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Definition: Coalitional Strategic Games

G = (N, (X', ui)ien)
e N ={1,2,...,n} : the set of players
o O#S CN:Sisacoalition
e X' is the set of strategies of i € N
o X5 :i=[lis X', X=XV
e u; : X — R is the payoff function of i € N

Assumption: ¥i € N, X' is compact
and u' is continuous.

Pure Exchange Game

Scarf,H.E., 1971, “On the existence of a cooperative solution
for a general class of n-person games,” Journal of Economic
Theory 3, 169-181.

N={l,....n}

sz {x: =(x“,...,x"”)€ ?\TXH fojzwie%’rr\[o]}

L JEN

ui(x) = v; [Z x-fi], where x=(x',...,x) e X.

JEN

Solutions: Equilibria and Cores

e Coalition S 1is said to deviate from x € X if S
has a deviation 7° € X° defined by
ui(z5, xNS) > ui(x) Vies.
e A deviation z° € X° of coalition S from x € X
1s said to be credible if

1 1¢1 — 1
. = 1

2.|S| > 1 implies that no proper subcoali-
tion T C S has a credible deviation from

(5, ™).




‘ Coalition-Proof Nash Equilibria (##sEmt 4
Fvi o)
e Strategy profile x* € X is said to be a coalition-

proof Nash equilibrium if no coalition has a
credible deviation from x*.

e Strategy profile x* € X is said to be a strong
Nash equilibrium if no coalition has a devia-
tion from x™.

Remark: Any strong Nash equilibrium
is coalition-proof.

‘ Dominant Strategies (X&)

e Strategy profile x5 € X° for coalition S is said
to be an S —dominant strategy if for all z € X,

w; (x>, 7YY > ui(z) ViesS

e Strategy profile x¥\5 € X5 of coalition N \ §
is said to be an N \ S- dominant punishment
strategy against § if for all z € X,

wi( @, xN) <ui(z) VieS

| Strategic Cores

What can a coalition achieve for itself facing the
actions of outsiders?

Classical strategic cores: o and [3

e Coalitional TU games

the maximin value
e Coalitional NTU, or strategic games

the a—effectiveness (the maximin set)

the f—effectiveness (the minimax set)




‘ The a-core

e Given x € X, coalition §S is said to a—improve
upon x (or, a—deviate from x) if there exists
y> € X5 such that for any z € X,

u;(ys,zN\‘S) >uix) ViesS

e The a—core is the set of strategy profiles x € X
upon which no coalition a—improves.

' The B-core

e Given x € X, coalition § is said to S—improve
upon x (or, B—deviate from x) if for any z € X
there exists an y° € X° such that

wi(°,2) > u(x) Vies

e The —core is the set of strategy profiles x € X
upon which no coalition S—improves.

a—core 2 p—core

coalition § @—improves upon x
=

e XSVyeXVieS w25, YV > ui(x)
—
VyeX3AZ e XS VieS : wi(Z, ") > ui(x)

=
coalition § S—improves upon x

' Theorem : a—core = [—core

Nakayama,M. 1998, “Self-binding coalitions,” Keio Economic
Studies 35, 1-8.

e For each nonempty proper subset S of N, as-
sume that either
o S has an S - dominant strategy ,
or
o N\ S has an N \ S- dominant punishment
strategy against S .

Then « —core = B — core.




Prove that if every nonempty proper N \ § of
N has an N \ S - dominant punishment strategy
against S, then

a — core = 8 — core.

(Problem cstg 01)

Laffont J.J. 1977, Effects externes et théorie économique, Monographies
du Séminaire d’Econométrie, Editions du Center national de la Recherche
Scientifique (CNRS), Paris.

| The strategic cores y and 0

e We now reformulate the cores in [1] and [2], respec-
tively, as the y—core and the 6—core appropriately in a
coalitional strategic game.

1 Chander, P. and H.Tulkens, 1997, “The core of an
economy with multiple externalities,” International
Journal of Game Theory, 26, 379-401.

2 Currarini,S. and M.Marini, 2004, “A conjectural co-
operative equilibrium for strategic games,” Game Prac-
tice and the Environment, C.Carraro and V.Fragnelli
(eds), Edward Elgar.

