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Example 10.2

®Determine the reaction, and construct the final
shear and moment diagrams for the structure and
loading given. The quantity El is the same for each

span.

500 kN
a b 'l'e c d
Bo=Ry——pl T0 0 s ) ol b m i v S TR S R
N A A 4
Ray = R4t Rby = Rl Rcy = R2 Rdy = Rﬁ
le— 7.5 M—f

L—lOm >l 15m > 10 m —

® This structure is statically indeterminate to the
second order.




Primary Structure and Loading

®Select Ry, and R, as redundant reactions, which
produces a simply supported beam as the primary
structure.

a b 'I'e c d
Ry =Ry —-
x A 4
Ray =R4T Rby _R], RC}’:Rz Rdy -—Rs




® Shear and moment of primary structure subjected
to given load are obtained as

500 kN
-0 a b 18 (4 d
o f\ B0 &) L0 /1 250 kN
R40=250 kN R].O:RZO:O R50_

+250

V, (kN)

M, (kN - m)



Unit value of R,=R;

'Dl]‘. D21
a
Ry =0 —-{/ % ; \J )
c
+0.286
V, (kN) - -
-0.714
M, (kN - m)

-5.00

-0.714



Unit value of R,=R,,

I)12 D22
Ry, =0 T ‘
= ) e——
32 l/ b 2 t ¢ d
+0.714

-7.14



Displacement calculations

Conjugate beam method (
) is used because of its efficiency In
determining two displacements along the length of

the structure
4 375kN - m/EI

2 500 kN - m/EI

2
38 281 kN - m*/EI 38 281 kN - m2/El

3
38,281 <10 4 2,500 «10x3.33— _ 341,185kN - m
El 2El El
Aopg = Aqp by symmetry
Both are negative, since upward displacements are
positive.

A1p =—



The flexibility coefficients D,, and D,,
Dll

— S
b e Sa

71.4 kN - m? El
El

53.6 kN - m?
EI

3
71.4 <10 — 1.4 «10x3.33 — 595.1kN -m

El 2E] El
53.6 2.86 488.4kN -m?

Dy1 =

x10 — x10x3.33=
El 2El El

The flexibility coefficients D,; and D,

Doy =

Di» =D2; By Maxwell’s law (Eq. (2.72)
Doy = Dq1 By symmetry



Redundant reactions

500 kN
: b le c d
Rag=0 === f\ A ) Az ) /t 50 kN
= 2 k
R, =250 kN Rig=Ry= 0 Fso
Dy, Dy,
R. =0 ‘
= c— f
31 1/ 45 e c \1 d
R, =0.714 kN(-) R,;=1kN R, =0 R, = 0.286 kN(-)
D, Dz,
R 0 y -
= e
32 [/b é t c d

A0+ D11R1 + D1oRy = Aq

(10.7)
Agg + D21R1 + DooRo = Ay



® Since A1 =A, =0 Iin Eqg. (10.7), we have

D13 DlZ_{Rl}:{_AlO}
D1 Do f[Ry) (=4

A1+ D11R1 + D1gRy = A

(10.7)
Agg + D21Ry + DooRy = Ag

® Substituting for displacement quantities and,
noting that El cancels, leads to

595.1 488.47(Ry) (341185
488.1 595.1||R,| 341185

Solution for the redundant reactions gives

Ri] [314.9
R, | |314.9



®The remaining reactions are readily determined
from superposition

S = SO + S]_R]_-I—Sz R2

500 kN

a b ‘l’e ¢ d
T f\ B0 ) A ) /t 250 kN
R,y =250 kN R10=R20=0 Fso=

Dll D21
a
R31 =0 _"K 1 b i ﬁ d
c
Ry =0.714kN(-) R, =1kN Ry =0 R, =0.286 kN(-)
D, D,

