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Scattering RateScattering Rate

Th tt i t f k t t t ′k t t i i b

Fermi’s Golden Rule

( ) ( )22
( , )P H E E′

π′ ′= δ − ωk kk k k r k ∓

The scattering rate from a k  state to a ′k state is given by

( ) ( )( , ) pP H E E′δ ωk kk k k r k ∓

Time‐dependent perturbation theory. Energy conservation

0 pH H H= +

0H E= kk k

gy
H: Hamiltonian of the system
H0: Unperturbed Hamiltonian
Hp: Perturbationp

( ) ( ) ( )expp pH H i= ⋅∑r q q r

Assuming that Hp is expanded by Fourier series, Hp is expressed as
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( )
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′ ′= −

∑
q
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q k k q
Momentum conservation

Mobility Limited by Various ScatteringMobility Limited by Various Scattering

1 1N N +

Coulomb Scattering

1 1
Coulomb sub invN Nμ − += ⋅

1/3 1.25E Tμ − −= ⋅

Phonon Scattering

Phonon effE Tμ =

Roughness
m

effEμ −=
Roughness Scattering

Roughness effμ
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Scattering in 2D electron systemScattering in 2D electron system
In 2D electron systems such as inversion‐layer electrons in MOSFETs, 1) electrons 
are confined with potentials and 2) subbands are formed in each valley.
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P. J. Price, Annals of Physics, 133 (1981) p217.

Form FactorForm Factor

( ) ( ) ( )mn zI q′ ′δ − ± → δ − ±// //k k q k k q
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bmn describes the effective extent of the interactions in the z‐direction.
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Phonon Scattering in Bulk SiPhonon Scattering in Bulk Si
Lattice vibrations are an inevitable source of scattering
Dominant scattering at high temperatures ~ RT
Negligible contribution at low temperatures

Intra‐valley scattering

Negligible contribution at low temperatures

Equivalent Energy Surfacesq gy
in Si

Inter‐valley scattering (g‐phonon)

Inter‐valley scattering
(f‐phonon)
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(f phonon)

Phonon Dispersion RelationshipPhonon Dispersion Relationship

TO

LOLO

LA

TA

W. Weber, Phys. Rev. B15 (1977) p4789.
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General Feature of Carrier Scattering in General Feature of Carrier Scattering in 
SemiconductorsSemiconductorsSemiconductorsSemiconductors
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Carrier kinetic energy

IntraIntra‐‐Valley Acoustic Phonon ScatteringValley Acoustic Phonon Scattering
A ti D f ti P t ti lA ti D f ti P t ti l‐‐ Acoustic Deformation PotentialAcoustic Deformation Potential‐‐

The energy change, due to the deformation by acoustic phonon, is a 
function of the volume change of a crystal, δV/V.
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IntraIntra‐‐Valley Acoustic Phonon ScatteringValley Acoustic Phonon Scattering
Mobility CalculationMobility Calculation‐‐Mobility Calculation Mobility Calculation ‐‐
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5/ 2 2 3/ 23 ( )ac
ac Bm k TD

μ

InterInter‐‐Valley Optical Phonon ScatteringValley Optical Phonon Scattering

Randomizing Collision Approximation

//

//

1 0
′⋅

− =
⋅

e k

e k

Under this approximation, the inverse of relaxation time is equivalent to the 
scattering rate. Then, the momentum relaxation time is evaluated to be
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Subband Structure in Si MOS InterfaceSubband Structure in Si MOS Interface

2‐fold 
perpendicular

<001>
4‐fold
in plane

2‐fold 
perpendicular

<001>
4‐fold
in plane

valleys

3D
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in‐plane 
valleys

valleys

3D
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2‐fold valleys 4‐fold valleys<100>
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2D (001)
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zz
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• lower conductivity mass (0.19m 0) • higher conductivity mass (0.315m 0)

0

E 0

• lower conductivity mass (0.19m 0) • higher conductivity mass (0.315m 0)

→ higher mobility

• higher  mz (0.916m 0)

→ thinner inversion layer

→ lower mobility

• lower mz (0.19m 0)

→ thicker inversion layer

→ higher mobility

• higher  mz (0.916m 0)

→ thinner inversion layer

→ lower mobility

• lower mz (0.19m 0)

→ thicker inversion layer
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S. Takagi, Jpn. J. Appl. Phys., 37 No. 3B (1998) p1289.