The S-Pareto Nash Equilibrium

e Given a coalition § C N, strategy profile y € X
is said to be an S — Pareto Nash equilibrium
if for § and for every j € N\ §, there is no
deviation from y.

e PN(S) := the set of S —Pareto Nash equilibria

Remark: The S —Pareto Nash equilibrium with |S| = 1 is a
Nash equilibrium, whereas for S = N it is just the set of
weakly Pareto efficient strategy profiles.

| The y-core

e Given x € X, coalition § is said to y—improve
upon x if there exists a strategy profile y € X
such that

1. ye PN(S)
2. ui(y)>ui(x) Vies

e The y—core is the set of strategy profiles x € X
upon which no coalition y—improves.




‘Deﬁnition: subgame G(S | xV\%)

e Given any strategy profile x € X and any coali-
tion S, the subgame G(S | x¥\%) of G is defined

to be the game (S, (X', u;i(-, x™%))ics).

o ES(xV\5) := the set of Nash equilibria y* € X3

in the subgame G(S | xV\5)

Remark: If y € X is an S —Pareto Nash equilibrium, then

yN\S is a Nash equilibrium in GIN \ S| y°).

‘ The o-core

e Given x € X, coalition § is said to 6—improve
upon x if there exists a strategy profile y € X
such that

1. yeXSxENS(HS)
2. ui(y)>uix) VieS

e The d—core is the set of strategy profiles x € X
upon which no coalition 6— improves.

| Proposition

Harada, T. and M. Nakayama, 2010, “The strategic cores a,
B,y and 6,” mimeo.

1. 6—core C y—core

2. 0—core C a@—core

. ye PN(S) = y € X° x ENS (%)

S

2. Prove this. (Problem cstg 02)

e

‘ Theorem : Refinement
Harada, T. and M. Nakayama, op. cit.

e If every player has a dominant strategy, then
a—core 2 f—core 2 y—core 2 0—core

Consider a S—improvement by S upon x against
the dominant strategy profile y"*° € X™\5, Then,
S can choose y* € X5 so that y is an S —Pareto

Nash equilibrium, i.e., S can y— improve upon x.




Core Equality Theorem:

1. If a dominant strategy equilibrium d € X is a
unique Nash equilibrium, then

Y — core = § — core.

2. If, moreover, foreach § ¢ N, d® € X5 is an
S -dominant punishment strategy, then

@ — core = B — core =y — core = § — core.

| Proof
1. Problem cstg 03

2. Let x € X be ¢-improved upon by § C N.
Then, for some y5 € X°:
o (5, dVS) € X5 x ENS(y5)
o 1;(y°,d"\5) > ui(x) Vies
and, therefore for all z € X:
o u;(y5,2%) > u;(y5,d¥) > ui(x) VieS

Hence, we have shown that a-core C §-core.

‘ AppliC&’[iOl‘lSZ The pure exchange game

Foreachi e N,

o X = {xi = (¥, ..., x") e R
> ¥ =w' e R\ (0)]
JEN

o u(x) = vi Y 1)

N e s

JEN
e v;(+) 1s continuous, quasiconcave and strictly
monotone increasing.

‘ No exchange by noncooperative
equilibria
Hirai,T., T.Masuzawa and M.Nakayama, 2006, “Coalition-

proof Nash equilibria and cores in a strategic pure exchange
game of bads,” Mathematical Social Sciences S1.

Let x° € X be the strategy profile describing no
exchange at all, i.e., x°* = w' forall i € N. Then:




‘ Theorem: No exchange by noncooperative
equilibria
e The strategy profile x° € X is the only Nash

equilibrium, which is also coalition-proof and
dominant.

1C a9 ¢frnno N‘:IQ]'\ Pr‘ll'l1]1]‘\l‘1|'lm ]‘ﬁ. g YO
ALY &L WIETUST bé FER R TS WS ULI\.IJ.J.AULAUIAI. l':}J Y L -
— Evident.

<= By the continuity and the strict monotonicity.

‘ Proof (outline) of : <

Suppose x° was not a strong Nash equilibrium.
Then:

e 175 € X° withS TN s.t.
ui(Z5, x°N\S) > ui(x°) = vi(w') Vies.
and
w5, x°NS) = ui(x°) = vi(w') Yie N\S.
e By the continuity and monotonicity of v/,
Iy e X5 st
w(yS, x*N\5) > ui(x°) = vi(w') VieN,

a contradiction.

