
s:

•h
(·,
S)
is
up
pe
rs
em
ic
on
tin
uo
us
at
a◦
if
fo
ra
ny
re
al
nu
m
be
rr
,h
(a
◦ ,
S)
<
r

im
pl
ie
st
ha
tf
or
so
m
e
ne
ig
hb
or
ho
od
U
(a
◦ ,
δ)
of
a◦
,h
(a
,S
)<
rw
he
ne
ve
r

a
∈U

(a
◦ ,
δ)
.

•h
(·,
S)
is
lo
w
er
se
m
ic
on
tin
uo
us
at
a◦
if
fo
ra
ny
re
al
nu
m
be
rr
,h
(a
◦ ,
S)
>
r

im
pl
ie
st
ha
tf
or
so
m
e
ne
ig
hb
or
ho
od
U
(a
◦ ,
δ)
of
a◦
,h
(a
,S
)>
rw
he
ne
ve
r

a
∈U

(a
◦ ,
δ)
.
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le
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2.
3.
1.
Sh
ow
th
e
ex
am
pl
e
yo
u
th
in
k
is
si
m
pl
es
t,
in
w
hi
ch
th
e
fu
nc
-
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tio
n
h(
·,S
)c
an
be
di
sc
on
tin
uo
us
on
th
e
bo
un
da
ry
of
A.

R
em
ar
k
2.
3.
1.
Fo
r
a
fo
rm
al
pr
oo
fo
ft
he
ab
ov
e
le
m
m
a,
w
e
m
ay
ap
pl
y
th
e

Be
rg
e
m
ax
im
um
th
eo
re
m
*3
,b
y
no
tin
g
th
at
h(
a,
S)
=
m
ax
{h
|h
∈U

(a
,S
)},

w
he
re
U
(a
,S
)
=
{h
≥
0
|h
a
∈
V
(S
)}.
Bu
t,
sh
ow
in
g
th
e
co
nt
in
ui
ty
of
th
e

co
rr
es
po
nd
en
ce
U
(·,
S)
is
al
m
os
te
qu
iv
al
en
tt
o
sh
ow
in
g
th
e
co
nt
in
ui
ty
of
th
e

ve
ry
h(
·,S
).

T
he
or
em
2.
3.
2.
Th
er
e
ex
is
ts
a
nu
cl
eo
lu
ss
ha
re
ra
tio
.

Pr
oo
f.
N
ot
e
fir
st
th
at
AI
R
is
no
ne
m
pt
y
an
d
co
m
pa
ct
.
N
on
em
pt
in
es
s
fo
llo
w
s

fr
om

th
e
de
fin
iti
on
of
an
N
TU

ga
m
e.
It
m
us
tb
e
co
m
pa
ct
be
ca
us
e
AI
R
⊆
A

an
d
h(
·,N
)i
sc
on
tin
uo
us
on
A,
an
d
A
is
co
m
pa
ct
.S
in
ce
h(
·,S
)i
sc
on
tin
uo
us

on
AI
R
fo
re
ac
h
S
⊆
N
,s
o
is
e(
·,S
)c
on
tin
uo
us
on
AI
R
fo
re
ac
h
S
⊆
N
.

W
e
m
ay
no
w
fo
llo
w
th
e
pr
oo
fd
ue
to
Sc
hm
ei
dl
er
[3
5,
19
69
].
Fi
rs
t,
no
te
fo
r

*3
C
.B
er
ge
,T
op
ol
og
ic
al
Sp
ac
es
,M
ac
m
ill
an
,N
ew
Yo
rk
,1
96
3

15

ea
ch
k
=
1,
2,
..
.,
2n
th
at

θ k
(a
)=
m
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m
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ū i
>
h(
a,
N
)a
i
fo
ra
ll
i∈
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ũ
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∀i
∈S

so
th
at
h(
a,
S)
>
h(
a,
N
),
a
co
nt
ra
di
ct
io
n.

17

(n
ec
es
si
ty
).
Su
pp
os
e
th
at
u
∈V
(N
)i
si
n
th
e
co
re
.T
he
n,
si
nc
e
u i
≥
w
i
>
0

fo
ra
ll
i∈
N
,l
et
tin
g

a i
=

u i
∑ j
∈N
u j

w
e
ha
ve
,b
y
de
fin
iti
on
,t
ha
th
(a
,N
)≥
∑ j
∈N
u j
;a
nd
he
nc
e,
th
at
a
∈A

IR
.

N
ow
,s
up
po
se
th
at
fo
rs
om
e
S
�
N
w
e
ha
d
h(
a,
S)
>
h(
a,
N
).
Th
en
,

h(
a,
S)
a i
>
h(
a,
N
)a
i
≥
(∑ j∈N

u j
) a i
=
u i
∀i
∈S
.

Th
is
im
pl
ie
st
ha
tt
he
re
is
a
pa
yo
ff
ve
ct
or
u◦
∈V
(S
)s
uc
h
th
at

u◦ i
>
u i
,
∀i
∈S
,

w
hi
ch
co
nt
ra
di
ct
st
he
as
su
m
pt
io
n
th
at
u
is
in
th
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at
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=
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m
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.
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is
is
im
po
ss
ib
le
w
ith
ou
ts
id
ep
ay
m
en
ts
,s
in
ce
al
li
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