→ lower subband energy → higher subband energy→ lower subband energy → higher subband energy

Crystal Structure Modification by StressCrystal Structure Modification by Stressy yy y
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Strain in one dimensionStrain in one dimension

N t i

x Δx

No strain

P Q

strain

x+u Δx+Δu

P’ Q’

Displacement（P’Q’‐PQ） Δu
Strain in PQ = 

Original length（PQ）

Displacement（P Q PQ）
= 

Δx

Δu

Strain at P = 
0

lim =
u du

dΔ

Δ
Δ
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Strain in Two DimensionStrain in Two DimensionDefinition
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tan = =
u u

e
x u x

θ Δ Δ
≈

Δ + Δ ΔQ1’

Δu
QQ2

P’ Δx1
Δu1

Δu2θ 21eθ ≈
Shear strain e21 is equivalent 
with the rotation of original

P Q1Δx1

with  the rotation of original 
axis x1 with the angle of θ.

eii: strain parallel to the original axis.
rotation angle of the original a is

Physics and Engineering of CMOS Devices, Ken Uchida, Tokyo Tech, June 23, 2010

eij: rotation angle of the original axis, xj.

16



Strain TensorStrain Tensor
The definition of the shear strain in the previous page includes the rotation without 
deformation.

W d fi th t i t h b l B d thi d fi iti th h t iWe define the strain tensor as shown below. Based on this definition, the shear strain 
is zero, if the shear strain does not result in the deformation of the stuff.

( )1 ( )1
e e( )1

=
2ij ij jie eε + ( )21 122

e e−

e12

= +
ε12

e21

+
ε12

In the case of three dimensional crystal, particularly the cubic crystal, the symmetry of 
the crystal result in ε12=ε21, ε23=ε32, ε31=ε13. As a result, the number of the 
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independent elements of the strain tensor is 6 (3x3‐3). By letting xx=1, yy=2, zz=3, 
xy=4, yz=5, zx=6, the strain tensor is expressed as (ε1, ε2, ε3, ε4, ε5, ε6). 17

Stiffness TensorStiffness Tensor
Hook’s law

σ
ε

ε = sσ
Strain is proportional to stress.ε

σ = cε Stress is proportional to strain.

Th di i l t i t i t f d t t t b i tiffThree‐dimensional strain tensor is transformed to stress tensor by using stiffness 
tensor. In the case of cubic crystal, cijkl is expressed by the simple formula as

1 111 12 12

2 212 11 12

0 0 0

0 0 0

c c c

c c c

σ ε
σ ε

⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟2 212 11 12

3 312 12 11

4444

0 0 0

0 0 0
=

0 0 0 0 0

c c c

c c c

c

σ ε
σ ε

εσ

⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟ 4444

5445

6446

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

c

c

c

εσ
εσ
εσ

⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎝ ⎠
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例：例：Global Strain (Biaxial Stress)Global Strain (Biaxial Stress)
Biaxial tensile stress

Strained Si 
layer compressive 

i

SiGe
tensile strain, εxx, εyy

strain, εzz σzz=0
εxx= εyy

0SiGe 
buffer 
layer

0=2c ε +c ε

ε4= ε5= ε6=0

11 12 12

12 11 12

0 0 0

0 0 0
xx xx

yy yy

c c c

c c c

σ ε
σ ε

⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟

0 2c12εxx+c11εzz

εzz= -2(c12/c11)εxx= -0.77εxx

( )12 11 12

12 12 11 zz

4 44

5 44

0 0 0 0
=

0 0 0 0 0 0

0 0 0 0 0 0

yy yy

c c c

c

c

ε
σ
σ

⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟

( )xx yy 11 12 12

2
12

11 12 xx
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= =

2

xx zzc c c

c
c c

c

σ σ ε ε

ε

+ +

⎛ ⎞
= + −⎜ ⎟

⎝ ⎠
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5 44
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12 2
xx= 1.80 10  dyne/cm ε

⎝ ⎠

×
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ExampleExample：：Local Strain (Uniaxial Stress)Local Strain (Uniaxial Stress)
‐‐ <100> Uniaxial Strain  <100> Uniaxial Strain  ‐‐

εzz
σyy=σzz=0
εyy= εzz

0

εyy

εxx

0 0 0c c cσ ε⎛ ⎞ ⎛ ⎞⎛ ⎞
( )12 11 120= +xx yyc c cε ε+
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⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟

12

11 12

=

2

yy

c

c c
ε −

+
+

4 44

5 44

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

c

c

c

σ
σ
σ

⎜ ⎟ ⎜ ⎟⎜ ⎟
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6 440 0 0 0 0 0cσ ⎝ ⎠⎝ ⎠⎝ ⎠
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11 12
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