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Anti-Dual TU Games (N, (-v)*)

e V¥isa dual of v :
vi(S)=v(N)—v(N\S) VS CN
e (-v)* is the anti-dual of v
:=the dual of (- V)
(=) () :==v(N)+v(N\S) VS CN

Airport game V,
and bidder collusion game v
va(S) = —maxc;, VS CN
ieS
with ¢ >¢c;>--->¢,>0
PPN [C] — mMaXen\s C; if 1€8
Vv W)=
7 o if 1¢8$
with ¢ > >...>¢,>0

(I'I'N.IXJ‘EN\,.\! Cj.= 0)

vV, and V. are anti-duals each other

o (—vaA) =vc:

(—va)'(S)
= —Va(N) + va(N'\ §)
= max c¢; — max ¢;

ieN ieN\S
C] — MaX;en\s Ci, ifl1es,
0, if1¢S§.

=vc(S)




... continued

® (=ve) =wa:

(=ve)'(S)

= =vc(N) +ve(N\S)
{—cl + ¢ —MaXjes ¢; = —MaXes ¢, 11 €8S,
{—cl = —max;e ¢c;, If1 €S
va(S)

Airport game V, is convex
Cisy :=maxc;, va(§)=—-cisy YSCN
Jjes
(HhiSuhHeSnT

= vAS) =va(T) =va(SUTY=va(S NT)

2y iSu)eS\T
S vAS) =vaS UT); va(T) va(SNT)

B)iSuT)eT\S
S VA(T) =va(S UT); va(§) =va(§NT)

T ovAS)Hva(T) K va(SUT)+va(SNT) VS CN

Lemma 1. Let v be any game and let a be any
additive game defined by a(S) = ) s a; for all
S CN. Then, (—((=v)*+a)) =v-a.

Prove this. (Problem antidual 1)

Remark: Lettinga =0, (—(—v)")* =v.

Anti-Dual Convexity

® V 1S convex
& (-v)" 1S convex

v4 and ve are both convex




Proof of anti-dual convexity:

Let S, T C N and assume that v is convex. Then,

(=v)*(S) + (=v)(T)
= —[v(N) =v(N\ $)] = [v(N) =v(N \ T)]
—WN\S)+ (N \T) - 2v(N)
SV IN\S)UWN\NTD)+v(IN\S)NN\T)) —2v(N)
=vIN\SE NT)+v(IN\ (S UT))—2v(N)
=(-=v)SNDH+('ESUT)

The converse follows from Lemma 1 by taking a = 0.

Anti-Dual Core

For any pre-imputation x,

x(S)=>v(S) VS CN
— x(N\S)>2v(N\S) VSCN
= V(S)=2x(S) VSCN
= —x(5)=-v(S) VSCN
= —x(S5)=(v)'(S) VSCN

Therefore

x € Core(v) &= —x € Core((—v)")

Anti-Dual Nucleolus

« (-V)" is the anti-dual of v
(=)"(S) : = (=V)(N) = (-=»)(N \ S)
=—v(N)+v(N\S), VSCN

* the nucleolus of v : (V)
« If v and (- V)" are both super additive, then

p((=v)") = —u(v)

Proof of u((—v)") = —u(v)

V(S) = x(S) = v(N) + (=v(N) + v(§)) — x(S)
=V(N) + (=v)'(N\ S) — x(S)
=(=v)'(N\S) = (=x(N\S))

VS CN

-X is a pre-imputation of anti-dual (-v)” .
Hence, the vectors of dissatisfaction in
game V and (-V)* coincide each other.




(V) =-p(Ve)

va = (—ve)" and ve = (=v)’

* V,and V. are both convex;

hence, super additive

n(vp) = -p(ve)

Public good game

v(S)=max(O, ZB,-—C] VS CN

€S
® B, >0 :i’sutility

® C >0 : cost of the public good

Bankruptcy game

V(S):max[(), E- Z dj] VS CN

JEN\S

* E: estate of a bankrupt
 dj: debtto JEN

* V(S): amount guaranteed to S

Strategically Equivalent Anti-Dual

d°is an additive game such that
d°(S)= Y d; (for all SSN)

For public good game v, and bankruptcy game Vg :

(—vg) ' =vp—d° and (—vp)' =vg—-d°
where C = E, Bi=d; (Yi€ N)

Hence, (—vp)*(S) =vp(S)—d°(S);
(=vp)*(S) =vp(S) —d°(S), VS CN




Public good game v,
and Bankruptcy game Vg

(—vp) ' =vp—d° and (—vp) = vp—d°
where C = FE, B;=d; (¥i€ N)