a



Rax ‘Rag
Ray R40
Rby =1 Rqp
Rey | | R20
Ray | L160
0 .
—-0.714
-+<1
0
—0.286

e
| |Ra R3p R rro
R41 R42 )
*+3Ry1 ¢ xRy +:2Rypo $><F22R31=O »l/

Ro1 Roo R,y = 0.714 kN(-)
, ?51) (Rs2 | Rsz=o—»‘i4
0 \ [ (Re2 = 0286 kNG
—0.286 —64.9
*x314.9+<0 »x314.9=<314.9 kN
1 314.9
0714 —64.9




fva_b S
Vh—e
Ve_¢
Ve—d

—64.9
250
— 250

(250
250

“KN

64.9

— 250
250

\

-+ 3

0.286
0.286
0.286

(—0.714)

> % 314.9 + <

+250

(—0.286
—0.286
—0.286

% 314.9

0.714

V, (kN)

V, (kN)

+0.714




Shear Diagram

+250

C d
V, (kN)
a b
— =250
+0.286
V, (kN)

-0.714

V, (kN)




—649
1,226
—649

rO 3 rO 3 (O =
2,500 — (.14 _2.86
»=<437/5;+<—-5.00,%x314.9+<-5.00;x314.9
2,500 —2.80 _7.14
o J 0 | 0
My (N - ) —= " - .
M, (kN - m) -
(KN -m)

-7.14



Tt S NS

Moment Diagram

+2500

M, (kN - m)

M, (kN - m)

-0.714

AU, ) p—

M (kN - m)



EXAMPLE 10.3

Determine the reactions and bar forces for the
statically indeterminate truss shown. The gquantity
EA is the same for each member.

!:. 2@10m=20m :!

® The structure is statically determinate internally (
) and statically indeterminate externally to
the first order (1 ).



Primary structure and loadings
Select R, as the redundant reaction

O F-l
R31 = 2.00

R40 = 50
- 50 66g 1—> P N) 7’,2‘& T— R, =2.00(-)
0 / o | 1 /
4 u') D
< 5 o 11 -Q’Dr /
arot > o QJ T_ L7 OI 2.00
10 | 0 0 - e M
t R30 - 50 ("') 1
R,, =50 1 R,, =1.00 (-)

Unit value of R, = Ry,



Displacement calculations

The complementary virtual work method (
) is used to obtain the required
displacement quantities.

2, ORA; = 2 | (7.18)

i=1 j=1 EA
2

2 F]_FO ZF]_
IxAqg = | IxDjq =<2 |
X 210 EA 11 EA
Ry, =50
Fy (kN) > ‘OT Fy (kN) /{"‘ R, =2.00(-)

' Y( 5 N D,, L // 5
> o \5 L [ OI 4
0 0 AL_ s 200 200 Ry, = 2.00
t Ry = 50 (=) f

RZO = 50 1 R21 = 1.00 (""’)
Unit value of R, = R,,



R,y =50

50 Ry, = 2.00 ()
F, (kN) S T F, kN) 22 I
0 c3/ 1 e//
s (B N
Ap L ‘ T_ aﬁ 2_'00 2199 < R4, =2.00
Ry, = 50 () t b
R, =50 1 R, = 1.00 (=)
Unit value of R, = Ry,
P 2
]-XAlO:Z == 1x D _2h
EA 11 — -
EA—
F.F,l Fil
! F, F, ¥ ”
Member m kN kN (KN)"-m  (kN)*-m
ab 10.0 0 +2.00 0 40.0
bc 10.0 0 +2.00 0 40.0
ae 11.2 0 -2.24 0 56.2
ed 11.2 +55.9 -2.24 -1402.4 56.2
eb 5.0 0 0 0 0
ec 11.2 -55.9 0 0 0
cd 10.0 -25.0 +1.00 -250.0 10.0
2, -1 6524 +202.4