‘Theorem : Cooperative Exchange
Harada, T. and M. Nakayama, op. cit.

e There exists a dominant strategy equilibrium
x° € X as aunique Nash equilibrium, and x°5 €
X5 is an S-dominant punishment strategy for
each § C N.

Hence, by the Core Equality Theorem (p. 21):

e ) # 6 —core =7y — core = 3 — core = @ — core

Nonemptiness follows from Scarf (1971).

Direct proof of : a — core C ¢ — core.

e Any a—core strategy x € X generates a core allocation
é.

e Take the dominant strategy equilibrium x°, which is the
only Nash equilibrium.

e Any strategy profile (y°, x°"\%) generates an S — feasible

allapatinn ~
alivvaLiviag 5

¢ Any { cannot dominate the core allocation &.

e Any (y*, x°N') cannot — improve upon x.




| Pure exchange of bads

Hirai et al. op. cit.
Foreachi e N,

o X' := {xi = (x1,...,x") e Rmm

fofzwfe R\ {0})

jEN

xﬂ)

[

e ui(x) = v;(

Je

=

e v;(+) is continuous, (quasiconcave) and strictly
monotone decreasing.

| Noncooperative equilibria

Strong incentive for mutual dumping of garbage

Existence of an S-dominant strategy

e For any nonempty proper S € N and the strat-
egy x° € X5,

x’is § —dominant & xV=0€R" Vi,jeS.

Coalition-proof Nash equilibria

e 1 : permutation of N

o x(m)e X :
2y AEH) = 2@ yie N n+1=1

Then, if a permutation 7* satisfies

Ar st ui(x(m)) > u;(x(n*)) VieN,

x(m*) 1s a coalition-proof Nash equilibrium.




Because:

1. If u;(x) > wi(x(#*)) Yi € N, then x is not
credible.
cx# x(r*)y=3S ={iy,...,i} € N such that
X1z £, X238 £0, ..., xh-Vh £ Q, X1 £ 0.
~oyS with ¥y = 0, (Vi,¥Yj € S) is a credible
deviation from x.

2.1f S € N, S cannot deviate.
- 3di € §S,3k € N\ S such that xX¥(z*) # 0.

Then, i cannot be made better off by any devi-
ation of §.

Xo
ollfio
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| Strong Nash equilibrium

If x(7*) itself is weakly Pareto efficient, then x(7™)
is a strong Nash equilibrium.

Corollary: When m = 1, x(x) is a strong Nash
equilibrium for any permutation 7.




| Strategic cores o and [3

e a—core = f—core # 0.

o The equality holds since any nonempty proper S ¢
N has an S —dominant strategy.

o Nonemptiness follows from the fact that
* no S # N can a—improve upon x(7),
= x(m) 1s weakly Pareto efficient, or otherwise,

* dx € X s.t. x is weakly Pareto eflicient and
u;(x) > ui(x(mr)) VieN.

Cooperative solutions: no dumping

e [etm =1 and let
wh<w? <<

Then, the strategy profile x° € X such that
x°" = w' (Yi € N) is in the a—core if and
only if

k
ijzwk“ k=1,....n-1.

Outline of Proof

N cannot a—improve upon x°.
Take S € N. Then, letting w" = min jcg w/,

o w" < 3 icns W/, by assumption if w” > max jey\s w/

e Vx5 € X5, the payoff to & at x° becomes greater than
orequal to (x5,zZY\5) st Tiems 2" = Tjems W

Converse: Let k satisfy Zﬁ:l w!/ < wk*!. Then, coalition
{k + 1, ..., n} can a—improve upon x°, since whtl <o <,

| Strategic cores y and ¢ (Problem cstg 04)

e For |[N|>3: y—core =0 .
(Hence this y-core does not contain strong Nash equi-
libria)

e For [N|=2:
N+ 85 —core —v—core — R — core — v — core
w T v LS W ] A SR W P LS W A= 5 S W

(cf. Core Equality Theorem (p.21) for the equality;

and p.39 for nonemptiness)




' The commons game G°
Harada, T. and M. Nakayama, op. cit.