Vpand Vg are convex;

so that super additive

r(vp) = p(vp—d°) +d
=p((-vg)) +d =-p(vp) +d

Anti-Dual Shapley Value ¢((—v))
P((—v)") = —p(v)

Proof First of all,

1
Sy =— Y IS - 18] = DI(-v(S U i) — (~v(S)))

v S
|
= _E Z [S|'(n—|S| - I)!(V(S ul{i}) — v(S))
SCN\li}

= —¢iv)

Proof of ¢((—v)*) = —¢(v), continued
(=) (S) : = =v(S)
= —(W(N)=v(N\S)) VS CN

VIS Ui = vi(S) = v(N\ S) —v(N\ (S U{i})
=v(N\S) - v((N\S)\ (i}

YS % 1.
B = 3 ISI IS = DI U - v (S)
s Envi)
| )
== Z (n—1S1- l)I(SH(V(N\S)—V((N\S)\{r}))
" N\S N

= ¢i(v)

Anti-Dual Shapley Value
P((—=v)") = ¢(—v")
= —¢(v*) = —¢(v)

Compare :
anti-dual nucleolus u((—v)*) and core C

pu((=v)*) = —u()
x€Clv) & (=x)eC{(—v)H)




Airport game V,
and bidder collusion game v
va(S) = —maxc¢;, VS CN
€S

with ¢;>c>->¢,>cp1 =0

C1 —MaX en\s C; if 1€8
VCGS)::JA G

10 if 1¢3S
with ¢ci;>c>...>¢,>¢Cpe1 =0

(Iﬂ&lXjeN\N Cj.= 0)

Shapley value
of airport game v,

d(va)j = —d(ve);

n
_ _ZC:'—C:'H VieN
i=j !

where

CL>Cr>>Cp>Cpe1 =0

Shapley value of airport game v, :

Interpretation
Cn — Cp
(D(vA)n = _—H
Chn-1 —Cp Cp—Cy
(Va1 = — l — +1
n—1 n
dValn—2 = 2" Cp-1 Cn-1 —Cn Cn ~ Cayl
n—2 n—1 n

Ci — Ci+]

i

ZONEECEISEDY
i=2

Shapley value of airport game v, :

Application
Sharing a taxi fare
c; =3000 YEN
[
c3 =1200 YEN
®
./ \.
Start ¢, =1800 YEN

¢; := the fare for the sole passengeri € N




Sharing the taxi fare C: among n

Sharing the taxi fare C: among n
passengers (2)
Sharing by the nucleolus p(v4) gives

—,(.'(1",\)3 = 600
—‘H(l‘_.1)3 = 600
—u(va), = 1800

max (va(S) — ¢(va)(S)) = =400
S#N,0
> —600 = max (va(S) — u(vaXS))

Prove these facts. (Problem antidual 2)

passengers
. C C
i — Cit+l
PR ol
- l
i=1
12
g = 12 =400
s = ]800; 1200 12%00 00
—b(v), = 3000 - 1800 N 1800 - 1200 N 1200 — 1900
1 2 3
Shapley value

of bidder collusion game v

d(ve)j = —d(va);
— Z m, VjeN
AV
=

where

CL>Cr > +>Cp>Chy1 =0

Shapley value
of bidder collusion game v

Ring and Knockout

e A(S ):= English auction among the participants
SCN

e R C N := bidder collusion = ring, holding the
ownership of the commodity

e R € R knockouts R \ R’ with a sole bidder
k € R’ defeating any of the member of R \ R’
in A({k} UR\ R')




Shapley value
of bidder collusion game v

n c.[ _ (:f .
B(v0)j = ~pva); = ) == VjeN

i=j

e N, the initial ring.

e A({ln — j} U {n — j+ 1}): the j—th knockout
by {1,2,...,n — j} against {n — j + 1} with the
lowest bid ¢, j, foreach j=1,...,n—1.

e equal division of increment ¢; — ¢;+; > 0 in the
(n —1i)-th knockout, foreachi =n,n—1,..., 1.

Proof of @(v,)

d(ve)j = —d(va);

n
Ci — Cit] .
:Z%, VjeN
i=j !

where

CL>Cr>>Cp>Cpe1 =0

Proof (continued)

—va(§):=C(S) = mz;_x Ci

= > (ci—ci)ViS) VS CN

(0ifSN{l,....i—1,i}=0

5% % 5 3 &

V;S -
) LifSn{l,...,i—1,i} #0

n

LP(0)) = Z d((ci — cir)Vi)j = Z(Ci — cix1)P(V));

i=1 i=1

Proof (continued)

In game V;,
ek le{l,...,i— 1,i}are substitutes
eVVheli+1,...,n}is null

Hence, by the corresponding axioms

oV =1 7 1 =
7= 0 Vj>i

) _ C _ - Ci — Cit+l
So9(0) = ;(Ci_cf+l)¢(v:‘)j = Z —

i=j

, YJeEN




Big Boss Games

(N, vpp) is a Big Boss game if it is monotonic, and
satisfies

1. vge(S) =0 if 1¢8
2. vp(N) = vgs(N \ (N'\ S))
> Dlien\s M if 1€S

where m; := vgp(N) —vgg(N \ {i}) Vi€ N.

