Two-person Bargaining Game

1. Two-person Strategic Form Game

(N == {1, 2}, (Sl == {81, ceey Sm}, Sg == {tl, ceey tn}), (gl,gg))
91(si,5) = aij, g2(sis 1) = bij

(a) Correlated Strategy

= ("1l Tmn)s Doieq Z?Zl rij=1,1; >0, 1=1,...mj=1,...,n

ri;: probability that (s;,t;) is chosen

(b) Expected Payoff

wp = 30500 D @iy U2 = 200 X biri
(c) Feasible Set

R =A{u = (ur,ug)lur = 3%, Xojoy airig, ue =320 35 bigris}

(d) Disagreement Point

u® = (u}, up)

(e.g. maximin value, minimax value, Nash equilibrium outcome)

2. Bargaining Problem (R, u°)

(a) R: a convex and compact (closed and bounded) subset of %2 (two-dimensional Eu-
clidean space)

() W’ e R

(c) there is a u = (u1,us) € R such that u; > u?, us > u

Denote by B the set of all bargaining problems (R, u’)

e Ris conver < for any u,v € R and for any a(0 < a < 1), au+ (1 —a)v € R
e R is bounded < there exists M € R such that for anyu = (u1,u2) € R, —M <
ur,ug < M

e Ris closed < for any sequence u',u?, ... € R such that v — u, u € R.

3. Nash Bargaining Solution
A function f : B — R? that satisfies the following four axioms:

(a) (Strong) Pareto optimality
For every (R,u") € B
f(R,u%) = (f(R,u®)1, f(R,u)2) must be a strong Pareto optimal alternative in R.

(Definition of Strong Pareto Optimality)
u = (u1,us9) is (strong) Pareto optimal in R <
if there is a v/ € R with u} > wuy, uf, > ug, then v’ = u



(b) Symmetry
If (R, %) is symmetric then f(R,u%); = f(R,u")s

(Definition of Symmetry for (R, u°)

(R,u") is symmetric <
(1)if (u1,u2) € R, then (uz,u1) € R
(2)u} = uj

(c¢) Independence of Strictly Positive Affine Transformation
For (R, u°) define (R',u"°) as follows
R = {u = (u},uh)[uy = aruy + 1, uy = asup + B2, u = (u1,u2) € R}
uf = aruf + B,
uy) = aud + B2
a1 > 0,a9 > 0, 31, B2 are constants

F(R )1 = ar f(R,u®)1 + B,
f(Rlv U,O)Q = a2f(Ra u0>2 + 52

(d) Independence of Irrelevant Alternatives
For (R, uY) if there exists T C R such that f(R,u°) € T,u’ € T, then

f(T7 UO) = f(R7 uO)

4. Existence and Uniqueness of Nash Bargaining Solution
There exists a unique f : B — R? that satisfies the above four axioms. Moreover, for any
bargaining problem (R,u’) € B f(R, u°) solves

maz{(uy —ud)(ug — ud)|(u1,uz) € R,uy > ul,ug > ud}

This f is the Nash bargaining solution.