2
> F R > F
1x Ain = | I1x Dy ===|
10 11 EA
—1,652.4 202 4
= (kN -m/EA) =22 (kN -m/ EA)
EA
F.F,l F'l
! F, F, ¥ :
Member m kN kN (kN)"*m  (kN)*.m
‘ab 10.0 0 +2.00 0 40.0
be 10.0 0 +2.00 0 40.0
ae 11.2 0 -2.24 0 56.2
ed 11.2 +55.9 ~2.24 ~1402.4 56.2
eb 5.0 0 0 0 0
ec 11.2 -55.9 0 0 0
cd 10.0 ~25.0 +1.00 ~250.0 10.0
) ~1652.4 +202.4




Calculation of redundant d gy Ri=Rs
reaction '

Ao+ D11R1 =4Aq

Since A1 =0
A
R, — ——10
Dy
:__11652-4: !: 2@10m=20m -=!
202.4
R40 - 50
50 reetf— R41 = 2.00 ("')
Fo (kN) 69":? Fy (kN) ?&jv
-9 o A
o OI\
AlOT 0 0 g{"_‘_ T_ 5 2'09._ ;.-2'00-1 > R;, =2.00
t R30= 50 ("') t Y
R,y =50 1 R, =1.00 (<)

Unit value of R; = Ry,



Member forces Ry, = 50

& R41=2.00 ("")
Fy (kN) k = f F, (kN} 'LTL/‘ I

/‘ \9 N | v ’L I
C
Ajp L T_ Ay 2 04—-—»0 2. 00 1‘i.'31 = 2.00
T Ray =50 () t b
Ry, = 50 1 R, =1.00 (-)

Unlt Value Of Rl = Rll

Member F)y R Fy,=F,)+F,) R
rs kN kN
ab +16.32 +16.32
bc +16.32 +16.32
ae S 9 —-18.28 -18.28 Rl —8.16
ed -18.28 +37.62
eb 0 0
ec 0 -55.90
cd +8.16 ~16.84

where (F ”)1 = F, force in member rs, and (Frs)0 = F,, force in member rs.



Reactions

R,y =50

g R41 = 2 00 ("")
F, (kN) k@‘a/‘ f F, (kN} 'L/‘ I
D A
/g o b 2aS
Ajp L T_ Ay 2 04—-—»0 2. 00 1‘i.'31 = 2.00

1 Ray =50 () t b
Ry = 50 1 R,, = 1.00 (-)
Unlt Value Of Rl = Rll

Reaction RqO qu qu ' Rl Rq = RqO * qu ' Rl
q kN kN kN kN
1 —_ 1.00 +8.16 +8.16
2 50 ~-1.00 -8.16 +41.84
3 -50 2.00 +16.32 -33.68
4 50 -2.00 -16.32 +33.68

where R, = R, for F, system, and R , = R, for F, system. R]_ =8.16



Final results for reactions

R,, =50
g f 'Z_h 4_ R41 = 2.00 ("')
Fy (kN) k«;‘o/ P (kN} 7,/ d
o | Dll rLbr / 0 —
(3 A
\9 C s I
sl /’ L a0l 2000 C o 0
R, = 50 () f b '
R, = 50 1 R, = 1.00 ()

Unit value of R, = Ry,

r’ R4 - 33.68
50 %1 oL

® /J< 5
2T R
16.32 16.32
‘IA__.‘___.. hx‘_f% = 33.68 (-)

16.84

(kN)
Rl =8.16 R2=41.84




10.5 Support Settlements (

Elastic Supports (

® Support settlement in
statically indeterminate
structures induces
forces throughout the
structure.

® Consider the
structure shown In Fig.
10.1 The compatibility
equation given as Eq.
(10.2) includes the
displacement Aq, which
Is the upward vertical
displacement at point b
for the actual structure.