Remark m; >0 VYie N; vgp is super additive.

Example of Big Boss Games
o (N, v}g): bankruptcy game with one big claimant :
E-dN\S)if 1S
hS) = { s
0 if 1¢8§

whered, > E, dy+---+d, < E
o (N, v)L): public good game with one big agent :

] B(S)-C if 18
vp(S) = .
0 if 1¢S
where B, >C, B +---+ B, < C

Anti-Dual
of Big Boss Games

The anti-dual (N, v;) of a Big Boss game satisfies

=vi(N) if 1e8§
vi(S) . .
< Diesve(i))  if 1¢8S,

which might be called the leader game.

Remark O > v, ({i}) = vp(N); nevertheless,
vi(N) 2 vi({1h) + Xienyry ve(i}).

Nucleolus
of Big Boss Games and Leader Games

u(v) : the nucleolus of (N, v)
u(vgg) = —u((—=vgp)*) = —u(vy)
m; = vpg(N)—vpg(N\{i}) = —v,({i}) VieN.

)| . .
(ves(N) = L 3 ymy if i=1

=

vg) =
H(veB L, if i1
, vi(N) - % Zjenyny vy if i=1
!u(lL) - 1 . e e
) if Q%1




Nucleolus
of Big Boss Games and Leader Games

Proof. Letz = u(vy). Then

1
i) = zi = Zviid) ifi#1
VeN\{i) = z(N\ ) = ve(N \ (i) —z(N) + z
=z = %\)L({f}) if i # 1

1 1
vi(S)=2(8) < > v (iH < v if S#1, jeS
%J 2 2

1 1
vi(§)—2zS) = Z D = zvejp if N25 51, jés

JEN\S
Taking any x # z, we necessarily have x; > z; or x; < z;
for some i # 1, which leads to the conclusion.

The Nucleolus and the Shapley Value
of Convex Big Boss Games
¢(v) : Shapley value of game v
Proposition : If the leader game v, is super addi-
tive, then
p(ve) = ¢(vy) and u(vpp) = ¢(vap)

Proof: Obtain ¢(v;); = %v;‘({i}) for i # 1 by direct cal-
culation, where v; is given, due to the super additivity, as

follows.
(N if 18§,
v(S) = vi(N) . 1 €
2iesvi({i) if 1¢8S.

Try to complete the proof (Problem antidual 3).

The Bankruptcy Game and the Self-
Duality of the Nucleolus

Dvision Rule from the Talmud

dy =300 d, =200 d; =100
(@) : E=100| 100/3 100/3 100/3
(b) : E =200 75 75 50
(c): E =300 150 100 50

(8) Equal division (c) Proportional division

(b) Unknown

The Nucleolus
r Water
50 50 | 50
5 | 50
50
010 J
50
20y O S S s
Bt R -
i=3 i=2 =1




The Bankruptcy Game

vea(S) = E - Z di| VScN

JEN\S +

* E: estate of the bankrupt
* d;: debt to creditor JEN

ESZ.jeNdj:: D; d] ZZd”

* Vg.4(S): amount S secures for itself

The Bankruptcy Game and the Self-
Duality of the Nucleolus

vp-£a(S)=(D-E—-d(N\S),
= (d(S)—E)+ , VSCN
: public good game !
Vp-£:a = (=vEa) +d°

Hence, the self-duality :

HU(VEq) = d — u(Vp-g.q)

The Nucleolus of the Bankruptcy
Game

D
Assumption 1. E < > 1.e., cases 1 and 2 below

D
Remark 1. The case: E > — can be obtained by
the self-duality, u(ve.q) = d — p(vp_g.a).

d
case 1: E < Al

E
peai= =, i=1,...,n.
n

case 2: Form=0,1,...,n-2, if
1 n—=m l n—m-1
5 [D - Z(dj - dn—m)] <E< 5 [D - ; (dj - dn—m—l)]

J=1

then,
d;
H(VEq)i = > i=nn—-1,...,n—m
dﬂ—”!
H(OVEQ)i = >
+ 1 E_ D - ,;;Tr(df —dp-p)
n—m-—1 2 ’

i=n-m-1,n-m-2,...,1.