Foreachi e N,
o X :=R,
°ui(q',....q") = qu( DokeN q"), where
og eX
o P Yien ¢F) = max (0,a — Yen ¢F
keN 4 s keN 4
oa>0

| Tragedy of the commons

e Social optimum: g(N) = arg max ), q(N)(a — g(N)) :

gIN) =% ¢ =5, u(g) =% VieN.

e The unique Nash equilibrium g* = (¢*',. .., ¢*"):
q" =35, uq) =55 YieEN.

o y—individually rational boundary : = (nﬁi 7

e max exi ui(q', EN\g) = ui(4, ENN(§)) = &

o O0—individually rational boundary : = %

‘ Strict refinement of the cores

1. PN(N) = a—core = B—core
2 y—core 2 d—core # 0.

2. S—core = {x'} = {(% el ;_n)}

2
wi(x") = (a - x'(N))x'i = z—, Vie N
n

. the 6— individually rational boundary

Remarks :

e The refinement is obtained without a dominant
strategy equilibrium.

e There is a game without a dominant strategy

eanilihrinm hut with a nonemnry S-core that 1<
v\j“lljul l.\-l-l‘l’ LR ¥YY LLAL &4 'II\IIIILIIIDIJII} A T LS % LAARAL ALY

not contained in the S-core.




e In the pure exchange game of goods:

¢ Non-cooperative equilibria do not generate
outcomes which are better than the initial
states.

o All cores lead to the same set of Pareto ef-
ficient outcomes.
e In the pure exchange game of bads:
o Non-cooperative equilibria generate mutuai
or loop-shaped dumping of garbage.
o The a—core (and the S—core) can lead to
everyone’s self-restraint from dumping garbage.

Core Equivalent Strong Nash Equilibria
in the Pure Exchange Game

e Under a certain restriction on the deviations,
the set of strong Nash equilibrium is nonempty
and equals the core of the pure exchange game
with an outcome function.

e The core of a pure exchange economy is the
set of N—aliocations y* that are not improved,
i.e., the set of N—allocations such that for any
nonempty S C N there is no S —allocation y

satisfying v;(y') > v;(y*) for all i € S.

Pure Exchange Game with an Outcome
Function

The outcome function g : X — R of pure ex-
change game G = (N, {X'}, {u;}) is given by

o) = {(EjeN W Yy x)if () € R

otherwise

ui(x) = vi(g(x);) YieN

where g(x); is the i-th component of g(x).

‘ Remarks

e The outcom is an N—allocation, since
E Exﬂzg Exﬂzgwj.
ieN jeN JeN ieN JEN

e Strategies are allowed to be negative, meaning
requests instead of offers..




| Self-Supporting Deviations

Given any strategy profile x* € X and any N—allocation
y that is also an S —allocation, deviation x° € X°
from x* of any nonempty S € N such that

.. w .
ij _ h *kj)
Ap = (y h Z Xp

| Proof of the equality

IR e PIEDIPIEY
Dies W

i€S jeN\S i€s h \ jeN\s JEN\S keN\S

i
Ylies W i i
: h Z Wi ( Z w’( Z Z x*kj
i h h h
ZieS w,a, i

|

W
Lies h keN\S iEN\S keN\S JeS keN\S
is called a seif-supporting deviation, since it can
k
be shown that :Zz,r}';f, h=1,...,m
i wji JES keN\§
DI B I I
ieS jeN\S ieS jeN\S
<y Then, x' € X' for all i € N, since
‘ Proposition

The core of game G coincides with the set of
N—allocations attained by the strong Nash equi-
librium with only self-supporting deviations being
permissible.

Proof (=) Let y* be an N—allocation not in the core,
and let y* = g(x%). Let y be an § —allocation that improves
upon y* and take a self-supporting deviation x°:

x;j _ Wy . (yj _ Z x*k;)
1 Z W h h
ieS

Z Yn = Z,e (th Z Z X, )

JEN h ieN JeN keN\S
( why = w
Z h h*
ie§ h ieN ieN\S

Hence, x* is not a strong Nash equilibrium, since

E ij_ J _ sk j
'x!r - yh Z xh ’

icS keN\S
ory = g(x5, x*M\5), showing that
wi(x%, xS > u(x*) ViesS.




‘ Proof (=)

Let x* € X admit a self-supporting deviation x* € X5. Then,
ij ij _ i —
IDIEDID I N T

ieS je§ i€S jeN\S i€§
Since x° is a self-supporting deviation,
ij wji i _
szfr + Z th = th, h=1,..,m.
ieS je§ JEN\S ieS ieS

Hence, the allocation g(x°, x*¥\%) is an S —allocation, imply-
ing that g(x*) is not in the core.




