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For the solution of the elliptic equation, we can For the solution of the elliptic equation, we can 
consider the steady state of the parabolic equationconsider the steady state of the parabolic equationconsider the steady state of the parabolic equation.consider the steady state of the parabolic equation.
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We can change the matrix A to a diagonal oneWe can change the matrix A to a diagonal one
by means of the eigen value and the eigenby means of the eigen value and the eigenλby means of the eigen value          and the eigenby means of the eigen value          and the eigen
vector                         .vector                         .
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where                                   is the eigen matrix andwhere                                   is the eigen matrix and},,,{ 21 NXXXX ⋅⋅⋅=
is the diagonal matrix is the diagonal matrix 

composed of the eigen valuecomposed of the eigen value
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composed of the eigen value.composed of the eigen value.
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Multiplying          to the both sides,Multiplying          to the both sides,X −1
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wherewhere
r r r r
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The given parabolic equation is decomposed to The given parabolic equation is decomposed to 
NN--independent equations in the eigenindependent equations in the eigen--vector system.vector system.p q gp q g yy
Each component is written byEach component is written by
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The solution for the original variable The solution for the original variable φφ isis
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■■ TheThe secondsecond termterm isis thethe solutionsolution ofof thethe PoissonPoisson■■ TheThe secondsecond termterm isis thethe solutionsolution ofof thethe PoissonPoisson
equationequation.. TheThe firstfirst termterm isis thethe temporaltemporal changechange
ofof thethe parabolicparabolic equationequation..
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■■ WhenWhen thethe decaydecay ofof thethe firstfirst termterm isis fast,fast, thethe solutionsolution
reachesreaches thethe steadysteady statestate rapidlyrapidly..
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TheThe firstfirst termterm expressesexpresses thethe errorerror ofof thethe numericalnumerical
solutionsolution forfor thethe PoissonPoisson equationequation..qq

TheThe eigeneigen valuesvalues andand thethe correspondingcorresponding eigeneigen vectorsvectors::

( )π⋅Δ+−=λ mxm cos22

( )π⋅Δ= mxjX sin( )π⋅Δ= mxjX mj sin,

λ 015244I th fI th f NN 77 λ1 015244= − .
λ 2 0 58579= − .

In the case of In the case of N N = 7= 7,,
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L
λ 7 384776= − .
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■ The solutions are expressed by the summation
f th d t i d b th h iof the wave determined by the mesh size.

■ All the eigen value are negative. For the larger
b th l ti d f twave number, the solution decreases faster.

small wave number slow converging
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MULTI-GRID  Method

By preparing different coarse grids theBy preparing different coarse grids, the 
iteration process moves from a fine grid to a 
coarse grid We try to decrease the error ascoarse grid. We try to decrease the error as 
fast as possible.

In a coarse grid, the wave number is thought 
to be large, and the correction for the error 
can be distributed to the long-distance grid.
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It ti M th dIt ti M th dIteration MethodIteration Method
• Initial several iterations can decrease the

id l idl b t th iresidual error rapidly, but the convergence is
not effective after that.

• The error is effectively decreased when the 
wave number is comparable to the grid sizewave number is comparable to the grid size.

• It requires many iterations to decrease theq y
error of long wave length.
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MG ProcessMG Process
• Approximate solution is obtained by a 

conventional iterative methodconventional iterative method.
• Correction value to decrease the error is 

estimated on the coarse gridestimated on the coarse grid.
• Nesting of different coarse grid iteration.

The frequency components of the 
error is decreased effectively by using 
the suitable coarse grid.
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Application to Poisson Eq.Application to Poisson Eq.

• Hierarchy coarse grid         : the superscript kGy g p p
k indicates the fineness of the gird.

k k• The grid distance of is       and kG kxΔ 12 −Δ=Δ kk xx
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（１）Discretization of Poisson to be      
solved on the grid kG

kkk SFL =
： Operator on the grid kkL

k： Exact Solution
： Source term (const.)

kF
kS ： Source term (const.)S

Starting from a proper initial value      , the 
i ti l i bt i d b th

kf0
kfapproximation value        is obtained by n-th

iteration of SOR method

kf1
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( )nfSLSORf kkkk ,,, 01 =

Residual ： kkkk fLSRResidual ： fLSR 1−=

Correction： kkk fFv =Correction： fFv 1−=
Equation for correction value :

( )kkkkkkk
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The correction value is obtained by the above 
ti th id i d t d th
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equation on the coarse grid in order to decrease the 
components of the long wavelength.

Restriction interpolation to the coarse grid 1+kG
kk

k
k RIR 11 ++ =

Solving the correction on the coarse grid

111 +++ = kkk RvL
The correction on the fine grid is obtained 
by the prolongation interpolation

kG
by the prolongation interpolation.
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Correcting the approximation by using the 
above correction value kkk
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above correction value. kkk vff += 12

SOR operation again:

( )223 ,,, nfSLSORf kkkk = ( )

Repeating

２－Grid Cycle２ Grid Cycle

16



2-grid Cycle

3 id C l

Source CodeSource CodeSource CodeSource Code

3-grid Cycle
Source CodeSource CodeSource CodeSource Code

4-grid Cycle
Source CodeSource CodeSource CodeSource Code

5-grid Cycle
Source CodeSource CodeSource CodeSource Code

cf :  non-MG
Source CodeSource CodeSource CodeSource Code
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www.sim.gsic.titech.ac.jp/Lecture/CFD2008/program21.tgz
www.sim.gsic.titech.ac.jp/Lecture/CFD2008/program20.tgz
www.sim.gsic.titech.ac.jp/Lecture/CFD2008/program22.tgz
www.sim.gsic.titech.ac.jp/Lecture/CFD2008/program23.tgz
www.sim.gsic.titech.ac.jp/Lecture/CFD2008/program24.tgz
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