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9.6 Equations of Motion of MDOF System 
Subjected to Earthquake Ground Motion (地震
動を受ける多自由度系の運動方程式)

Based on Eq. (9.16), the equations of motion of a 
MDOF system subjected to a ground motion       are

[ ]{ } [ ]{ } { } [ ]{ }IMuPuKuM g&&&& −=+ (9.16)

{ } { }PP T
rr φ=* (9.42c)

Based on Eq. (9.42c), the generalized force for 
the r-th mode      is *

rP
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rg

T
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Based on Eq. (9.60), the equation of motion for the 
r-th mode is written in the form of Eq. (9.62), and its 
solution is given by Eq. (9.63).
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Because it is likely for a MDOF system under a 
seismic ground motion that the initial velocity and 
displacements are zero, Eq. (9.63) becomes
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Substitution of Eq. (9.64) into Eq. (9.65) leads to
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T
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in which      is called mode participation factor of the 
r-th mode (ｒ次の刺激係数)

rβ
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t
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(9.66a)

Denoting Eq. (9.66a) below 

)(~)( tqtq rrr β= (9.67)

represents solution of a SDOF system subjected to 
a ground motion         , Eq. (9.66a) can be 
rewritten

)(tug&&

It should be noted that         can be computed by 
the direct integration method (Newmark’s β method)

)(~ tqr
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The generalize mass       (一般化された質量) given 
by Eq. (9.42a) is also important to show how the r-
th mode is predominant to the total response.

*
rM

Eq. (9.67) shows that the mode participation factor  
of the r-th mode represents degree of contribution of 
the r-th mode to the total response. 

When        is large, the contribution of the r-th
mode is predominant

rβ

{ } [ ]{ }r
T

rr MM φφ=* (9.42a)

)(~)( tqtq rrr β= (9.67)
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Substitution of Eq. (9.67) into Eqs. (9.38), 
(9.39) and (9.48) leads to 

{ } [ ]{ } { } { } { } { } nnrr qqqqqu &&&&&&&&&&&& φφφφ ⋅⋅⋅⋅⋅⋅+⋅⋅⋅⋅⋅⋅⋅++=Φ= 2211

{ } [ ]{ } { } { } { } { } nnrr qqqqqu φφφφ ⋅⋅⋅⋅⋅⋅+⋅⋅⋅⋅⋅⋅⋅++=Φ= 2211

(9.38)

(9.39)

{ } [ ]{ } { } { } { } { } nnrr qqqqqu &&&&&& φφφφ ⋅⋅⋅⋅⋅⋅+⋅⋅⋅⋅⋅⋅⋅++=Φ= 2211
(9.48)

)(~)( tqtq rrr β= (9.67)
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{ } [ ]{ } { } { } { } { } nnnrrr qqqqqu ~~~~
222111 βφβφβφβφ ⋅⋅+⋅⋅⋅++=Φ=

(9.68)
{ } [ ]{ } { } { } { } { } nnnrrr qqqqqu ~~~~

222111 &&&&&&&&&&&& βφβφβφβφ ⋅⋅+⋅⋅++=Φ=
(9.69)

{ } [ ]{ } { } { } { } { } nnnrrr qqqqqu ~~~~
222111 &&&&&& βφβφβφβφ ⋅⋅+⋅⋅++=Φ=

(9.70)

It is noted that       ,        and       are the 
response displacement, velocity and acceleration of 
SDOF system with natural frequency       and 
damping ratio     . 

Hence,         ,        and        can be easily 
computed by Excel Sheet (LDRA-2) based on 
Newmark β method

rq~ rq~& rq~&&

rq~ rq~& rq~&&

rω
rξ
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It should be noted that the acceleration response    
by Eq. (9.69) is the relative acceleration. 

Because absolute acceleration            is important 
for evaluation of the inertia force,          has to be 
computed by 

{ }u&&
{ }absu&&

{ } [ ]{ } { } { } { } { } nnnrrr qqqqqu ~~~~
222111 &&&&&&&&&&&& βφβφβφβφ ⋅⋅+⋅⋅++=Φ=

(9.69)

{ } { } { } gabs uIuu &&&&&& += (9.71)

{ }absu&&
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Flow of Analysis

)(and)(),(Compute tqtqtq r &&&

{ } [ ]{ }uKP =

Compute Natural Frequencies and Natural 
Mode Shapes [ ] [ ]ni φφφφ  21 ⋅⋅⋅⋅=Φ

{ } [ ]{ } { } [ ]{ })()(),( ,)()(),( Compute tqxtxutqxtxu && Φ=Φ=
{ } [ ]{ })()(),( and tqxtxu Φ=

{ } { } { } gabs uIuu &&&&&& +=

rβfactor 
 ionparticipatmodeCompute
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Example 9.5 Evaluate the mode participation 
factor for a 3 DOFS structure shown
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The characteristic equation is 
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Check of the orthogonal condition
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Check of Eq. (9.44)
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Compute mode participation factor