) and
M, =R, i y
Rqua_éi R ;é; fa,=0
“thy =R, tRby =R,
(a)
Ra
[ N T 1T 1T 117 R
RBO K § J-_\_.\\\-‘ Rlo:o
“Rzo \\\‘
Ao+ DRy =41 =0
.(10.2)




® If thee I1s a downward
settlement of Als . then

A1 =—Aqs

In such a case, R,
becomes from EqQ.
(10.2) as

Rl _ A].S = A10
D14
® Thus, it Is clear that the
maghnitude of redundant

reaction is affected by the
support settlement

(10.1(

®Once R, has been
obtained, the final
response guantities are
evaluated by superposition

=
=
n

- b
RM=R3—€ i I 1 1 3 4 4 3 % f51=0
‘ Ray=R2 tRby=R1
(a)
) B
240 S T N N N P 1
RBO K § J-_\_.\\\-‘ Rlo:o
“Rzo \\\‘\\\
AlO + DllRl — Al =0
Ry ,,”(,10'2)
_§_ﬁ = D,
R31—€ e t f




® In a similar manner, if downward settlements of Ajs
and A, are prescribed for the structure of Fig. 10.2,
Eq. (10.8) becomes

Dy DlZ_{Rl}:{_Asl_Alo} (10.11)

D21 D22 [(Rp] (=A2s=A

_Dll Dlz_{Rl} — {Al i AleQal l 67-: IR RN Iﬁjaz d
= A 5! 5 %5

D1 Dy [lRo) 1Az —Axf | T 1
(10.8) o :

® The solution of Eq. | e

(10.11) gives the 7?’ _________________ ;%

magnitudes of the Rio ot ?

redundant reactions R, and Fig. 10.2

R, and other quantities.




® If there are prescribed settlements for the end
supports ( ), then
and must be interpreted as the displacement
relative to the chord connecting the ends of the beam
( ) as shown in Fig. 10.3.

Chord connecting supports of
primary structure

ﬁb("‘)

&l(-)

Aand A, used in Eq. 10.8

Figure 10.3 Settlement of continuous beam. Note that upward displacements are positive.



Elastic Supports ( )

® Frequently. Structures are
mounted on supports In
which the support
movement depends on the
magnitude of the reaction
force.

®The simplest
representation of this kind of
support is shown in Fig. 10.4
and it is called elastic
support in which settlement
IS a linear function of the
reaction force.

on

(a) AR,

Al (")

Fig.

(b)

10.4 Elastic support



® It Is clear In this case that
Ry =ks (A1) (10.12)

where K¢ is the elastic
spring constant.
® Substituting Eq.
(10.12) into Eq. (10.2),
we obtain .

A10+D11R1 = _ksl (10.13

o)

B

» X

N

[}

=

»
. R
| —
| |
—
| -]
|
| —|
| ]
|+

% N
bl
=

A1p +D11R; = A1 =0
(10.2)

. e e e e

@) ’737

=,

Fig. 10.4 Elastic support

R,_=R, TRb R,
(a)
Ry
o4 N N Y P
Ny T Rip=0
Ry e

()




® From Eq. (10.13), we obtain

~Aq
Rl - : (10.14)
Dll +1/ kS Maor, b
R =R3—€ S RN _l b b f51=0
oS
‘ Ray=R2 tRby=R1
(a)
Ruo
240 S T N N N P 1
RBO K § J-_\_.\\\S\ Rlo:o
“Rzo \\\‘\\\
Rl (®) s
Ao+ PR == " (10.13)
S ////
Ry /,,”’
‘ & ——”””’ fDll
— R < t
| : i
(a) / R21
fR (c)
Fig. 10.4 Elastic support " Fig. 10.1




® If the supports at points b and c of Fig. 10.2 (a) are
provided by elastic supports as shown in Fig. 10.5,

ay = Ra R, =R, R, =R, R, =R;

Fig. 10.2 @

e, L,

Figure 10.5 Continuous beam on elastic supports.