{ } [ ]{ } *
111 / MIMTφβ =

{ } *
1/

1
1
1

100
010
001

445.0802.00.1 Mm
⎪⎭

⎪
⎬

⎫

⎪⎩

⎪
⎨

⎧

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
××=

221.1
841.1
247.2 ==

m
m



20

{ } [ ]{ } *
222 / MIMTφβ =

{ } *
2/

1
1
1

100
010
001

00.1445.0802.0 Mm
⎪⎭

⎪
⎬

⎫

⎪⎩

⎪
⎨

⎧

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
××−=

349.0
841.1
643.0 ==

m
m

{ } [ ]{ } *
333 / MIMTφβ =

{ } *
3/

1
1
1

100
010
001

802.000.1445.0 Mm
⎪⎭

⎪
⎬

⎫

⎪⎩

⎪
⎨

⎧

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
××−−=

134.0
841.1
247.0 −=−=

m
m



21

Example 9.6 Compute response displacement, 
velocity and acceleration (absolute 
acceleration) of the 3 DOFS structure of 
Example 9.5 under JR JMA Kobe ground 
motion. Assume that damping ratio is 0.05 for 
the three modes

Compute response displacement, velocity and 
acceleration (absolute acceleration) of 3 DOF system 
based on Eqs.( 9.68), (9.69), (9.70), and (9.71) using 
LDRA-2 as follows. 

The mode participation factors are already computed 
in Example 9.5.

Compute      ,     ,     using LDRA-2.  Note that  
mass        , natural period                    and damping 
ratio      have to be set in LDRA-2

rq~ rq~&&rq~&
*
rM rrT ωπ /2=

rξ
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Compute  

)(~)( tqtq rr β=
)(~)( tqtq rr && β=

)(~)( tqtq rr &&&& β=

Compute

{ } { } { } )()()( 332211 tqtqtq φφφ ++=

{ } { } { } )()()( 332211 tqtqtq &&& φφφ ++=

{ } { } { } )()()( 332211 tqtqtq &&&&&& φφφ ++=

{ } { } { } { })()()()( 321 tutututu ++=

{ } { } { } { })()()()( 221 tutututu &&&& ++=

{ } { } { } { })()()()( 221 tutututu &&&&&&&& ++=
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Compute absolute acceleration by

{ } { } { } gabs uIuu &&&&&& += (9.71)
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Response Acceleration (relative)
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Peak Response Displacements and 
Time when they Occur
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Peak Response Velocity and 
Time when they Occur
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Peak relative acceleration response and 
time when they occur
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9.7 Earthquake Response Spectra

∫
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⎨
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1
2

2
(6.13)

)()()( tututu gabs &&&&&& +=

∫ −−= −−t
D

t
g dteutu n

0
)( )(cos)()( ττωτ τξω&&&

∫ −
−
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D

tng dteu0
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2
)(sin)(

1
ττωτ

ξ
ξ τξω&&

(6.12)

∫ −= −−t
D

t
g

D
dteutu n

0
)( )(sin)(1)( ττωτ

ω
τξω&& (6.11)

Response displacement, velocity and absolute 
acceleration of a SDOF system subjected to a ground 
acceleration are given by Eqs. (6.11), (6.12), and (6.13)
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Response acceleration spectrum                is defined 
as the peak absolute response acceleration of a SDOF 
oscillator, i.e., from Eq. (6.13)

),( ξTSA

max)(),( tuTS absA &&≡ξ

∫
⎩
⎨
⎧

⎟⎟
⎠

⎞
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0 2
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⎪
⎬
⎫

−
−

+ ττω
ξ
ξ dtD )(cos

1
2

2 (6.13)

(9.72)

where
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Similarly, response displacement spectrum           
and response velocity spectrum                are defined 
as the peak response displacement and velocity of a 
SDOF oscillator

),( ξTSD
),( ξTSV

∫ −= −−t
D

t
g

D
dteutu n

0
)( )(sin)(1)( ττωτ

ω
τξω&& (6.11)

max)(),( tuTSD ≡ξ
where,

(9.73)

max)(),( tuTSV &≡ξ (6.74)

∫ −−= −−t
D
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g dteutu n

0
)( )(cos)()( ττωτ τξω&&&
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−

+ −−t
D

tng dteu0
)(

2
)(sin)(

1
ττωτ

ξ
ξ τξω&&

(6.12)

where
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Acceleration Response Spectrum
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Acceleration Response Spectrum
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One response spectrum for a ground motion, but 
several ground motions for a response spectrum
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What can we know from response spectra?

A B C

C

50% of B

Intensity
Frequency content
Duration (indirect)

Period (s)

A),( ξTSA B

50% of B
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Ground acceleration recorded at Kobe 
Observatory of Japan Meteorological Agency
One of the most significant ground motions ever 
recorded
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Design Specifications of Highway Bridges
Japan Road Association 05.0=ξ
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Design force is generally represented in terms of 
response acceleration spectra