Eq. (10.8) takes the form

_Dll —I—l/ks D12 = R]_ E —Alo
D21 D22 -I—l/ks_ =

Ro —Agg

} (10.15)

' Dq1

Do

DlZ_{Rl}:{Al_AlO} (10.8)
Dos | R Ag —Agg

szl TRQ

Figure 10.5 Continuous beam on elastic supports.

d



® This arrangement
would correspond to
the case in which R,
and R, are provided

by columns. Here, the T ’ T ’

elastic constants k, 2 R,

and k 5 would be a Figure 10.5 Continuous beam on elastic supports.
S

function of the
properties of the columns

® Redundant reactions can be determined by solving
Eq. (10.15), and any other response gquantities are
determined from Eq. (10.9).

E Dll +1/ kS D12 | R]_ — = AlO
D21 D22 -I-l/ks_ R2 |- AZO
S=Sg+ 1R +S9R, (10.9)

} (10.15)




EXAMPLE 10.4

Consider the continuous beam of Example 10.2, and
determine the moment diagram for the following set

of support settlements:

Agqg =-27.5mm  Ap=-47.5mm
Ac=-22mm Ay =—10mm

ﬂb = ﬂ.'l ﬁ{' = ﬁ?
Rcr.r = R3 a l_T d
b 5 c %
R, =R, Ry, =Ry R, =R, Ry, =Ry

Fig. 10.2 @



Settlement pattern

Aq =—27.5mm Ap =-47.5mm
Ac=—-22mm  Ag =-10mm
a b QOriginal position c d
f + 1 I -10.0
-15.0
-27.5 ~22.5 o
_ _-______*___..----—""'""_'-‘_”-_- oéo
/N Settled position .ﬁ.
7AN A, =-7mm = -0.007 m
A; =-25mm = -0.025 m -22.0
~47.5

® The displacements of points b and c relative to the
chord connecting points a and d are needed, thus

A =-0.025m and A, =-0.007m



Structural Classification

® This structure is statically indeterminate to the
second order. (same as Example 10.2)

Compatibility equations

RET D12_{R1}:{A1—A10} (10.8)
Doy Doo [[R2 Ag —Apg

Redundant reactions
In this case, Aqg=Ayy=0, and thus

Dy DlZ_{Rl}:{Al} ()
' Do; Doy |[Ro Ao




® Because A1 =-0.025m and A, =-0.007/m

substituting the appropriate displacement
quantities, Eq. (a) becomes

1[595.1 48841[R| [-0025]
El|488.1 595.1||Ry| |-—0.007

' Dig DlZ_{Rl}:{Al} =
' Do1 Do [(R Ay

a b Original position c d
; } I -10.0
/ ~15.0 :
-27.5 2? s, 5 ya
/SO y Settled position g7A
7A\ A, = -7mm = -0.007 m
A, =-25mm = -0.025 m -22.0
-47.5




@ 5Solving Eq. (b) for the redundant reactions, we obtain

3\

( —6
R ~99.1x10
{ 1}:EH L E )
R2 69.5x10°° | kN -m

1[595.1 48841[R| [-0025]
El|488.1 595.1||R,| |-—0.007




Final moments
S=50+51R1 +52Ry  (10.9)

® |In this case, M,=0 (because no load is applied to the
structure), and M; and M, are the moment diagram
ordinates given in Example 10.2.

0714 200

71T ) p—

|

-2.86

-7.14



M. (0 0
_7.14 _2.86
L —J_5.00x-99.1E1 x107° +{-5.00 ' x69.5E1 x10~°
~2.86 _7.14
Mg) O o
0
508.8
—1148.0 ‘'xElx10"°(El/m)
2128 muwm A ° € ¢ O
0 oya S0
7SR CIRY. ) J— —
-2.86




® Note that reaction forces and moments are
dependent on the flexural stiffness ( ) ELI.
®For a specific case of EI=3000x10-°*m* and
E=200x10°Pa, we obtain




